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Sound in Three Dimensions™
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Abstract

We consider the initial-boundary value problem in hyperbolic thermoelasticity with sec-
ond sound in a three-dimensional exterior domain. The low frequency expansion of solutions
to the corresponding stationary resolvent problem is given and the limit to the classical ther-
moelastic problem is investigated.

Introduction

In this paper, we consider the low frequency expansion of the resolvent problem corresponding to
linear thermoelasticity with second sound in a three-dimensional exterior domain. The modeling
of the second sound effect turns the classical hyperbolic-parabolic thermoelastic system into a
purely hyperbolic one with a damping term. This is done using Cattaneo’s law instead of
Fourier’s law of heat conduction. Thus the physical paradox of infinite propagation of heat
pulses is removed.
Let Q be an exterior domain in R? with C1'! boundary I'. The linear hyperbolic thermoelastic
system with second sound in €2 is formulated as follows:

up — pAu — (p+ A)Vdivu + V0 =0
0y + vdiv g + ddivu; =0
Toqt +q+ VO =0

in 2 x (0, 00) subject to the initial condition:

u(z,0) = uo(z), u(z,0)=wui(x), 6(x,0)=0(z), q(x,0)=qo(z) inQ

As boundary condition in this paper, we consider the Dirichlet condition:

u=0, 6=0 onl x(0,00)

(1.1)

Here, u, 8, v, 6 and k are positive constants while A is a constant such that 2u+ X > 0, u > 0,
and u and q are three vectors of unknown functions while 6 is a unknown scalar function. 75 > 0
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is the so-called relaxation parameter, while 79 = 0 leads to the classical hyperbolic-parabolic
thermoelastic equations in 2:

uy — pAu — (p+ A)Vdivu + V0 =0
0y — yRAQ + ddivuy =0 (1.2)

in Q x (0,00) subject to the initial condition:
u(z,0) = up(z), u(z,0) =ui(z), 6(x,0)=60y(z) inQ
and the boundary condition:
u=0, 6=0 onI x(0,00)

For a survey on results in classical thermoelasticity see [7], for a survey on hyperbolic heat
conduction models see [1]. The model used here was introduced by Lord and Shulman [9].
Results on the well-posedness both for linear and nonlinear thermoelasticity with second sound
in one or three dimensions, and on the time-asymptotic behavior for bounded domains or for
the Cauchy problem are given in [12, 13, 5, 4, 19, 14] and also the references therein. The time-
asymptotic behavior in exterior domains for the system with second sound has not yet been
studied. For this purpose the low frequency expansion for the associated resolvent problem is
of interest.

We are interested in the low frequency expansion of the corresponding resolvent problems
to (1.1) and (1.2), which is especially important to investigate the decay property of solutions
to (1.1) and (1.2) as time goes to infinity, cf. [6, 15, 16, 17, 18]. This is possible since the
solutions can be represented via resolvents (essentially: Laplace transform). In fact, according
to a general theory due to Vainberg [16, 17, 18], in order to obtain the local enegy decay
of solutions to the evolution equations of hyperbolic type in exterior domains, the following
observations are crucial:

(1) Asymptotic expansion at the origin of the low frequency part of the generalized resolvent
operator.

(2) Absence of the point spectrum in the lower half-plane including the real axis.
(3) Summability property of the the high frequency part of generalized resolvent operator.

Here, the generalized resolvent operator is obtained by shrinking the definition domain to the
space of functions having compact support and expanding the range to L, o functions.

Indeed, if we devide the solution formula into the high frequency part and low frequency
part, then the properties (2) and (3) guarantee the exponential stability (the exponential decay
property) of the high frequency part, and the property (1) implies the decay rate of the low
frequency part. As a result, we can decide the rate of the local energy decay of solutions to the
evolution equations of hyperbolic type by the low frequency expansion formula of the generalized
resolvent operator. Since the equation (1.1) is of hyperbolic type, this strategy should work,
that is combining the low frequency expansion obtained in this paper and the investigation of
the summability property which will be the future work, we will have the rate of local energy
decay of solutions to the initial boundary value problem (1.1), (1.2) and (1.3).

For wave equations, elasticity or Maxwell equations, a collection of references for results on
low frequency asymptotics is given in the work of Pauly [11].



An essential difference between the classical thermoelastic equations and the thermoelastic
equations with second sound appears in the high frequency part. In fact, in case of the Cauchy
problem, according to the result due to and Naito [14], although the decay rate of the high
frequency paurt1 is the same, one part of the solution formulae in the second sound case has the
form like e~70 * as t — oo, which means that a vanishing part appears in the expansion formula
for the second sound case as 79 — 0. On the other hand, the low frequency part in the case
of second sound converges to the corresponding low frequency part in the classical case, which
will be seen in the last section of this paper.

For an expansion in classical thermoelasticity (79 = 0) in connection with scattering following
an incident plane wave see [2].

Moreover, we will discuss some convergence property of the resolvent as 79 tends to zero.
We remark that it has been observed ([3]) for other systems that the behavior for 7p > 0 and
that for 7p = 0 might be quite different. Indeed, for bounded domains there may be exponential
stability of the system if 79 = 0, while for 79 > 0 there is no exponential stability. Here we show
that the systems are close to each other.

To state our results precisely, we consider the resolvent problem corresponding to (1.1) and
(1.2), which is formulated as follows:

k2u — pAu — (p+ N)Vdivu + V0 = f  in Q

kO + vdivg + dkdivu = g in Q
Tokq+q+ KkVO =h in Q
u=0, =0 onT (1.3)
and
k2u — pAu — (p+ N\)Vdivu + V0 = f  in Q
kO — vk Al + okdivu = g in Q
u=0, =0 onT (1.4)
respectively.

As main results we shall obtain the low frequency expansion (near £ = 0) in Theorem 3.3 and
Theorem 3.4, and the conclusion in Section 4 on the continuous dependence of the parameter
T0-

The paper is organized as follows: In Section 2 we consider the spectral analysis for the
Cauchy problem where € is all of R?, in Section 3 the case of an arbitrary exterior domain € is
considered, and in Section 4 the conclusion on the dependence of the relaxation parameter g
is presented.

2 Spectral analysis of the thermoelastic equations with second
sound for () = R?

In this section, we consider the resolvent problem in R3:
E*u — pAu — (p+ \)Vdivu + V0 = f  in R?

kO + vdiv g + dkdivu =g in R3
Tokq+q+KkVO=h inR3 (2.1)



From the third equation of (2.1) we have, for k # —1/7,
q= (rok +1)"(h — kKVO) (2.2)
and therefore, inserting this formula into the second equation in (2.1), we have
k*u — pAu — (p+ N Vdivu + V0 = f in R®
kO — vk(tok + 1) 1A + dkdivu = g — y(rok +1)"'divh in R3 (2.3)
Therefore, for the simplicity instead of (2.3) we consider the following equation:
k?u — pAu — (p+ N\)Vdive + V0 = f in R?
kO — vk(tok + 1)1 A0 + dkdivu = ¢g  in R? (2.4)

To solve (2.4), we introduce the Helmholtz decomposition. In general, given f = (f1, fo, f3) €
Ly, (R3)!, we set

@) (2.5)

where f = F[f] and F~! stand for the Fourier transform and its inversion formula, respectively;
P(¢) is the 3 x 3 matrix given by the formula:

. - 1 j=0
P(f)Z(@z-iff)a 5;'4:{0 j’;&e

and - stands for the usual inner product in R3. Using these symbols, we have
f=Pf+VQf (2.6)
In particular, we know from the Fourier multiplier theorem that
le Pf = 0? HPf||Lp(R3) S CHfHLp(RS) (27)

provided that 1 < p < o0.
Applying P and @ in (2.4) and using the fact that divu = AQu,we have

k*Pu— uAPu= Pf in R3
E2Qu — (2 + NAQu + 60 = Qf in R®
kO — yr(tok + 1)1 A0 + 6kAQu =g in R3 (2.8)

We can solve the first equation of (2.8) easily. In fact, we have

[P(ﬁ)f(ﬁ)

Pu=F s
B K2+ plé]?

: |@) (2.9)

On the other hand, to solve the 2nd and 3rd equations in (2.8), for notational simplicity we set

w=Qu, F=Qf, G=g (2.10)

M denotes the transposed M



And then, we have
k2w — (2u+ N)Aw+ 30 = F
kO — yk(tok + 1)1 A0 + 6kAw = G (2.11)

in R3. Note that w and 6 are both scalar functions, so that (2.11) is a system of two partial
differential equations. Applying the Fourier transform to (2.11), we have a system of two linear
equations:

(2 + (2u+ N)EP)w(€) + BO(E) = F(€)
£) —

(k -+ yi(rok + 1) E[)0(6) — OklE () = G ()
Setting
A (&) = <k2+(2ﬂ+>‘)|§‘2 B >
* —Ok[EP ko y(rok + 1) ¢
we finally arrive at the linear equation:
i ey [2E] _[E©
w40 56 = 66 (212

To obtain the low frequency expansion in R?, we start with the analysis of the inverse matrix
of Ak(§). We have

det A(€) = (2u 4+ N)yr(rok + 1)7HE 4+ (2 + A+ 08)k + yr(mok + 1) 71ED) |€)? + &3
= 2u+ Mys(rok + 1) Pt E) (¢ =[¢?) (2.13)
where we have set
P(t, k) =t* + (2 + X)yr) " (70k + D2 + A + 08)k + yr(rok + 1) k]t
+ (2 + )\)’)/K,)_l(Tok + 1)k:3

2u+X+43 k2 (tok + 1)k?
=2 _- -~ 1
( (21 + Nk (Tok + 1)k + 2u+)\)t 2+ N)yk

We start with the following lemma.

Lemma 2.1. Let ﬁ(t,k‘) be the polynomial defined as above. Then, there exist two functions
wi(k,m0) (j =1,2) such that

P(t,k) = (t+ p(k, To))(“‘ﬂz(k 70))

2+ A+0
ul(k,T()) (g +)\75 —i—Zs 7'0 k]+1

1 .
k S — 2 E 2(r0) kI T2
MZ( 7T0) 2/,L+A+(5,8 +j:1 8](7—0)

Here, s]( T0) and s?(m) are polynomials in 1y and the expansion formulas converge absolutely
when |k| < ko and |19| < 1 for some positive constant kg which is independent of 7g.



Proof. To obtain the formula for u;(k, 79), we set t = ks, and then we have

9 2+ A+60 1 2u+A+60 1
2+ Nyk 2u+ X 2u+ Ak 2p+ N)yk
0
+ k= 2.14
2u+ Nk (2.14)
If we set

2u+A+68 (5ﬂ
k E 2.15
81( 77_0) (2/L+)\ o =~ 8 7—0 ( )

15U )(O 70), and therefore differentiating (2.14) j times, setting k = 0 in

the resultant equation and writting S(J )(0, ) = sg] ) (j > 1) for simplicity, we have

j—1
- 2+ A+6
251(0,70)s{ + 2 <‘7 >(M s0 4 AL OB G
(=1

we have s (To) (iH=1

(2 + A)ys !
2/1 + A+ 460 (i—1) 01 209,70
+ + =
J <2,u 2u+ N)yk TO>81 2u+ Ny (2u+ Nk
g
e yoy(0,7g) o 2FATIB 2t A+
! Qu+Nys  2u+ Ak
we have

( 1 2u—|—)\—|—5ﬁ70>5(j71)

L ou4+ 04468 2u+ A (2u+ Nyk !
51]' i 2(52j7’0 }

@u+ Ay (2p+ M)k

(4)

j—1 .
L) _ Cpt N)ys {2] <J - 1) (0) (-0
1

_|_

From this formula we see that s;"’ are polynomials in 7y for all 7 > 1, which implies the assertion
for pi(k,m0) = ksi(k, 7).

To obtain the formula for us(k,70), we set t = k?s, and then we have

2u+)\+(5ﬂs 1
2+ N)yk 2u+ Nk
1 2u+)\+5ﬂ T0
ks s =0 2.16
+ {8 +<2u+)\+ (2u+ M)yk T0>S+ (2u+)\)fy/<;} ( )

If we set
_ 1 - 2 7
sa(k, m0) = 20+ A+ 03 +j§:1: Sj(TO)k

differentiating (2.16) j times and setting & = 0 in the resultant equation, we have

2u+X+98 )
Cut a2 O

d \i-1 , 1 2%+ A+ 0p - B
+‘7<dk:> {32("”“’) +<2u+)\+ (2u+>\)7n)82(k’70)+ (2H+A)w} ’k:o*

from which the assertion for pus(k,7) follows analogously. This completes the proof of the
lemma. O




Now, we shall give a solution formula. Since
Ak(g)—l — 1 <k + 7”(70k+)_1’§|2 _B )
det Ax(€) okl[¢[? K+ (2p+ V)€
det Ay(€) = (2p + \)ys(rok + 1) P([¢[*, k)

we have

e 1 N (e Bl :
WO = o e Lok + Db 9wl Q) = Bk + DG(E)

ok +1
(21 + Ay P (€2, k)
From (2.6) and (2.10), we have u(z) = Pu(z) + VQu(x) = Pu(z) + Vw(x), and then using
(2.9) and (2.17) we have
POS©) i€
B2 plel (24 )P (leP, k)

0(¢) = {SKIEPF(E) + (K + (2 + NIEP)G(E)} (2.17)

a§) =

{(rok + 1)k + y&[¢LE(€) — Brok + 1)G(E)] (2.18)

Recalling (2.5) and (2.10) and denoting the j-th component of P(€)f(£) by P(&)f(£)];, we have

3 A
PO f(©) Zél%fz Z “;2 L G(e) = ()
=

finally we arrive at the following formulas:

e < &g ; 2. (nok+ DRSS
k? + pl€)? ; &+ ueper’ ; (204 A\)yeP (€2, k) |2

3

G6 s iBoktlE
2 G PG R O Gt Apmlel

3

A ) (Tok + 1)5k&, . (tok + 1)k? . (tok + 1) €2
o) = —1 = — —_—
O =1 Pl O Pl Ot B R b

a;(§) = fe(©)

9(¢)
(2.19)
From (2.19) we get the following theorem.

Theorem 2.2. Let 1 < g < oo and 0 < 19 < 1. Then, for any small € > 0 there exist a constant
oo > 0 depending on € and an operator Sy € Anal(Uyye, B(Lg(R?*)? x Lg(R?), W2(R?)3 x
WZ(R?))) such that for any (f,g) € Lqy(R?)? x Ly(R?) , (u,0) = Sk(f,g) solves equation (2.4)
uniquely. Here, for two Banach spaces X andY, B(X,Y) denotes the set of all bounded linear
operators from X into Y, Uy, ¢ denotes an open set in C defined by the formula:

Usg.e = {k € C\{0} | |argk| < (7/2) —¢, |k| < o0}

and Anal (Uy, ¢, X) denotes the set of all holomorphic functions defined on Uy, ¢ with their
values in X.



Proof. In view of Lemma 2.1, we see that for any small € > 0, there exists a constant ¢, > 0
depending only on € such that

lel? + k2| = ce(ulé]* + k)

provided that |argk| < (7/2) — €. In view of Lemma 2.1,we also see that there exist positive
numbers oy and ¢, depending on € such that

[P k)| > ce(€ + K1) (€1 + K[?)

provided that |arg k| < (7/2) — € and |k| < 0 whenever 0 < 79 < 1. Therefore, if we define an
operator Sy by the formula:

Sk(f,9) = (F¢ ], F Vi), F as), F¢'(0)

where 4;(§) (j = 1,2,3) and 0(¢) are functions given in (2.19), then applying the Fourier
multiplier theorem, we see that Sy is a holomorphic function with respect to k € {k € C | Rek >
0 and |k| < o9 } with values in B(L,(R3)? x Lq(Rg),WqQ(]R?’)?’ X Wg(RS)) and (u,0) = S(f,9)
solves (2.4) for (f,g) € Ly(R3)? x Ly(R3). O

Now, we shall discuss some expansion formula of Si in a neighborhood of the origin: k£ =0
of a complex plane, which can be done by shrinking the definition domain of Sy and widening
the range of Sk in a suitable sense (see Vainberg [16, 17, 18]). The main theorem will be stated
at the end of this section. To give an expansion formula for Sj, we shall give several lemmas in
what follows.

Lemma 2.3. Let Re+/a > 0. Then, we have

1 e_\/ax‘ 1 1
€2+ al™ T Tamfa] e @) = 2.2
}—5 [|§|2 + a} Ar|z| 3 [mz} (z) dnlz] (2.20)
_ 1 1 || \/amz /1 B
e aeEl® = ~ % 1—s)%e Vet g 2.21
7 [(|€|2+a)|£|2](x) dn\/a 87 + 8t Jo (L=s)7 s (2.21)
Proof. The formulas in (2.20) are well-known, so that we may omit its proof.
Since
Ly
(1€ + a)[€[? a \|E2+a |2
by (2.20) we have
1 1
F )= (el g
¢ [(|£|2+a)|£‘2](x) 47T|$\a<e )

Making an integration by parts two times, we have

1 1
o—Valal _ 1 / 4 ~svall gs = _\Jala| / o—svall g
0 0

ds

1
= —Vale[{[~(1 - s)eVol) — \/5\33|/0 (1= s)e—*Vall ds}

~Valol + (Valal? [ (1= s)esVe ds

1
0



1 1
= —Valel + 5(Valal? - 5(Valel)? [ (1= spe s (222

Therefore, we have

71; = 2 3/2 3 ! 2, —sya|z|
7e [(|£|2—I—a)]§|2 (@) = 47r,x| —Valz| + alx! |z| /0(1 s)’e ds]

2
= ; — @ + \/a‘x’ / (1 _ 8)26—8\/5|06| ds
dy/a 8w 8t Jo

This shows (2.21), which completes the proof of the lemma.

Lemma 2.4. When Rek > 0, we have the following formulas:

a1 1k / L kvl
Fe [7k2—|—u\§]2}($)_ drpfa] 4R ), e ds (2.23)
—1 fjéﬁ 1 (Sﬂ TjTy
__SiSt y— kG ok, 2.24
e @ = 5 (5~ Top) + RGantilal) (2.24)

where we have set

- 1
Gunlhile) = gz | (1= {2850 = (/s (35 + 5l

32(k/\/ﬂ)2xj3:g}e_s(k/‘/ﬁ)|x| ds (2.25)

Proof. Since k* 4 pl¢* = pu(|¢]* + (k/\/R)?), by (2.20) with a = k/,/i we have

1 } NI

—1
7 e

Am|x|p
y (2.22) we have

e~V — 1 _ () /p) !rv\/ st/ ymlal g

Summing up, we have proved (2.23).

To prove (2.24), using (2.21) we observe that
-1 £;e R 1
7 [ emmer)@ = —waan e (e ©

1 0?2 k 52 , [ )
- - 1 — )2 s/ VRl g
87 DOy o 8mud/2 Ox;j0xy [m /0 (1—s)% 5]

To proceed we observe that

8 xj 82 5][ :ZJ]‘IL’g 6 2
8x]| | |z|’ 8333'8”’3: || |z[3 a$|x] Ty,
2 0
— 95, = esk/vmlzl — _g(k i s (k/VA)z|
0 Z;x XTiT
—s(k/vmlzl — _g(pe LT\ —sk/vmlal 4 g2(k /)2 TITE —s(k/D)lel
o s( /\F)(m L5 )e VP



In particular, we have

aaa o2 *s(k/\f)lx\]
x;0xy
= {20 47 (k/f)—s(k/\f)<gz\ﬂ?| O R N S

= {200 b/ vi)s (375 e Lot Byelal) + 52/ ) g e VIl

Therefore, defining Gj¢(k, |z|) by the formula (2.25), we have (2.24), which completes the proof
of the lemma. O

In the following two lemmas, we treat the other terms.

Lemma 2.5. Let P(t,k) and pj = puj(k,79) be the same functions as in Lemma 2.1. Set
1
Hy(z) = |x|2/ (1 — s)2e—smelbm) Plel gg - p— 1 2. (2.26)
0

Then, we have the following formulas:

U B PR L el P H (@) — P Ha ()
Fe 503 (x) = Y RRRYE — (2.27)
_P(|£‘ 7k)' 47 ( +:U’ ) 8T 87'('([11 MQ)
F . ‘ 3/2 3/2
Fol LS S S o Oy oy o ot (2.28)
LP(I€]2, k) 8rlz|  8m(p1 — p2) Ox; 87(p1 — p2) Oz
Fo[ S ] (x)=— Oit I pi” 0%, z) — " il (z)
¢ LP(|§]%, k) 8rlz|  8mlxl>  8m(p1 — p2) Ox;0xy 8m(p1 — p2) 0x 0z,
(2.29)
_ 2 1 Nl/Q s "
P R PN S Ly e
¢ -P(lf\Q,k)-() dmlz|4m o ar (" + ')
/,u2 ,u5/2
~ M g+ —t2 Hy(a 2.30
| | 8 (p1 — p2) o)+ g (1 — p2) 2(v) (2.30)

Lemma 2.6. Let P(t,k) and wi = pi(k, 1) be the same functions as in Lemma 2.1. Set

! 1/2
wa):/ (1= s)%smem om0 Bl ds, =12, m=0,1,2. (2.31)
0
Then, we have
&% - 1 .
}—6 [ P(|¢]?, k‘)|£\2]( z) = 87 (,U«l 112) [2535(\/7[{1( ) — e Hj ()

—<3xf‘ +5u|w!)(u1H1(m)—mHzl(:r))ergxe( S2H2(2) — i3 H 2(;1;))} (2.32)

A Proof of Lemma 2.5 To obtain (2.27), we write

1 1 _ 1 [ 1 B 1 :|
P(EP. k) (P +p)(€P +p2) — po—pa LEP+pn 1€2 + 2

10



_ M 1 o pe 1
pr — p2 (€12 + p)|€ g — po (€% + p2)|€[?

By (2.21) we have (2.27) immediately. From (2.27), we have (2.28) and (2.29) by the following
observation:

1 i€ 0 1
| Bepm) @ = a7 [Fger @
_ .Tj ,ui’/2 BHl . /Lg/Q 8H2 T
8|z 8m(u1 — p2) Oz, 8 (1 — p2) Ox;

en )@= aon " LaggEn) @
SN w'* om . p? oM
Oz

x T
8|z 8m(u1 — p2) O, 8m(p1 — p2) O
3/2 2 3/2 2
_ 5]' T Ty + Hq 0 Hl ) — Mo 0 HQ "
8rlx|  8mlxl®  8m(p1 — pe2) Ox;0x, 87 (p1 — p2) Oxj0xy

To show (2.30), we write

€2 €2 €2 + po — po 1 12

PR k) (P + (P + n2)  (EP+p)(EP + 12)  [ERP+p1 P(ER k)

Combining (2.20) and (2.27) and writing
1
e_“wlm' =1- ,u}/2:n|/ 6_5“1/2”' ds
0

we have (2.30). This completes the proof of Lemma 2.5. O

A Proof of Lemma 2.6 To show (2.32), we write

-1 1
P2, k) i —p2 LER + 62+ e

and then by (2.21) we have

1] —&i&
e @
-1 2

1
— — N2112( ST emsveLlEl s/l
8m (11 — p2) 3xj8xg{/0 (1= 5)z] < fe Hae )ds}

We observe that
0 o H?

—|z* =2 2 =255
axj |$‘ Lj, axja ‘$| s
a (,ﬁme—smm — Jjize swzlww) — ¢l (Me—smm _ Mze—sm\x|>
Ox; x
0? 0, T
—sy/plal _ —symmlal) — _ ¢ %t _ Ti%t —sypilal _ , o—syialal
9,01 (vre Vize )=-s( FREE ) (sue pae )

11



XiX
+ 327‘;’; (Mf;/?e—sww _ M3/2€—sm\x|)

By Leibniz’s formula, we have

_ _ 1
7 e i) @ = s, O e (v )

+ 49;]-(—5)'% <M16‘5\/‘Tl'”“" -~ uze‘s\/‘TQ"”')
Oiv XXy _ _
st 20

e )

—1 3x;Ty
=—|26 H HY — J 5. ! o H
87 (11 — pa2) ]g(\ﬁ 1( ) — V2 H; ()) ( 2] + ]g]$|)(u1 1(x) — paHy (7))
3/2 3 2
+ ajae(y H @) — iy H ()]
This completes the proof of the lemma. =

Applying Lemmas 2.4, 2.5 and 2.6 to (2.19), we have

~[gr (3~ o) + Gt e

Mw

uA(@:{ 1k /168(k/\/ﬁ)x|d8}*f_
! Arpla|  4mpdl? Jo ’

3

1 (T()k‘ + 1)
+ Sl ) Z Gt T 2650/ HY () — /R H3 ()

_(3%+ajg|:c|)<mHl<m>—qu;u))+w< pt P H @) — s PH3 (@) | + S

3
Oje ;T 1 32 0°Hy 372 0°Hy
+ Z 8 ( 2u + ) K x| |x|? ) [ — 2 ('ul O0xj0xy (@) = 12 O0xj0xy (m))} * e

(Tok:+1) Ty 1 3/20H B 3/20H>
+87T(2M+)\)’}/I<;{|$| ,ul—ug( ! 856]( z) 2 695]( ))}*g
3
Tok-i— 1 ok T xy 1 3/28H1 3/28]’[2
;87r2u+/\’m[\a:| ,ul—,u2<1 8x4<) " Oxy ()ﬂ*f[
(tok + 1)k‘2 2 1 3/2 3/2
+ +AW[ o (ul (&) = 18 Ha@))] 9

T[)k"‘ ]. 3\/7|x| _
T Rm {m 2VH / ds 1/2 L7 + o]

1
Hi1— H2

(m/ pa () = 13 *Ho(z) ) | g

Here and hereafter, * stands for the usual convolution operator, namely

fxg(x / flz—y) y)dy=/RBf(y)g(l‘—
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Let f € L11oc(R?) and g € Ly(R3). Assume that 1 < ¢ < oo and that g(z) = 0 for |z| > R.
Then, by Holder’s inequality we have

pro@is [ ire-wowlas {[ ire-mia} ([ e plsera)”

lyI<R ly|<R

where ¢’ = q/(q — 1). Then, for any L > 0 we have

q a/q .
/x|<L I(f * g)(x)|"dx < /I|</L{{/y|<R |f(x — y)!dy} /|y<R |f(z—y)llg(y)] dy] dx
= {/x|<R+L @) dx}qm /|y<R (/I:c|<L @ =)l dx) l9(y)I* dy
A e )

which implies that
1 %000y < 1Ly o161, e

Moreover, by Lemma 2.1 we can write

Vit = EY2g1(k,10) + K2 g1a(k, 10), iz = kgo1(k, 10) + k*gaa (k, 10)

with some holomorphic functions gj¢(k, 70) which are defined on U, := {k € C | |k| < o}. Here,
o is a rather small positive number which is chosen independently of 79 whenever 0 < 79 < 1.
From this observation, u;(x) and §(z) depend on k € U, analytically as WQIOC( 3) function
provided that (f,g) € Ly(R3)? x L,(R?) and (f, g) vanishes for |z| > R. Moreover, we have

3
1 1 (050 wjxy 1 0je _ i
) = ] * 1~ ZWQM ) f”Z&r oo g ) 7

R
8m(2u + A)yk |z

x g+ O(|k|"/?)

# g+ O(IK|'/?)

0(x) =

Aryk|x|
Summing up, we have proved the following theorem.

Theorem 2.7. Let 1 < g<o00,0<e<n/2,0<719<1and R >0. Let o9 and Sy, be the same
number and solution operator as in Theorem 2.2, respectively. Set

Ly r(R 3) ={(f,9) €L (R3)3 x L (RB) | (f,9) vanishes for |z| > R}
Wq,IOC( ) WQlOC( ) X WQlOC( )

Then, there ezist a 0 (0 < o < 0¢) and Gj(k) € Anal (Uy, B(L,,
such that when (f,g) € Lo a(R), Ga(f,g) = (W/2Go(k) + G1 (k
uniquely for k € Uy and Gi(f,g) = Sk(f,g) for k € Uyp.

Moreover, if we set (ug,00) = G1(0)(f,g), then (uo,00) € Wyioe(R3) and (ug, 0p) solves the
equation

R(R®), Wy 10c(R?))) (j = 0,1)
)(f,g) solves equation (2.4)

—pAug — (u+ N)Vdivug + VO = f  in R3
—kyAby =g inR? (2.33)

13



and

3

| 1 ¢ l']xé) 1 (5][ 33]1‘6)
to.j(@) = wx\ h=2 & (m af? f“zsmww o P )t
B Ly
4+ — — %
8w (2u+ Nyrfz] Y
1
9 _ 2.34
() 47r7/<¢\a:|* .

We remark that we can derive the solution formula (2.34) to the equation (2.33) directly,
using

A2<—m) = §(z) inR® (2.35)

81

applying P and @ to (2.33), then applying the Fourier transform, solving in Fourier space, and
finally transforming back.

3 Spectral analysis of the thermoelastic equations with second
sound in Q C R?

In this section, we consider the resolvent problem:

k*u — pAu — (p+ N Vdivu + V0 = f  in Q
k6 4+ vdiv g 4+ dkdivu =g in Q2
Tokq+q+rkVO=h in (3.1)

subject to the boundary condition:

u=60=0 onTl (3.2)

where T' denotes the boundary of an exterior domain 2 of C! class. Since ¢ = (1 + 7ok) " *(h —
kV0), inserting this formula into the second equation of (3.1) we have

k*u — pAu — (p+ N Vdivu + gV = f in O
kO — yr(rok + 1) A0 + Skdivu = g — y(rok + 1) !divh  in Q

subject to the boundary condition (3.2). Therefore, for the simplicity we consider the following
boundary value problem below:

E*u — pAu — (p+ N Vdivu + V0 = f  in Q
kO — yr(tok 4+ 1)"LAQ + Skdivu =g in Q
u=0=0 onl (3.3)

We shall discuss the low frequency expansion of solutions to (3.3) in this section, which corre-
sponds to Theorem 2.7 in section 2. For this purpose, we shall construct a parametrix of (3.3).
Let R > 0 be a fixed large number such that R*\ Q C Bg = {x € R? | |2| < R}. Set

Lyr(Q) = {(f.9) € Ly(Q)’ x Lg(Q) | (f,9) vanishes for |z| > R}

14



Wg,loc(Q) = I/VqQ,loc(Q)3 X qu,loc(Q)
Let o, Sk, Go(k) and G1(k) be the same constant and operators as in Theorem 2.7 and set
Gr = k'%Go(k) + G1 (k) (3.4)

We always assume that 0 < 79 < 1 throughout this section. By Theorem 2.7, we know that
given (f,g) € L, r(R?), G(f, g) solves equation (2.4) for k € U, and that G(f,g) = Sk(f,9)
for k € Uy,. In particular, Gi(f,g) € I/VqQ(]R?’)4 whenever k£ € U,,, because it follows from
Theorem 2.2 that Sk(f,g) € qu(R?’)"‘. We also know that

Go(k), Gi(k) € Anal(Uy, B(Lq,r(R?), Wy oc(RY)))
As an auxiliary problem, we consider the boundary value problem:
—pAU — (p+A)VdivU + VO = f in Qpys
—kyAO =g in Qpis
U=0=0 ondQrys (3.5)
where Qrys = QN Bris and 0Qr.5 denotes the boundary of Qg5 which is given by the
formula: 90gy5 = Sgpis UT with Sgis = {x € R® | || = R+ 5}. It is well-known (cf.
[8, 7]) that equation (3.5) admits a unique solution (U, 0) € W7 (Qpy5)* x W2 (Qpys) for any
(f,9) € Ly(Qr+5)® X Ly(Qr+s). We define a linear operator T' : Ly(Qpr+45)% x Ly(Qr4s5) —
W2(Qpys5)? x W2(Qpys) by the formula: T(f,g) = (U,0). Let ¢ = ¢(z) be a function in
C§°(R3) such that p(z) =1 for |x| < R+ 2 and p(x) = 0 for |z| > R+ 3. Given a function f

defined on €2, fy denotes the zero extension of f to the whole space and R f the restriction of f
to Qr15. Now, let us define the operator Ay by the formula:

Ar(f,9) = (1 = ©)Gk(fo, 90) + ¢T(Rf, Rg)

for (f,g9) € L4,r(2) and we write Ag(f,g) = (A}C(f,g),A%(f,g)) = (ug,0). Since Gi(fo,90)
and T(Rf,Rg) satisfy equations (2.4) and (3.5), replacing (f,g) by (fo,90) and (Rf, Rg),
respectively, we have

k2uy, — pAuy, — (4 N)Vdivuy, + V0, = f + Bi(f,g) in Q
k), — vr(rok + 1) AGy + dkdivuy, = g + Bi(f,g) in Q
U = 9k =0 onI (36)

where we have set

By(f,9) =ok*U + p{2(Vuy, — VU) (V) + (Ap) (ug, — U)}
+ (4 {VIVe) - (ur = U)] + (Vo) (divug — divU)} + B(Ve) (0 — ©)
Bi(f,9) =pkO + yr(rok + 1) (Vo) - (VO — VO) + (Ap) (0 — ©)] = 6k(Ve) - (ug — U)

We see that Bi(f, g) (j = 1,2) are compact operators on L, (£2), because they belong to
W2 (Q)* and vanish for x| > R+ 3. Set Bi(f,9) = (BL(f.9), Bi(f,9)) and

Pr(u,0) = (—pAu — (u+ N)Vdivu + 8V0, —yk(rok + 1)1 AG + Skdiv u)
for the sake of notational simplicity. By Theorem 2.7 and (3.6) we see that

(Kuk, kO) + PeAi(f,9) = I+ By)(f.9) inQ, Au(f,g)=(0,0) onT (3.7)
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and
]lii% | Bk(f,9) — Bo(f, 9l 1,2 =0 (3.8)

where I denotes the identity operator on (L, ()% If we show the existence of the inverse
operator (I + By)™! of I + By on (L4 r(2))", then A(I + Bg)~! is the solution operator of
(3.3). In view of (3.8), to prove the existence of (I + By)~! it suffices to show the existence of
(I + By)~!. Therefore, the main task of this section is to prove the following lemma.

Lemma 3.1. Let 1 < ¢ < co. Then, (I+By)~! exists as a bounded linear operator on L r(S2).

Proof. Since By is a compact operator on (L, z(€2))*, to prove the lemma it suffices to show
the injectivity of I + By. Let (f, g) be in L4 r(€2) such that (I + By)(f,g) = 0. By (3.7) with
k = 0 we see that

PoAo(f,9) =(0,0) inQ, Ao(f,g)=1(0,0) onT. (3.9)
Set (u,0) = Ao(f,g), and then we can write (3.9) componentwise as follows:

—pAu — (p+ AN)Vdivu + V8 =0 in Q
ykAG =0 in

u=60=0 onl (3.10)
Moreover, by (2.34) in Theorem 2.7 we have
3 3
_ 1 1 (5]‘ Ty 1 5j Ty
() |zl * fog ; 87 < lz| |3 ) * oot ; 8m(2p + A) <|m[ |z|3 ) * Jos
B zj

t e % 3.11
87 (21 + A)vk |z g0 (3:11)

1
0(z) = 12
() Aryk|x| * 90 (3-12)

for |z| > R + 3, because Ay(f,g9) = G1(0)(fo,90) for |x| > R+ 3. Here and hereafter, we write
fo="(fo1, foz2, fo,3)- To complete the proof of the lemma, we shall use the following well-known
facts (cf. e.g. [8]).

Theorem 3.2. Let 1 < g<oo. (1) Letfe W;IOC(Q) satisfy the homogeneous equation:
AI=0 mQ, 6=0 onl
and the radiation condition:
0(z) = O(lz|™1), VO(z)=0(z|7?) as|z| — oo (3.13)

then 0 must vanish identically.
2) Let u € W2, (Q)? satisfies the homogeneous equation:
q,loc g q

—pAu — (p+AN)Vdivu=0 mnQ, u=0 onT (3.14)
and the radiation condition:
u(x) = O(|x|_1), Vu(z) = O(|$]_2) as x| — oo (3.15)

then uw must vanish identically.
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Since (fo, go) vanishes for |x| > R + 3, it follows from (3.12) that 6 satisfies the radiation
condition (3.13), so that by Theorem 3.2 we see that § = 0. If we insert this into the first
equation of (3.10), then we see that u satisfies (3.14). Therefore, our task is to show that u also
satisfies (3.15) to conclude that v = 0. From (3.12), we have

1
Oz*goz/ 90(y) dy
|z R? [T — Y]

1 1 1
= —gydy+/gydy for |z| > R+ 3 3.16
LG - s g [t g (3.16)
If we write
/ / S (g — sy;)ys
3 ds
Iw —yl ds |z — syl Syl Ix - syl
using the fact that go(y) = 0 for |y| > R + 3, we have
1 1 _2
‘ ( — —)go(y) dy‘ < CRglz| for |z| > R+ 4
re Nz —y|l ||

which combined with (3.16) implies that

/‘ g90(y) dy = 0. (3.17)
R3
Therefore, if we write
s Zj p / Tj—Y; T
S7(20 - Nk = d
82+ Ny e 9T Bw(2u+ Nyw Rg( |z — | |$|)g0(y) y

in the formula (3.11), we see that
u(z) = O(|z[71),  Vu(xz) = O(|2[*) as |z] — oo

which combined with the assertion (2) of Theorem 3.2 implies that u(x) also vanishes identically.
Now, we have Ag(f,g) =0, from which it follows that

(1 —=¢)Go(fo,90) + ¢T(Rf,Rg) =0 inQ (3.18)
If we write Go(fo, 90) = (uo,00) and T(Rf,Rg) = (U,0), then (3.18) reads as follows:
(1-@uo+¢U =0, (1—¢)0o+¢O =0 inQ (3.19)
Since p(z) =1 for |z| < R+ 2 and ¢(z) =0 for |x| > R+ 3, from (3.19) we have

up=0, 6Op(x)=0 for|z]>R+3 (3.20)
U=0, O©(x)=0 for|z|]<R+2 (3.21)

Note that (ug,6) € W2106(R3)4 and (U,0) € W2 (Qp45)* satisfy the equations:

—1Aug — (u+ NVdivug + BV, = in R3
{M 0o— (u+2A) o+ BV = fo (3.22)

—kyAfy =gy in R?
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—puAU — (u+ NVdivU + VO =Rf in Qpys
—H’yA@ = Rg in QR+5 (323)
U=0=0 ondQr+s
respectively. If we set (Up,©p)(z) = (U,0)(z) for x € Qprys and (Uy, ©g)(z) = (0,0) for
z € R3\ Q, then by (3.21) and (3.23) we have (Up, ©g) € W2(Bprys)* and
—uAUy — (M + )\)Vdiv Up+ VOy = fo in Brys
—Kk7AOg =gy in Brys
Uo = @0 =0 on SR+5 (3.24)
From (3.20) and (3.22) it follows that the restriction of (ug,6y) to Bris also satisfies (3.24),
which combined with the uniqueness of solutions to (3.24) implies that (ug,8p) = (U, ©p) in
Bpys, that is (ug,0y) = (U,0) in Qr5. Plugging this into (3.19), we have
OZUO—FQO(U—’U,()):’U,O, 0:90+(p(®—90):90 in
which implies that (f, g) = 0 immediately. This completes the proof of the lemma. O

Combining Lemma 3.1 and (3.8), we see that there exists a small o/ (0 < ¢’ < o) such that
(T+B) ™" = (I = (I+Bo) " (Bo—Br)) (I +Bo)™" ={>_((I+Bo) " (Bo— Bi)) I +Bo) ™"
=0

when k € C and |k| < o’. Moreover, Ay(I + Bj)~! is a solution operator to (3.3) and the ana-
lytical property of Ay (I + Bj)~! inherits from that of G mentioned in Theorem 2.7. Therefore,
setting Hy, = Ap(I + Bi)~!, we have the following theorem.

Theorem 3.3. Let 1 < ¢ < oo and 0 < 79 < 1. Let R be a large fized number such that R3\Q C
Br. Then, there exists a small number o' (0 < o’ < o) and an operator Hy, € B(Ly R, Wg}lOC(Q))
for each k € Uy = {k € C | |k| < o'} such that Hi(f,g) satisfies equation (3.3) uniquely for

any (f,9) € Lqr(Q) and k € Uy and Hy, has the expansion formula:
Hy, = kY2 Hy(k) + Hi(k)  fork € Uy
where HO(k), H(k) € Anal(ng,B(quR,W(iloc(Q))).
Since S, = Gy, for k € Uy, we see that Ay (I +Bg)"1(f,g) € WQQ(Q)4 provided that (f,g) €

Lq,r and k € Uy, . And therefore, combining the whole space solution with Ay (I + Bg)~1(f,9)
by cut-off technique we have the following theorem.

Theorem 3.4. Let 1 < ¢ <00, 0<e<n/2 and 0 < 19 <1. Let o' > 0 be the same constant
as in Theorem 3.3. Then, there exists an operator T € Anal (Ualﬁ,B(Lq(Q)‘l,WqQ(Q)‘l) such
that Ty (f, g) satisfies equation (3.3) for any (f,g) € Ly(Q)* and k € Uy .

Proof. Let k € Uy . Let ¢ € C§°(R?) be a cut-off function such that ¢(z) =1 for |z| < R+ 2
and p(z) = 1 for |x| > R+ 3. For any (f,g) € Ly(R3)*, we set (v, %) = (1 — )Sk(fo, go), where
(fo0,90) denotes the zero extension of (f, g) to the whole space. Obviously, (v, x) € Wq4 (Q) and
satisfies the equation:

(K*v,kx) + Pr(v,x) = (f,9) + (F,G) inQ, 7Pr(u,0)=(0,0) onT

for some (F,G) € L4 r(Q). If we set (w,w) = Ar(I + Bi) }(F, G), then as noted after Theorem
3.3, (w,w) € W2Q)*. Therefore, (u,0) = (v,x) — (w,w) € W7(2)* and (u, #) solves equation
(3.3). In the above argument, obviously the dependence of (u,6) on k € Uy  is holomorphic,
which completes the proof of the theorem. O
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4 The limit 75 — 0

Employing the same argument, we can show the theorems corresponding to Theorems 3.3 and
3.4 in the classical thermoelastic case (cf. (1.4)). Moreover, we have, using Lemma 2.1,

Theorem 4.1. The solution operators Hj constructed in Theorem 3.3 and Ty, in Theorem 3.4
depend on 19 € (0,1] continuously. The limit of Hy, and T} as 1o — 0 are the corresponding
operators of the classical thermoelastic equations, where the limit is given in the operator norm

of B(Lyr(€2), W2

(Q)) when k € Uy and B(Ly(Q)*, W2(Q)*) when Rek > 0 and |k| < o,

JJoc

respectively.
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