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Abstract

Given a compact Riemannian manifold M with boundary (possibly empty), we consider the
eigenvalues of the biharmonic operator with weight on M, proving a general inequality involving
them. Using this inequality, we consider these eigenvalues when M is a compact domain of one of
the following three spaces: 1) a complex projective space, 2) a minimal submanifold of a Euclidean
space and 3) a minimal submanifold of a unit sphere.

1 Introduction

Let Q be a connected bounded domain with smooth boundary in an n-dimensional Euclidean space IR™.
The so called Dirichlet eigenvalue problem or the fired membrane problem is stated as:

(1.1) Au=—Xu in Q, ulsgq=0.
It is well known that this problem has a real and purely discrete spectrum {A;}5°2; where
D<A <A< A< = 0.

Here each eigenvalue is repeated according to its multiplicity. In 1955 and 1956, Payne, Pdlya and
Weinberger [PPW1], [PPW2], proved that

=<3 for QCR?
A1
and conjectured that
N
A A1 | disk

with equality if and only if Q is a disk. For general dimension n > 2, the analogous statements are

A 4
2 <142 for QC R,
)\1 n

and the PPW conjecture
Ao Ag
72 L2
AT M

)
n—ball

with equality if and only if Q is an n-ball. This important PPW conjecture was proved by Ashbaugh and
Benguria (see [AB1], [AB2], [AB3)).
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In [PPW2], Payne, Pélya and Weinberger also proved the bound
DL
(1.2) Akﬂ—/\,@gzkz
for Q C IR%. This result easily extends to Q C IR™ as
.
(1.3) AkH—Akg%;Ai, k=12,

Extending (1.3), Hile and Protter [HP] proved

kn
(1.4) Z )\k+1 ‘ z T fork=12.-

In 1991, Yang proved the following much stonger inequality:

k
4
1. Mt =) (M= (1+2) 0 ) <0, fork=1,2,--.
(15) > e =20 (= (14 2) 1) <0 or

i=1

The inequalities for eigenvalues of the Laplacian on connected bounded domains in IR"™ obtained
by Payne-Pdélya-Weinberger, Hile-Protter, Yang have also been extended to some other Riemannian
manifolds (cf. [CY1], [CY2], [H1], [HS], [HM1], [HM2], [Leu], [Li], [YY]). Ashbaugh [A2] considered
Schrodinger operators with weight on bounded domains in IR™ and obtained universal eigenvalue bounds
for them. In [CY1], Cheng and Yang studied eigenvalues of the Laplacian on either a bounded connected
domain in an n-dimensional unit sphere S™(1), or a compact homogeneous Riemannain manifold, or an
n-dimensional compact minimal submanifold in a unit sphere and proved universal upper bounds for
the (k + 1)-th eigenvalue in terms of the first k eigenvalues. Cheng-Yang [CY2] also obtained a general
inequality involving the eigenvalues of the Laplacian on an arbitrary compact manifold with boundary
(possibly empty) and used it to derive universal inequalities for these eigenvalues when the manifold is
a compact domain or a closed complex hypersurface in a complex projective space. It has been shown
by Harrell [H2] and El Soufi et al. [EHI] that eigenvalue inequalities of similar kinds for Schrédinger
operators on some special Riemannian manifolds also hold. The work by Ashbaugh, Cheng-Yang in [A2],
[CY1], [CY2] has also been extended to Schrodinger operators with weight (see [WX2]).

On the other hand, Payne-Pdlya-Weinberger [PPW2] also considered the eigenvalue problem for the
Dirichlet biharmonic operator or the clamped plate problem which describes the characteristic vibrations
of a clamped plate. This problem is given by

ou

(1.6) A%y = nu in QCR", ulpgg=—
v |0

Payne-Pdlya-Weinberger proved in [PPW2] that the eigenvalues {n;}$2, of (1.6) satisfy

k
8(n + 2)
(1.7) Met1 — Mk < ——5— Z

As a generalization of (1.7), Hile-Yeh obtained [HY]

k 1/2 W23/2 k —1/2
(1.8) Z = 8 +2) <§_;77> '

— 7lk+1 — i
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Hook [H], Chen-Qian [CQ)] proved, independently, the following inequality

1/2 a 77-1/2
(1.9) n+2 (Zn )(;W>

Answering a question by Ashbaugh [A1], Cheng-Yang [CY3] proved
2 k

k
(1.10) Mei1 — %Z ( n—2|—2)> EZ ni(mesr —m:)'.

As a consequence of (1.10), Cheng and Yang obtained the following upper bound for the (k + 1)-th
eigenvalue in terms of its first k-eigenvalues of the problem (1.6):

n+2
w o < (142222 Zm
2 2

k k k

4n+2)1 8(n+2)1 1
<n2k2m> _TEZ EZ
=1 =1 j=1

1/2

The above inequality has been improved and universal eigenvalue inequalities for the biharmonic operator
on compact domains either in a sphere or in a minimal submanifold of a Euclidean space have also been
obtained in [WX1].

The purpose of this paper is to extend the work of [CY3] and [WX1] to the biharmonic operator with
weight on Riemannian manifolds. Let (M, (,)) be a compact Riemannian manifold with boundary 0M
(possibly empty) and denote by v be the outward unit normal vector field of 9M. Let V be a nonnegative
continuous function on M, and p a weight function which is positive and continuous on M. Denote by
A the Laplacian of M and consider the eigenvalue problem

2 o .
(112) {Au+Vunpu in M,

_ 0 _
ulon = a%’aM =0.
We prove a general inequality involving the eigenvalues of this problem. Using this inequality, we consider
these eigenvalues when M is a compact domain of one of the following three spaces: 1) a complex
projective space, 2) a minimal submanifold of a Euclidean space and 3) a minimal submanifold of a unit

sphere. In these cases we give an explicit upper bound for the (k + 1)-th eigenvalue in terms of the first
k eigenvalues.

2 A General Inequality Involving the Eigenvalues of the Bihar-
monic Operator with Weight on a Compact Manifold

In this section, we will prove a general result involving the eigenvalues of the biharmonic operator with
weight on a compact Riemannian manifold. Namely, we have

Theorem 2.1. Let 1; be the i-th eigenvalue of (1.12) and w; be the orthonormal eigenfunction
corresponding to n;, that is,

Ou;
(2.1) A2uy 4+ Vg = gipu; in M, uglon = e =0,
o |om

(22) / PUU; = 5”‘, v i,j = 1,2,' B
M
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Then for any function h € C*(M) N C3(OM) and any integer k, we have

k
(2.3) Z(nk+1 ) / hu; (A(u; AR) 4+ 2A(Vh, Vu;) + 2(Vh, V(Au,)) + AhAu;)
=1
k 1 2
i=1
and
k
(2.4) Z Net+1 — M) / (—hu?Ah — Qhul-(Vh,Vui))
M

i=1

kol

< 63 s —m) / hus (A(w; AR) + 2A(Vh, Vi) + 2(Vh, V(Aw)) + AhAw,)
i=1

(Vh, Vu;) + UTM
N{Z

_|_

k
Z 77k+1 - le
=1

where [|f|[* = [, f*.

Remark 2.2. One can check that when M # (), the first eigenvalue n; of the problem (1.12) is
always positive and when OM = ), n; > 0 with equality holding if and only if V' = 0. In both cases, we
will use the same notations 7; < 79 < -+- — 00 to represent the set of the eigenvalues of this problem.

Proof of Theorem 2.1. Set S = A% 4+ V and con51der the inner product given by ((f,g)) = [,, pfg. If

a nontrivial function ¢ on M satisfying ¢|gp = = 0 is orthogonal to uy,us, -+, ug Wlth respect

31/ |8M

to the above inner product, then the Rayleigh-Ritz inequality says that

_ S 9(59)
2.5 Nk .
( ) +1 < fM p¢)2
Consider the functions ¢; : M — IR, given by
(26) qSl:hul—Za”uj, Z:].,,k
where
(27) Q5 :/ phUin = Qjj-

M

Since

i
(2.8) bilonr = =0

! o o
and
M

it follows that

f Jas @i(5¢4)

(2.10) M1 < fM &2
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‘We have

(2.11) ¢i(S¢:)
M

@i (A(u;Ah) + 2A(Vh, Vu;) + 2(Vh, V(Au;)) + AhAu; + n;hpu;)
M

M M

k
_ 771./ P + / hus(A(usAR) + 2A(Vh, V) + 2(Vh, V(Auy)) + AhAus) — 3 aisbi,
M M j=1
where
M
Since 5 5
w; U
uilomr = S =0, ujlonw = 5> =0,
W |onr ! W |onr
we have O(huy) o(hu)
Uu; U,
wilonm W |y 0, hujlom . 0
and so we can use the divergence theorem to derive that
M M M

M M

/ A(’U,Zh)A’U,j — / A(ujh)Aui
M M
= / ’U,ihAQUj — / ujhA2ui
M M
= (nj — m)ai,
where div(X) denotes the divergence of X. Set

then

k
2.13 @i(h) = [ huqi(h = mj)az;
(2.13) /M¢q<> /M uq()+;(n )
and we have from (2.10) and (2.11) that
2.14 —n 2 < iqi(h
(2.14) (Mht1 n,)/Mpdu _/M¢q( )

which implies that

2
o o 2 _ o ) Qi(h) - : - )
(2.15) (k1 — i) (/quzqz(h)) = (Mkt1 — ) (/M\/ﬁ@(\/ﬁ j§:1bm/ﬁuj
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< (M1 —mi) (/M Pd??) /M (qé? - ibw\/ﬁua‘) 2
= (1 — i) (/M p¢?) (‘ %(\/g) 2 —ébfj)
< (/M ¢iqz'(h)) (‘ qi;? 2 _éb?j) :

Hence, we have

(2.16) (Mhet1 = 1:) /M ¢igi(h) < ’ qz(\/? - i(m = n;)%ag;.

Multiplying (2.13) by (nx+1 — 7:)? and summing on 4, we get

k

(2.17) St — 0 [ oalh)
i=1 M
k k
= > e = [ i)+ 3 O~ 00— 1)
i=1 M ij=1
k k
= > (hy1 — m)Q/ huigi(h) = Y (g1 — 1) (i — m;)2a;.
i=1 M Q=1
On the other hand, one obtains by multiplying (2.16) by (7x+1 — 7;) and summing on ¢ that
k
(2.18) S (st — mi)? / biai(h)
i=1 M
k 2 k
qi(h
< Z(nk-H — 1) WDl Z (Me+1 — M) (ni — 77,7')20'1‘2]'-
i=1 VP ij=1
Combining (2.17) and (2.18), we obtain (2.3).
Now set
JAh
(219) Cij = / Uj (<Vh, VUZ> + u ) )
M 2
then ¢;; + ¢;; = 0 and
u; Ah b
(2:20) / (=2)¢; ((Vh, V) + — ) =w; +2)  aijci,
M 2

j=1

where

(2.21) w; :/ (—huAh — 2hu;(Vh, Vu,)).
M
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Multiplying (2.20) by (nx+1 — 7;)? and using Schwarz inequality and (2.14), we get

(222) (77k+1 - 771 w; + 2 Z A;5Cij
(Vh,Vug) + wbh
= (M1 — 7)‘)2/ (=2)¢iv/p =) cij\/puj
7 " [ \/ﬁ JZ; () J
2
; k
(M1 — mi) (Vh, Vu;) + wph
< S(mes1 — )3 ||/pdil |2 + — ) ¢ii/pu
(s — 10 /B el > cuv
2 k
Ul — i <Vh7 Vu > =+ et
= (s —m)’IlVpoilI* + (s = 1) . =Y e
1) NG =
k
< O(mrir —mi)? / huigi(h) + Z(n
M =
(ps1 — ) [ |[(Vh, Vi) + 22 LN
* -
0 NG =
Summing over ¢ and noticing a;; = a;;, ¢;; = —cj;, we obtain
k k
Z M1 — i) w; — 2 Z (M1 — M) (03 — mj)aijcij
=1 i,j=1

(Vh, V) + wsh
Vﬁ

INA
>,
Mw

k

2 : nk 1=
(nk:-i-l - 771 / huzQz + + 5 )

i=1

2

k
- Z (k1 — 13)0(ni — m5)”a3; Z nk“ ;-

4,5=1

Il
> =

Hence (2.4) is true. O
We end this section by proving an algebraic lemma which will be needed in the next section.

Lemma 2.2. Let {a;}7, {b;}1", and {¢;}/; be three sequences of non-negative real numbers with
{a;}™, decreasing and {b;}, and {c;}™, increasing. Then the following inequality holds:

Proof. When m = 1, (2.23) holds trivally. Suppose that (2.23) holds when m = k, that is

Then when m = k + 1, we have from (2.24) that

k+1 k+1 k+1 k+1
(2.25) (Z a?) (Z aibicZ) — (Z a?bi) (Z aici>
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k k k k k
(Z 0%2) (Z aibici> - (Z a22b1> <Z ai0i> + ai—‘—l Zaibici
i=1 i=1 =1 =1 =1
k k k

2 2 2
—aj11br41 E a;C; + ap41bp41Ck41 E aj — Qk4+1Ck+1 g a;b;
i—1 i=1 i=1

k k k k
2 bici — a2 b iCi + Qg1b 2 - 2b;
ak+1 a;0;C; ak+1 k+1 a;C; Ak+10k4+1Ck+1 ai Ak +1Ck+1 ai 7

>
=1 i=1 i=1 =1
k k
2 2
= —Qji E (b1 — bi)aic; + aryi1Cry1 E a; (b1 — b;)
i—1 i1
k
= 5 a1 (bry1 — b)) (Chr10s — Agy165)
i=1
> 0.

Where in the last inequality we have used the fact that
(226) ak+1ai(bk+1 - bl-)(ckJrlai - (Lk+1ci) Z 0, 1= 1, tety k.

Thus (2.23) holds for m = k + 1. This completes the proof of Lemma 2.2. |

3 Inequalities for Eigenvalues of the Biharmonic Operator with
Weight on Compact Domains in C'P"(4), in a Minimal Sub-
manifold of IR™ or of S™(1)

In this section, we will prove universal bounds on eigenvalues of the biharmonic operator in Weighted
Sobolev space on compact domains of any of the following three manifolds: a complex projective space,
a minimal submanifold of a Euclidean space or of a unit sphere.

Theorem 3.1. Let M be an n-dimensional complete Riemannian manifold and let Q be a connected
bounded domain with smooth boundary 02 in M. Denote by v the outward unit normal of 9Q). Let V be a
nonnegative continuous function on 0 and p a positive continuous function on . Set Vy = min_ g V(x),
Py = max g p(r) and Py = min gp(x). Let A be the Laplacian of M and denote by n; the i-th
eigenvelue of the problem:

{ (A2 +V)u=mnpu in Q,

ulpg = %ﬂm =0.
i) If M is a minimal submanifold of R™, then

k
DD
=1
k 12\ V2 / & 1/2
2P1( n+2 1/2 ( Vo) ( Vo)
< i P — o i —
< ; M1 — 1) | m P, Z (M1 — n i)

i=1

it) If M is a minimal submanifold in a unit m-sphere S™(1), then

- P b n2 Vo 12 1/2
32 Yo -mw? < né{Z(mH—m)Q (WH%H) = )}
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k 5 172\ ) /2
Z n VO

iit) If M is a complex projetive space CP™(4) of complex dimension n and of holomorphic sectional
curvature 4, then

k

1/2
2n+1)1/2p, [ & o Vo2
2 2
(3.3) > (1 —m)® < By > (k1 — i) oz T p

i=1 i=1 2

k n(n 2 v
X{Z(Uk+1_m) <8531/J;1)—|— <77i_1‘§1)> )} .

=1

Corollary 3.2. Let the assupmtions be as in Theorem 3.1.
i) If Q is a domian in an n-dimensional complete minimal submanifold of IR™, then

1/2

2 2
SVq 1@ V. 1 1g
(34)77k+1<—?+ (1+8)~ Z’?“L 52(;{2’71'_13(1)) 1+2Skz<nj—kzm> ,
=1 i=1

Jj=1

where
4P (n+2)

S =
n?Ps

it) If Q is a domain in a minimal submanifold of S™(1), then

(3.5) Mer1 < Apy1 + 1/ Aj 1y — Brra,

where

1< Vo 1/2 n2 Vi 1/2
Apy1 = Ezm+ 2k:n2P2 Z P1/2 ( ipl) L +(2n+4) (mpl) ;
=1 2 2

Vo 1/2 n2 Vo 1/2
n2p22< 2N (“a) g TGO g ) )

iit) If Q is a domain in CP™(4), then

(3.6) Met1 < Cry1 +1/CRiy — Dia,
where
8n(n+ 1) . E 1/2
1/2 i — Pl )

1 2(n + 1)P,
Cry1 = EZ%‘ ImQPg Z ( 5 T\~ >
Z _ V() 8n(n+1) W 12 '
" k:n2P2 1/2 hi TP Y ;-

Bii1 =

HM?r
sl\?

1
k

)
>
+
—
|
T =
]~
3
Nl\?
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Proof of Theorem 3.1. Let V be the gradient operator on  and let u; be the i-th orthonormal

eigenfunction corresponding to the eigenvalue 7;, i = 1,2, ---, that is,
2 . ou;
(37) (A + V)UZ = 1N;pu; 1M Q’ ’U,i|aﬂ = — O’
W |oq
(38) / PUU; = 5@‘, A i,j;
Q

then

1 1
3.9 < < =
(39) P 7/ P

Multiplying (3.7) by w; and integrating on €2, one has

(3.10) /(Auz')2 = m/puf—/ Vi
Q Q Q
V

ni —

IN

Fl.
It follows from the Schwarz inequality that

1/2 1/2 1 Vi 1/2
(3.11) Vo, |? / (—u;Auy) < (/ u?) (/ Au,; 2) < —% ( i — >
[ 19w =(/ [(au?) " < o (0

i) Suppose that 2 is a domain in an n-dimensional minimal submanifold in R™. Let 1,29, +,Zm
be the standard coordinate functons of IR™; then

(3.12) Az, =0, a=1,---,m.

Taking h = z,, in (2.4), we get

k
(3.13) Z Mhet1 — i) / (—224ui(Vy, Vu;))
i=1 Q

kol

< 53 mr =) [ ot CATan, Vi) + 2V, V()

=1
2

+

k
nk“ H (Vao, V)
D I N

i=1
Summing over «, one has

m

k
(3.14) Z ki1 — 22/ (=270 (Vaa, Vug))
a=1

1 Q
k m

< 52 s QZ/maui(2A<an,Vui>+2<an,V(Aui)>)
a=1 Q

2

Observe that

m m

(3.15) Z(an,Vu, Z Vui(r,))? = [Vu|?, Z |Vzo|? =

a=1 a=1 a=1
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We have from (3.9), (3.11), (3.12) and (3.15) that

m m

3.16 —2x,ui{Viy, Vu)) = / QAx —n/ fzﬁ,
(3.16) Z/ Z Q Py

(3.17) Z/Qxaui (2A(Vzy, Vi) + 2(Vas, V(Au,)))

= 22/ A (zqu;) (Veg, Vug) —22/ A, div (zqu; V)

= Z/ (VZa, Vi) + 220 (Au; ) (VEa, Vi) —2Z/Auz Vaalui + (20 Ve, Vu,))

= 4/ |Vui|2—2n/uiAui
Q Q

1/2
1 Vo
= (4+2n Vu;|2 < (44 2n ( >
( ) | 1= <( )P2/2 Uy

and

m

(3.18) Z

V:va, Vu;)

2 2 1/2
i 1 1
[ e (0 )
Q P P o P23/ P

Substituting (3.16)-(3.18) into (3.13), we have

n o 4 + 2n
(3.19) P, Z (M1 —mi)? < Z Mk+1 —
i=1 i=1

S

/—\
=
|

e
"

—

~

[\v]

=

Taking
1/2
Y k1 — i) (m VO)

§= v\ /2
(4+20)Py S (M — 1) (m - ﬁ)

one obtains (3.1).

i7) Assume now that (2 is a domain in an n-dimensional minimal submanifold of S™(1). Let z1, 22, - - -

be the standard coordinate functons of the Euclidean space JR™*!; then

m—+1
Sm(l) = {(xl,...,xm+1) S Bm+1; Z l‘i = 1} .

a=1
It is well known that
(3.20) Ay = —nzq, a=1---,m+1

For any ¢ > 0, by taking h = z,, in (2.4) and using (3.20), we get

k

Z(nkﬂ - Th‘)g/ (nzZui — 2z4u;(Vza, Vu;))

i=1 Q

11

s Tm+1



<

)

K2

+

D

7
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Ni+1 — m)z/ Tai(—nA(u;zs) + 2A(Vzy, Vu) + 2(Vx o, V(Aw;)) — nzaAu;)
Q

nrau; |2
2

u;) —

NG

k
(
1
k

(77k+1 - 771') H <V33a>V
)

1

Summing over «, we get

k m—+1
(3.21) (a1 —m)* > / (na?u? — 2zqu; (Va, Vu,))
i=1 a=17%
k m—+1
< 5Z(nk+1 —ni)? Z / zat; (—nA(uiza) + 2A(Vae, Vi) + 2(Vae, V(Aw)) — nxaAu;)
i=1 a=17%
= (1 — m) o || (Va, V) — 2gt |2
by w5
i=1 0 a=1 ﬁ
Using 222_11 22 =1 and (3.9), we have
m+1
(3.22) Z/ (na2u? — 224u;(Vaa, Vu,))
a=1"9

m+1

AN

2
> T
a=1

Let us calculate

m—+1

(3.23)

m+1

(3.24) Z /Qxaui(2A<an, Vu;))

(3.25)

=)=

—-n Z /Qacaui(—nuixa + 2(Vzy, Vu;) + zoAu;)
a=1

—n <—n/uf—/ |Vui|2>
Q Q
n2/u?+n/ |Vug)?,
Q Q

m4+1

QXEAA(xaui)<an,Vui>

/Qxaui(—nA(uixa))

m+1
2 Z /Q(—nxaui + 2(Vzo, Vi) + 20 Au;)(Vay, V)
a=1

m—+1
4/ Z(Vma,Vui>2
Q a=1

m—+1

if 3 (Vuilr))* =4 [ vk

m—+1

> /Qscaui@(an, V(Au;)))

m—+1

/Qui<v (; z?
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and
m-+1

(3.26) Z / Tati(—nxoAu;) = fn/ w; A :n/ |Vui|2.
= Ja Q %

Therefore, we obtain from (3.9), (3.11), (3.22)-(3.26) that

m+1
(3.27) Z / Toi(—nA(UiTe) + 2A(Vxo, Vu;) + 2(Vy, V(Au;)) — neqAu;)
a=1"9

= rﬂ/u?—i—n/ |Vui\2+4/ |Vui\2—|—n/|Vui|2
Q Q Q Q

= n2/u?+(2n+4)/|Vui|2
Q Q

_on? 244 Vo'
=B 2 \""h
2
and
m+1 uiAz
<an,Vui)+u
(3.28) > 2
a=1 \/ﬁ
ntl 2,22
1 2 nu?z?
= pZ(<an,Vul> —n(Vq, Vuhuze + 1 )
QFa=1
n? [ u? |V, |2

<

Substituting (3.22), (3.27) and (3.28) into (3.21), we have

k

(3-29) P% Z(Uk+1 - 77i)2

k 2 1/2 k .
n 2n +4 Vo (M1 —m) | n
< 4 — 1 2 = — 5 P — | —/=5 —_—a5
< Z(nkﬂ ) <P2+ P21/2 (77 P1> )—FZ 5 4P22+ P;/Q
1/2
777_& 1/2
Z§:1(77k+1 — 1) (ﬁ% + %

- k 2 2n+4 Ve 1/2
Zi:1(77k+1 —1i)? (7}2 + ;21/2 (m — ﬁ) )

and simplifying, we get (3.2).
i4i) Finally, assume that Q is a domain in CP™(4). Let z = (20,21, -, %n) be a homogeneous
coordinate system of CP"(4), (z; € C) and consider the functions

ZpZq

Z:L:O 2%

(3.30) hyg = p,g=0,1,---,n.
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Setting ¢, = Re(h,g) and fp7 = Im(hyg), p,g=0,1,---,n, we have (cf. [CY2])

(3.31)

(3.32)

(3.33)

(3.34)

(3.35)

(3.36)

Y (gt ) =1,

p,q=0

Z (952V9p7 + f5aVwa) =0,

p,q=0

> (Vo Vaa) + (Vg Vi) = = Y (957gp7 + fogAfpz) = 4n,
p,g=0 p,q=0
Z (AgpgVapg + AfgVfrg) =0,

p,q=0

Z (AgpzAgpg + AfpgAfpg) = 16n(n + 1),
p,q=0

Y (Vg Vi) +(V fyg, Vui)?) = 2/ Vi[>,

p,q=0

Applying (2.4) to the functions g,z and f,7 and summing over p and ¢, we obtain

k

(3.37) > (

i=1
k

< 9 Z(’?k-s-l —ni)° {/Q Z Ipgti (A(uiAgpg) + 28(Vgpg, Vui) + 2(Vgpg, V(Au;)) + AgygAus)

=1

p,q=0

p,q=0

+ /Q D foquiAuwid fyg) + 2A(V fog, Vi) + 2(V fog, V(Auy)) + AquAui)}

p,q=0

k n
1 1 Ui Agpg
+g E (M1 — M) E (H\/ﬁ (<Vgpq>vui> + —
=1 p,g=0

+H1
NG

<<prq, VU7> +

2

uiAfpa
2

)

where ¢§ is any positive constant.
From (3.9), (3.32) and (3.33), we have

(3.38)

/Q Z (—u7 gpgDgpg — 2ui(9pgV gy, Vi) — u3 frg fog — 2uifgV fog, Vi)

p,q=0

Observe from (3.9), (3.11), (3.32)-(3.36) that

(3-39)/Q D (Gl (widgyg) + frguild(wilk fig))

p,q=0

= /Q D (Algygui)uidgyg + Al frgui)uil fyg))

p,q=0

14

Me+1 — 771')2/Q Z (—u 9pgAgpg — 2ui(9pqV gy Vi) — u3 frg fog — 2w fogV frg, Vui))
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/Q Z { Agpq + (Afpa) ) ui +2 (AgpgVapg + AfypgV frg: Vi) + (9p5289p5 + prAfpﬁ)uiAui}

p,q=0

16n(n—|—1)/ u? —4n/ w; A,
Q Q

Wn(n+1)  d4n (Vo 1/2
= P2 P21/2 2 P1 i

(3.40) /Z 9pgwi(A(V gpg, Vi) + (Vgpg, V(Aw))) + frgui(A(V fig, Vi) + (V frg, V(Au;))))

p,q=0

/ Z gpqul)<v.gpq’ VU%> + A(quuz)<vqua vuz>)

pqO

/ Z vaqavuv (prg,Vu,;>2)

p,q=0

4 v 1/2
2 « _ 0
/ |V’Uzz| P 1/2 (nz P1> 3

4n VO /
Z (gpquiDgpgAu; + frgwil frgAu;) = —4n | w;Au; < W 0 — —

(3.41) /Q

S 0 Py
and
- 1 u; Ag A fz 2
3.42 — | (Vgug, Vu; pq) H < V foa, Vu;) + pq)
(3.42) Z<Hﬁ(< i V) + = (9 + 15
= / Z Vgpq, V’U,l <pr§, Vul>2)
QP "o
w2
/ Z (AgpgVpg + AfpqV frg, uiVui) + = ((Agpq) + (Afp6)2)
el o 4
B |V, |2 VoY% 16n(n+1)
= / + 16n(n+1) —_ 3/2 mfpl +P722.
Substituting (3.38)-(3.42) into (3.37), we get
k k 1/2
4n 5 ( 16n(n+1) 8n+8 Vo
(3.43) P g Mk+1 — < 5;(%“ = ni) ( P, + P,/2 U 2
1/2
1Xk: 16n(n+1)+2(m7%{1}>
< nk+1 2
3 p P P2
Taking

2(n—y2)"” v
k " i
Zi:1(77k+1 - 77%’) <l6n( - + p3};12 )

1/2
k 16 1
Zizl(nk-i-l —n)? <H(PZ+) + % (m - %) >

(5:
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and simplifying, one gets (3.3). This completes the proof of Theorem 3.1. |

Proof of Corollary 3.2. Consider first the case that €2 is a domian in an n-dimensional complete
minimal submanifold of JR™. In this case, we have from lemma 2.2 and (3.1) that

(3.44) Z Nh+1 —
=1

n 12 [k
< 2P1(2(n};2 2)) (Z (M1 — 77i)2>

which gives

k k
8P2(n + 2) ( V0>
(3.45) ;(nkﬂ ni)” < ey ;(nkﬂ ni) P,
Set
T
1 K Pl )
then
~ 8P2(n+2) o
(3.46) Z Vgt1 — Vi) 2 < n2P2 Z Vg1 — Vi) Vi
i=1 i=1
Setting
g 4P%(n +2)
n?P3

R S ’ R R ’
(347) Vk+1§(1+S)EZVi+ EZI/Z 7(14‘25)%2 Vj*EZI/i .

This is the inequality (3.4).
Assume now that  is a domain in a minimal submanifold of S™(1). It follows from (3.2) and lemma
2.2 that

k Tk 1/2 2 1/2
Pl 2 77,2 VO n V()
7nP2 {Z(Uk+l — 1) } {Z(%H — i) <P1/2 +4 (m - P1) > (le/z +(2n+4) (Th‘ — P1) > }

i=1 =1 2
which gives
k

(3.48) Z(ﬁkﬂ - 77i)2

i=1

Vo 1/2 n? Vo 1/2
ngpzznk+1 ni) 1/2+4(77i_P1> P21/2+(2n+4)(771_P1> .

Solving this quadratic inequality about 7,11, one obtains (3.5). The proof of (3.6) is similar and will be
omitted. This completes the proof of Corollary 3.2. O
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