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ABSTRACT. Let Y = C?/Z,11 be a surface singularity of type A,
let f: X — Y be the minimal resolution, and let S = k[u, v]#Zn+1
be a twisted group algebra. The derived McKay correspondence says
that there is an equivalence of triangulated categories D°(coh(X)) =
D*(mod-S) over Y. We will prove that this derived equivalence ex-
tends between the semi-universal non-commutative deformations of the
commutative crepant resolution X and the non-commutative crepant
resolution S.

MSC: 14B07, 14E16, 14F08.
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1. INTRODUCTION

The purpose of this paper is to show that the derived McKay corre-
spondence extends under non-commutative (NC) deformations in an exam-
ple. This kind of extension is expected naturally because the Fourier-Mukai
equivalence extends under NC deformations in some examples ([15], [1]) and
there is “Mukai implies McKay” principle ([3]).
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The derived McKay correspondence conjecture is a relationship between
commutative and NC crepant resolutions. Let Y be an algebraic variety with
only Gorenstein singularities. A proper birational morphism f : X — Y
from a smooth algebraic variety is said to be crepant if there is no discrep-
ancy between the canonical divisors, i.e., f*Ky = Kx. Such f is called a
commutative crepant resolution (CCR) in this paper. The non-commutative
counterpart of CCR is a non-commutative crepant resolution (NCCR) which
is defined as follows by [17] (also [18]): it is a coherent sheaf of NC associa-
tive Oy-algebras S which is Cohen-Macaulay, has finite global dimension,
and has a form S = Endy (M) for a reflexive Oy-module M. We note that
CCR or NCCR may or may not exist, and they are not necessarily unique
when they exist. There are also mixed cases of CCR and NCCR (cf. [8]).

The derived McKay correspondence conjecture claims that, if there exist
both CCR X and NCCR S, then there is an Oy-linear equivalence of trian-
gulated categories D’(coh(X)) = D’(coh(S)). We note that the underlying
abelian categories coh(X) and coh(S) are completely different. The former
is geometric while the latter is algebraic. For example, the set of simple
objects over a point sheaf O, for y € Sing Y is infinite in coh(X') but finite
in coh(S). There are positive answers to this conjecture in special cases,
e.g., in lower dimensional cases ([7] in dimension 2 and [3] in dimension 3)
and toric cases ([9]). There are generalizations of the derived McKay cor-
respondence to non-Gorenstein singularities, e.g., KLT singularities, where
the equivalences are replaced by fully faithful functors (cf. [8], [10]).

We consider in this paper the following question: when there is a de-
rived McKay correspondence, is it extended under NC deformations of CCR
and NCCR? A similar question was considered by [15] and [1] for Fourier-
Mukai equivalences. According to [3], there is a principle that Mukai im-
plies McKay, so it is natural to ask a similar question for McKay corre-
spondences. We will confirm this expectation in an explicit example by
calculation, namely we treat 2-dimensional toric singularities.

We consider the following case. Let Y = k%/G be a 2-dimensional toric
singularity, where k = C and G = Z/(n + 1) for a positive integer n, and
the action of G is given by g(u,v) = (Cu,( 'v) for coordinates (u,v) and
¢ = 2™/t Tt is an isolated singularity of type A,. CCR is the minimal
resolution f : X — Y, and NCCR is given by a twisted group algebra
S = klu,v]#G, where the multiplication is defined by the rule (ag)(bh) =
ag(b)gh for a,b € k[u,v] and g,h € G.

According to [4], we consider the semi-universal NC deformation of §
given by S = k[so, ..., sn(u, v)#G/(uv — vu — 31 5;9%), where so, ..., sy,
are algebraically independent deformation parameters. It is a flat deforma-
tion of S over an affine space.

The NC deformation X of X we consider in this paper is a kind of an NC
scheme. It is constructed by gluing NC affine rings in the same way as X is
covered by commutative affine rings. Here we note that the localization is
not possible in general for NC rings, so we do not consider a space with a
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structure sheaf of rings. Instead an NC scheme & is defined as a collection
of NC rings with gluing homomorphisms, which satisfy certain conditions
(cocycle condition, flatness, and the birationality). X is flat over another
polynomial ring k[to, ..., t,]. We note that the base ring is global, and it is
not infinitesimal nor formal unlike the deformation quantization.

We then define the bounded derived categories of coherent modules on
NC deformations of CCR and NCCR. The following is the main result:

Theorem 1.1. Let Y be a 2-dimensional toric singularity of type Ay, let X
and S be its CCR and NCCR, and let X and S be their semi-universal NC
deformations over polynomial algebras klto, ..., t,] and k[so, ..., sy] respec-
tively. Then there is an equivalence of triangulated categories

Db(coh(X)) = D°(coh(S))
which is linear over a linear coordinate change (to,...,tn) — (S0, .-, Sn).

The right hand side is the usual bounded derived category of finitely
generated S-modules. Since S is an NC algebra, we can write D’(mod-S)
instead of D?(coh(S)). For the left hand side, we define an X-module as a
collection of modules over the NC rings with the compatibility isomorphisms.
We will prove the theorem by showing that there is a tilting object in the
category of coherent X-modules, and its endomorphism ring is isomorphic
to S.

The outline of the paper is as follows. In §2, we define NC schemes and
modules on them. We note that such NC schemes are already considered
in [5] in full generality. Our theorem partly justifies our definition of NC
schemes.

In §3, we construct NC deformations of CCR and NCCR for our toric
surface singularities. The case for NCCR is the algebra & which is already
constructed in [4], and the case for CCR is our new NC scheme X.

We investigate the category of quasi-coherent modules on our X" in §4. It
is a Grothendieck abelian category, and we can consider cohomology groups
based on injective resolutions. But they are difficult to calculate, so we will
prove that they are isomorphic to Cech cohomology groups in the case which
is needed. We will prove that there is a locally free coherent module 7 which
is tilting, i.e., there are no higher cohomology groups. We also prove that
T generates the derived category of coherent sheaves.

We will compare the endomorphism algebra End(7") and the NC deformed
algebra &, and prove that they are isomorphic in §5. We will prove it by
showing that they are both quiver algebras whose bases are of type A, and
the sets of generators and relations are the same. Then we conclude the
proof of Theorem 1.1 by the tilting theory.

The paper [12] treats a generalization of this paper and proves that a
tilting bundle extends uniquely along any formal NC deformation of an NC



scheme. It follows that, if a crepant resolution of a scheme has a tilting
bundle, then the corresponding NC crepant resolution deforms in a parallel
way with any NC formal deformation of the original crepant resolution. We
note that the NC deformations usually exist only formally while we treated
global algebraic NC deformations in this paper. We do not know whether
such global algebraic NC deformations exist even in the case of Kleinian
singularities other than A,,.

The author would like to thank NCTS of National Taiwan University
where the work was partly done while the author visited there. This work
is partly supported by JSPS Kakenhi 21H00970.

2. NC SCHEMES AND (QUASI-)COHERENT SHEAVES

We will give temporary definitions of NC schemes and (quasi-)coherent
sheaves on them which will be used in this paper.

Definition 2.1. Let I be a poset. An NC scheme X parametrized by [
consists of associative NC algebras R; for ¢ € I and algebra homomorphisms
J)»g : R; — Rj for all i < j, called the gluing homomorphisms, which satisfy

the following conditions:

(1) (cocycle condition) ¢§j o ;i = ¢ for i < j < k.

(2) (flatness) R; is flat as left and right R;-modules through gbjf

(3) (birationality condition) The natural homorphism of R;-modules R;®p,
R; — R; is bijective for ¢ < j.

We note that the existence of the maximum max{i,j} € I for i,j € I is
not required in this paper.

For example, let X be a (usual) algebraic variety and let U; = Spec R; for
1 € I be its open covering by affine open subsets. We define a partial order
on [ as follows: i < j if U; D U;. Then the homomorphism d)ﬁ Ry — R
is defined by the restrictions of functions. Since U; and U; are birationally
equivalent, the condition (3) holds.

Definition 2.2. An NC deformation of an NC scheme X = {R;};c; over
a (commutative) local ring (B, M) is a pair (X, «) consisting of an NC
scheme X = {R;}ics such that the algebras R; are flat B-algebras for all
i, and isomorphisms «; : B/M ®@p R; = R; for all i, which are compatible
with the gluing homomorphisms qﬁ;’»‘; and j)i

Definition 2.3. A quasi-coherent module M = (M;, j\l/[) on an NC scheme

X = {R;} consists of right R;-modules M; and gluing isomorphisms
1/}% : M; Qr, Rj — M;
as Rj-modules for ¢ < j which satisfy the cocycle condition @ZJ% o ]j\f ®R;

Idg,) = zp% for i < j < k. If the M; are finitely generated, then M is called
coherent.
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A homomorphism of quasi-coherent modules h : M — N is a collection
of R;-homomorphisms h; : M; — N; which are compatible with gluing iso-
morphisms JJ‘Z/[ and 1/)]]}[ .

Lemma 2.4. (1) Let h : M — N be a homomorphism of quasi-coherent
modules. Then Ker(h) = (Ker(h;)) and Coker(h) = (Coker(h;)) are also
quasi-coherent modules.

(2) The category of quasi-coherent modules Qcoh(X) is an abelian cate-
gory, and the category of coherent modules coh(X) is an abelian subcategory.

Proof. By the flatness of ¢j; : R; — R;, we have isomorphisms Ker(h;) ®p,
R; = Ker(h;) and Coker(h;) ®@g, R; = Coker(h;). Therefore we have our
assertions. O

We explain the relationship of this paper to [5]. The paper [5] considers
more generally a presheaf of algebras A : U°P — Alg(k) from a small cate-
gory U to the category of k-algebras which are not necessarily smooth. The
category of quasi-coherent sheaves Qch(.A) is defined as the descent category
of a prestack of modules, a contravariant functor from U to the category of
A(U)-modules. Under the additional conditions of quasi-compactness and
semi-separatedness defined in [5] as well as that I/ is a finite poset with binary
meets and the exactness of the tensor product by A(U), Qch(A) becomes a
Grothendieck category. Then the space of twisted deformations of A over
kle] (the first order deformations) is described by the second Hochschild
cohomology group HH?(A) using the Gerstenhaber-Schack complex, and
is proved to be isomorphic to the space of the first order deformations of
Qch(A) as abelian categories considered in [13]. The higher order deforma-
tions and the obstructions of extensions are not treated in [5].

3. NC DEFORMATION OF CCR AND NCCR FOR A,

Let Y be a 2-dimensional singularity of type A,. Y has a commuta-
tive crepant resolution (CCR) X and a non-commutative crepant resolution
(NCCR) S. We will describe NC deformations X and S of X and S, respec-
tively.

We consider a quotient variety Y = (Spec k[u,v])/G, where a cyclic group
G = Z/(n + 1) acts on an affine plane by (u,v) + ((u,("1v) with ¢ =
e2™i/(n+1) Y ig a toric variety with an isolated singularity of type A,, and
the minimal resolution f : X — Y is a toric morphism. X is a union of
affine planes U; = Spec R; = k? with R; = k[z;,y;] (0 <4 < n), which are
glued together by the following transformation rules:

Tivl = x?yi, Yi+l = x'i_l-
We deform these affine planes to non-commutative planes, and then glue
them to obtain an NC variety X. The sheaf of bivectors /\2 Tx = Ox

has a nowhere vanishing section, and X contains the corresponding purely
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non-commutative deformation. Since H?(X,Ox) = 0, there is no twisted
deformation (cf. [11]).
We define a poset

I=10,1,...,n} U{(0,1),(L,2),...,(n—1,n)}

with the order i, + 1 < (4,7 + 1). The corresponding affine open subsets
are the U; (0 < ¢ < n) and the U; ;41 = Spec R; ;41 = k* x k with R; ;11 =
klx;, 93;1, yi] (0 <4 < n). We consider only intersections U; ;11 = U; N Uj41
and ignore other intersections.

We define deformed affine rings R; by
Ri = klto, - - -, tal(zi, yi) /(wiyi — yiwi — to)

where tg, ..., t, are deformation parameters, and define an NC variety X by
gluing these NC rings with the deformed transformation rules:
Tiy1 = T3Y; + L1 T, Yig1 = T;
for 0 < i < n. The parameters t1,...,t, correspond to the commutative
deformations of X constructed by changing the gluing, and ¢y corresponds
to the purely non-commutative deformation.
More precisely, we define
Riiv1 = klto, - - tal(ze, x7 ' i) /(ways — i — to)
= klto, - - tal{Tis i, Yir1) [ (@iyi — vizi — to, Tiyiv1 — 1, Yiy12i — 1).
The gluing is given by the natural homomorphisms
¢ R = Riiv1, ¢; : Rit1 — Rijis1-
We note that the commutativity relations of the x;, y; are compatible with
gluing. Indeed we have
Tit1Yi+1l — Yit1Tit1 = l‘%yixfl +tiv1 — (Tiyi — tiv1)
= zi(yiwi + 150)961-_1 — xiy; = to.
Lemma 3.1. (1) R; is Noetherian.
(2) &7, ¢; are injective.
(8) Yiyir1 — Yir1¥i = toyiis-

(4) Riiv1 = Uiso Rivhs1-
(5) Let M; be a right R;-module. Then

Ker(M; — M; @r, Riis1) = Mz, 1or := {m € M; | 31 > 0,mal = 0},
M; @R, Riit1 = U(Mi/Mi,zi—tor)yé—&-l'

1>0

(6) &7, ¢; are flat.
(7) The birationality conditions hold:

Riit1 Or; Rijit1 = Riit1, Riir1 Oriyy Rijit1 = Rijiv1-
6



Proof. (1) We define degrees on R; by deg(x;,vi,t;) = (1,1,0), and define
a filtration by Fy(R;) = {r € R; | deg(r) < d}. Then we have Grf'(R;) =
klto, ..., tn][xs, yi], hence R; is Noetherian.

(2) Since Gr(¢]) : Gr(R;) = Gr(Riit1) = klto, - - -, tn)[®i, yi, 77 '] is in-
jective, so is (j)j.

(3) This follows from xi(yiyi—&—l - yi+1yi)xi = T3Y; — YLy = t().

(4) and (5) are corollaries of (3).

(6) Let M; — N; be an injective homomorphism of R;-modules. Then
M/ M zitor = NiJNi z,+or is injective, hence so is M; @r, Rii+1 — N;QR,
R’i»i‘f'l‘ Thus Ri,i—H is flat over R;.

(7) is a corollary of (5). O

Next we define an NCCR and its NC deformation for A,, following [4]. We
have Y = Spec k[u,v]%, where G = Z/(n + 1) acts by (u,v) — (Cu, (')
with ¢ = €2™/("*+1) A non-commutative crepant resolution (NCCR) of Y
is given by a twisted group ring S = klu,v|#G, where the multiplication is
defined as ag - bh = ag(b)gh for a,b € k[u,v] and ¢g,h € G.

According to [4], we define the “versal” NC deformation S of S by

S =kl[so,- -, sn){u, 0)#G/(uv — vu — Z 5:9%)

i=0
where sg,...,s, are deformation parameters and ¢ is a generator of G.
$1,...,8, parametrize commutative deformations and sy corresponds to a

purely non-commutative deformation. Indeed, the ring of invariants eSe of
S fore=3""9"/(n+ 1) becomes commutative when we put sy = 0 (loc.
cit.).

4. QCoH(X) FOR A,

We will investigate the structure of the category Qcoh(X') of quasi-coherent
modules over the NC deformation X for the singular surface Y of type A,.

4.1. Cech cohomology. We will define Cech cohomology groups for NC
schemes in this subsection. They will be compared with the cohomology
groups defined by injective resolutions later. We consider here only 1-
dimensional special case. The general case will be treated in a subsequent
paper.

We recall that a quasi-coherent module M on X is a collection of right R;-
modules M; and right R; ;+1-modules M; ;11 together with isomorphisms

M

Vit M @R, Riit1 — Mt
M

ﬂ)L_ : M, QR; ,R'ifl,i — Mz’—l,i-

A homomorphism h : M — N consists of R;-homomorphisms h; : M; — N
and R; j+1-homomorphisms h; ;41 : M; i1 — /\fmﬂ such that the following
7



diagrams are commutative:

i
M; @R, Riiq1 —— M
hi®RiRi,i+1l hi,i+1l
PN,
N ®r, Riiv1 —— Niit1,
PM

M; @R, Ri—1; —— Mi—1;

hi@RiRi—l,il hz'fl,zl
A
Ni ®r, Ri—1; —— Ni—1,4.
The following is an immediate consequence of the definition:

Lemma 4.1. Let M,N € Qcoh(X) be quasi-coherent modules. Define a
k-homomorphism

A H HomRi (M“M) - H HomRifl,i (Mi—l,i;-/\/i—l,i)
i=0 i=1
(h07 sy hn) — (90,17 O 7gn—1,n)

Gi1i :¢f\£1,+ o (hi—1 ®R,_, Ri—14) 0 (W) 1)~
- ?/)ﬁ/_ o (h; ®r, Ri-1,i) © (%,N_l)_l-
Then
Homy(M,N) = Ker(A).
Definition 4.2. We define the first Cech cohomology group by
CHomi\g(./\/l,N) =~ Coker(A).

Definition 4.3. A locally free module M of rank 1 on X is a coherent
module such that M; = R; as right R;-modules for all i. A divisorial sheaf
D = R(}.,d;D;) is a locally free module of rank 1 defined by gluing
homomorphisms

W (r) = afyr, W2 (r) =
for 1 <47 <nand 0 <17 < n, respectively.

The notation “D;” does not have an independent meaning, but it comes
from a prime divisor on the minimal resolution X which intersects transver-
sally to the exceptional curve C;.

Lemma 4.4. Let D be a divisorial sheaf and let 0 — N — N" — N" — 0 be
an exact sequence of quasi-coherent R-modules. Then there is a long exact
sequence

0 — Homx(D,N) — Homx(D,N") — Homx(D,N")
— C’Homi((D,/\/) — C’Hom}v(D,./\/") — C’Hom}v(D,./\/'") — 0.
8



Proof. Since D; = R;, we have an isomorphism as k-modules Hompg, (D;, N;) —
N; given by h; — h;(1). Hence we have the following commutative diagram
of exact sequences:

0o [Teg@iN)  —— TIL@e M) —— [IL(DuAY) =0

| l |

0= [Ty (Die1, Nie1i) —— [T (Dic1i Ny ;) —— TTmi (D1, N 1) = 0

where we use abbreviations (D;, N;) = Homg, (D;, ;) and (D;_1,i, Ni—1,) =
Homp, , . (Di-1,,Ni-1,)), etc. Then our assertion is a consequence of the
snake lemma. O

4.2. Generator. We will prove in this subsection that Qcoh(X) is gener-
ated by an object B,,, . cz RO miD;).

Lemma 4.5. Let M be a non-zero quasi-coherent module. Then there exist

integers dY such that Homx(R(—Y_;d;D;), M) # 0 if d; > dY.

Proof. Since M 2 0, there is ¢ such that M; 2 0. Then there is a non-zero
homomorphism h; : R; — M,;. We will extend h; to neighboring M,’s
inductively. We set h;(1) = m;.
We take sufficiently large positive integers d? and d?H such that, for
dz' Z d? and di+1 Z dg+1,
W\A (mz)xf’ 1 =mi1®1e Im(Mi—l — M1 @R, , Ri—l,i)a
Y; +(mz)yzfll =mip1 ® 1 € Im(Mip1 = M1 ®r,yy Riigt)

where we consider only 1[1{;‘[ when i+ 1 <nori—12> 0, respectively. Then
we define homomorphisms

he : Ru(—d;iDs — dis1 Dit1) — M,
for x =i —1,(i —1,4),4, (4,7 + 1),i+ 1 by
hi—1(r) = m;_qr, h-( ) =myr, hip1(r) = mir,
hic1i(r) = 9P (maxlyr), i (r) = 9 (mar).
We check the compatibilities:
O i (r) = O L (miar) = A (maall )
= hi—1,i(r) = hi—1,0b7 L (r),
W hi(r) = 9 (mir) = Wi (a2 %)
= hi1,i(7;_ .)—hzlﬂ/J _(r),
G hi(r) = Y (mar) = higga (r) = haaprl (r),
VMY _hipa(r) = N (migar) = T/’i,+(mzyzfll7“)

—d;
= hz z+1( * ) = hi,i+1w£-1,—(r)’
9



where we denote D = R(—d;D; — dj+1D;+1). Thus h; is extended to h;_1,
hi+1, etc. in a compatible way. Here we note that we use the same symbol
h; to denote homomorphisms R; — M; and R;(—d;D; — di+1Di+1) — M;
by identifying R; = R;(—d;D; —d;+1D;+1). We repeat this process to obtain
the h; for all j. O

Lemma 4.6. Let M be a coherent R-module.

(1) Then there exist integers dY such that C’Homiy(R(— > diD;),M) =0
if d; > dY.

(2) There is a surjective homomorphism from a finite direct sum of divi-
sorial sheaves to M.

Proof. First we prove (1) in the case when M is itself a divisorial sheaf; we
assume that M = R(—_, d;D;) for some integers d,. Then we have

CHomi((R(— Z d;D;), R(— Z d;D;))

= Coker(A : H HomRi (RZ’, Rz) — H HomRifl,i(RZ‘_lﬂl? Ri—l,i))
=0 =1

= Coker(A : HRZ — HRi—l,i)
i=0 i=1
since Homg, (Ri, R;) = R, etc., as k-modules, by sending h; : R; — R; to
hi(1). The map A : (ho,...,hn) — (90,15 -+, 9gn—1,n) is given by

—d .
gio1.4(1) = ki1 (1) — 2, Thi(1)zd .

Suppose that we are given the g;—1,(1) € R;j—1; for 1 < i < n, and we
look for the h;(1) € R; for 0 < i < n which induce the g;—1 ;. We proceed
by induction on i. We set ho(1) = 0. We take d; large enough so that

hi(1) = —yl_dllgo71(1)yil1 € Ri. Then we take dy large enough so that

U

ha(1) = —y;dQ (g12(1) — h1(1))y22 € Ry. In this way, we determine the d;
and the h; to obtain our first claim.

Now we take any coherent module M and prove (1) and (2) simultane-
ously. We will construct a strictly increasing sequence of submodules { M?}
of M and a weakly increasing sequence of integers {d!} and {e!} such that
the following hold:

(1t) CHomy(R(— X, diD;), Mt) = 0 if d; > dt,

(2t) There are surjective homomorphisms @3.:1 R(=>, eg D;) — M.
Since the R; are Noetherian, there is a ¢ such that M? = M, which is our
claim.

We let MY = 0. Assuming that we have already M! and the d!, we
will construct M**! and the d‘t!. We take large integers ef! > d! such
that there is a non-zero homomorphism %} : R(— >, etD;) — M/M!'. By
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the induction assumption, we have CHom}\;(R(— S etD;), M') = 0. Hence
there is a homomorphism h; : R(— Y, e!D;) — M which induces h;. We
define M**1 by Im(h;) = M1/ M. Then we have (2).

We take integers d:*! > ef such that CHom}\g(R(— S diD;), R(= Y, et Dy))
0if d; > d*'. Then by Lemma 4.4, we have CHom}\g(R(— > diD;), Im(he)) =
0, hence CHom}(R(— S diDy), M) = 0 for d; > diT. This is (1).

Corollary 4.7. Any object in coh(R) has a locally free resolution whose
terms are direct sums of divisorial sheaves.

The following is a special case of [5]:
Proposition 4.8. Qcoh(R) is a Grothendieck category (]6]).

Proof. We check the conditions. The coproduct €, ., M) and the direct
limit lig/\ M, always exist. For exact sequences 0 — Ly — My — N, — 0,
we have an exact sequence

0 — lim £ — lim M — lm Ny — 0.
A A X

Finally, let G = @,,, ez R(O_iZ; miD;). Then, for any object M €
Qcoh(R), there exists an index set A with a surjective homomorphism

G 5 M. O
Corollary 4.9. Qcoh(R) has enough injectives.

4.3. Comparison of two cohomology groups. Now that Qcoh(R) is a
Grothendieck category, we can define the right derived functor RHomx (M, N)
by using an injective resolution of N. For a divisorial sheaf D, we will de-
scribe the cohomology groups Hom%, (D, N') = HP?(RHomx (D, N)) by using
the Céch cohomology.

Lemma 4.10. Let D be a divisorial sheaf and let N be a quasi-coherent
module. Then there is an injective homomorphism

Homy (D, N') — C’Hom;((D,N).

Moreover, for a homomorphism of quasi-coherent modules N' — N, there
18 a commutative diagram

Hom}(D,N) —— C’Homiy(D,N)

l |

Hom}(D,N") —— C’Homi((D,N’).

Proof. We embed N into an exact sequence 0 — N — Z — £ — 0 where

7 is an injective module. Then we have a commutative diagram of exact
11



sequences
(D,I) —— (D,£) —— (D,N)! —— 0
(D,I) —— (D,£) —— C(D,N)! —— C(D,I)!
because (D, Z)! = 0, where we abbreviate (D, N)? = Homb.(D,N), C(D, N)P =

CHom}V(D,N), etc. Hence we obtain our injection.
From a commutative diagram

0 N s T L 0
0 N’ T L 0
we obtain the second result. O

Let A be a quasi-coherent R-module. We define N~19) € Qcoh(R) by
i1y i1y i1y
NG = N = N = N
(i—1,1) (i—1,1) i—14) _
Nj = NVe—1,k :Né ! )—Nn,
for j #i—1,i and k # i. Indeed, by the birationality condition, we confirm
that N0~19 € Qcoh(R). Let N'¢ = @, N1,

Let Nt be the kernel of the natural homomorphism N — N¢. Then we
have NV} ; = 0 for all i. Hence CHom' (M, N'*) = 0 for any M.

Lemma 4.11. C’Hom;(D,./\/’e) =0.

Proof. This is because Homg, (D, Nf) — Homg,_, ,(Di—1,,Nf 1)) is sur-
jective for all 4. O

Lemma 4.12. Let D be a divisorial sheaf and let N be a quasi-coherent
module. Then there is an injective homomorphism

C’Homi((D,N) — Hom% (D, N).

Moreover, for a homomorphism of quasi-coherent modules N' — N, there
18 a commutative diagram

C'Hom;(D, N) —— Homk(D,N)

! |

C'Homi((D,/\/") ——— Hom%(D,N").
12



Proof. Let Nf = N'/N*. We have an exact sequence 0 — N/ — N¢ — £ —
0 for some L. Then we have a commutative diagram of exact sequences

(D,N¢) —— (D,£) —— C(D,NH)! —— C(D,N*°)!
(D,N¢) —— (D,L£) —— (D, NH)! —— (D,N°)'.

Since C(D, N¢)! = 0, we obtain our injection CHom' (D,N7¥) — Hom!(D, N'/).
From an exact sequence

0N =N N =0
and CV’(D,J\/’t)V1 = 0, we deduce that C(D,N)! = C(D,N7)!. Hence we have
an injection C(D,N)! — (D, N)!. The functoriality is obvious. O

Corollary 4.13. Let D be a divisorial sheaf and let N be a quasi-coherent
module. Then there is a functorial isomorphism

Homk(D,N') — C’Hom;((D,N).

Proof. By Lemma 4.12, we have CHoml(D,I) = 0 for an injective module
Z. Then by the commutative diagram in the proof of Lemma 4.10, we obtain
our isomorphism. O

Corollary 4.14. Let D be a divisorial sheaf and let N be quasi-coherent
module. Then Hom (D, N) =0 for p #0,1.
Proof. We consider an exact sequence
0—-N—-IT—>N =0
where 7 is an injective object. Since
CHom' (D, ) = Hom!(D,Z) = 0
we deduce that
Hom! (D, N”) = CHom' (D, N) = 0.

Then Hom?(D, ) 2 0. Since N is general, we also have Hom?(D, N") = 0,
hence Hom?(D, N) = 0. If we repeat this process, we obtain our result. [

Lemma 4.15. Let D = R(}_d;D;) and D' = R(>_d.D;) be diisorial
sheaves. Assume that d; > d; for all i except possibly d;O = di, — 1 for
one ig. Then C’Hom}\g(D,D/) =0.
Proof. We have

D; = D; = R; = klto, - .- tal(wi, yi) / (xiyi — yiwi — to),

Diiv1 = Dj i1 = Riiy1 = klto, .. ] (i, yi, 27 V) ) (ziyi — yizi — to)
with gluing

) / d, /
Ui, -D(r) = aft v, P (r) = 71“3 Vi (r) =ity Y (r) =7



and a transformation rule
Tit1 = T2Yi + i1 T, Yir1 = af,;_l
Taking homomorphisms h;—1; : D;—1; — DLM for 1 <7 < n, we look for
homomorphisms h; : D; — D, for 0 < i < n which induce the hi—1; in the
sense that
hi1;="hi-1®r,_, Ri—1,; — hi ®r, Ri—1;
for all 4, that is

d’ d.
hi—1,i(r) = hi—1(r) — x; " hi(y; r).
We write
Zalm Zyzr h’l 11 E blm zyz
I,m>0 [>0,meZ
for some al e b m € klto, ..., t,]. Then our condition becomes
v d/ o "-l—d
Z blm €Z; z § (1 ,ZL’Z 1yz 1 g al” //ZL' 1([‘ yl
1>0,meZ I',;m'>0 I m!" >0
We can write
I
i 1Y 1 =z yf’” + lower terms,
d 7 " . nom! d;—
xiilxé i i i Y; % —l— lower terms,

with respect to the bidegree defined by deg(x;,y;) = (1,1) so that z; and y;

become commutative modulo lower degree terms. We note that the lower

terms have smaller bidegrees by (—e, —e) for some positive integers e.
We will prove that all the bl m are realized by some choices of the al

and the al,, - We proceed by the descending induction on the total degree
I+ m.

1

We start with the case where d} > d; for all i. We proceed be the de-
scending induction on i. First we con81der the case ¢ = n. The terms b"m
with [,m > 0 are taken care of modulo lower terms by the aj, while the
remaining terms b}, with [ > 0 and m < 0 are by al, L with ! > 2m/ > 0.

We note that the lower degree terms are added to the given by, with lower

m'

degrees and treated by the a; m, and the aj, ., with lower degrees. There
are only finitely many non-zero by',, initially, hence such I, m are bounded.
Then I',m/,1”, m"” are also bounded, even after taking care of lower degree
terms. Therefore we can obtain our claim by induction on the total degree.

Next we assume that the case ¢ = iy is proved for some i1 < n in the
sense that the terms b;l are taken care of modulo lower terms by the al,, "

with 0 < (n —i1)l” < (n — i1 + 1)m” and the a} ) with (n — i + 1)l’
(n—1i1 4+2)m’ > 0. Thus we have still terms af};}, with 0 < (n—i1+1)I' <

(n — i1 +2)m’ to be used for the b/ ~'.
14



We will prove that all the bﬁ; ! are realized by some choices of the af},;i,,

with 0 < (n— i1 + 1)I” < (n— i1+ 2)m” and the aj}, ? with (n — iy +2)I' >
(n — i1+ 3)m’ > 0. We proceed by the descending induction on the total
degree [+m again. Indeed the bé}w_ll with 0 < (n—i1+1)l < (n—i;+2)m are
realized by the a;'}/;rlL,, with 0 < (n—i1+1)I” < (n—i1+2)m”. And the b;"lnzl
with (n — i1 + 1)l > (n — i1 +2)m and [ > 0 are realized by the aj}, ? with
(n—i1+2)l' > (n—i1+3)m’ > 0, because (n—i1+1)m’' > (n—iy +2)(2m’=1’)
is equivalent to (n — i1 + 2)I' > (n — i1 + 3)m/. Therefore our assertion for
the case where d; > d; for all 7 is proved.

Next we consider the case where d; > d; except i = i and d;o =d;, — 1.
The argument is similar, and we only check the difference from the previous
argument. We proceed by the descending induction on ¢. We prove by the
previous argument that the terms b%,m for ¢ > 17y are taken care of modulo
lower terms by the a},,m,, with 0 < (n —4)l” < (n —i+ 1)m” and the aj, !,
with (n — i+ 1)’ > (n— i+ 2)m’ > 0. ’

Then we consider the case i = 7. We can use the remaining terms aff’,,m,,
with 0 < (n —ig)l” < (n —ig + 1)m” for the b}° . Then the terms b}° with
0<(n—ip)l<(n—ip+1)(m—1) are realized modulo lower terms i)y such
a??,’m,,. The remaining terms b;om with (n —i9)l > (n —ip + 1)(m — 1) and
[ > 0 are realized modulo lower terms by the af?;nl, with (n—ig+1)(I'+1) >
(n—ig+2)m’ > 0, because the last inequality is equivalent to (n —ig)m’ >
(n—ip+1)(2m' —1I' — 1) and m’ > 0. Here we note that the forbidden case
I = —1 does not happen. We note that, if we had dj = d;, — 2, then the
case I’ = —1 would appear.

We have the remaining terms a??,;é,, with (n —ig+ DI +n —ipg+1 <
(n—ip+2)m” and I”,m” > 0. Then the bff’rgl with (n—ig+1)l+n—ip+1 <
(n—ip+2)m and | > 0 are taken care of modulo lower terms by such af,/7m,,.
We see that the remaining bf%l are those with (n —ig + 1)l +n —ig+1 >
(n —ip+ 2)m and [ > 0. Then they are realized modulo lower terms by
the a/? ) with (n —ig + 2)lI' + (n — o + 1) > (n —ig +3)m’ > 0, I' > 0,
because the last inequality is equivalent to (n —ip + 1)m' +n —ip + 1 >
(n—ip+2)(2m’ —1") and I',;m’ > 0. We note that I’ < 0 does not happen,
because (n —ig + 2)l' + (n —ig + 1) < 0 otherwise.

For ¢ < ig, we claim that the terms b%’m are taken care of modulo lower
terms by the a%,,’m,, with (n = )"+ (n—ip+1) < (n—i+1)m”, 1" >0,
and the aj, |, with (n — i+ 1)I' + (n —ig+1) > (n —i+2)m’ > 0,1 > 0.
We proceed by the descending induction on i. The case ¢ = ig — 1 is already
proved.

Suppose that the case for ¢ = 4; is proved. Then we can still use the a?}fl

7m//
with (n—i1+1)I" + (n—ig+1) < (n—iy+2)m”, 1" > 0, m" > 0 for the b}’ !
15



with (n—i1+ 1)+ (n—ip+1) < (n—i;+2)m, [ > 0. We note that m > 0 is
automatic. The remaining bg}w_ll with (n—i1+1)l+(n—io+1) > (n—i1+2)m,
[ > 0 are taken care by the ali};f, with (n — iy +2)l' + (n —ig + 1) >
(n—1i1+3)m’ > 0, 1" > 0, because the last inequality is equivalent to
m—ir+1)m'+n—ig+1>(n—1i +2)(2m —1) and m' > 0. We note
that I’ > 0 is again automatic. Therefore we complete the proof by the
descending induction on . O

The following says that T is a tilting locally free module:

Corollary 4.16. Let T = R & @;_, R(—D;). Then Hom?(T,T) = 0 for
p#0.

We need the following lemma later:

Lemma 4.17. There exists an exact sequence of R-modules
0= RO _d:iD;) - R(D_diD;+ D;) ®R(D _ diDi + Dy,)
—R(>_d;iD; + Dj + Dy,) =0
for any integers j < k, where the first and the second arrows (h,h’) and
(g9,9') are given by
h=(..,hj—1jhj,hjjg1,...)=(..,zj—1,1,1,...),
h=(.., 271’,6, ;C,h;{’kﬂ,...) =y L, Yk Yky - -+ ),
9= (o ey G155 Ohs Gt 1s---) = (oo LUk, Yy -+ ),
Jg=(.. 79;’—1,]'79;‘79;',3'4,-17 )=, —zj_,—1,-1,...).

Proof. First we check that these maps are compatible with the gluing maps:
h,h’ are given by

Rj-1,5 R; Rjj+1
o]
dj+1
R SERLE - RN -]
j—1,j j jij+1s
dp
Trlq 1
Rk—l,k Rk Rk,k+1
1l ykl ykl
dj+1
,751@71 1
Ri—1k Ry R ker1-

and g, ¢’ are similar. We note that the dots have more complicated expres-
sions.
It is easy to see that the first arrow is injective, the second surjective, and

the composite vanishes. We will check the exactness at the middle term.
16



For example, assume that j = k and g;(u) + g;-(v) =0, ie., yju—v = 0.
Then v = h;(u). Other cases are similar. O

5. COMPARISON OF END(7) AND S
We will compare associative algebras S = k[so, ..., sp](u, v)#G/(uv —
vu—s) and A =End(T), where T = R&P;_, R(—D;). We will prove that
there is an isomorphism of algebras & — End(7) over a linear coordinate
change from the parameters s; to the ¢;.

5.1. Decomposition of S by orthogonal idempotents. S has natural
orthogonal idempotents corresponding to irreducible representations of G.
We define

el :ZCijgj/(TH—l) €S
7=0

for 0 < i < n, where ¢ = 2™/("*1) and g is a generator of Z/(n + 1). We

regard the index ¢ of €] is an element of Z/(n + 1), i.e., we consider it only

modulo n + 1, we use the convention €}, ; = ef.

The following is clear from the definition:

Lemma 5.1. (0) e} = e.

(1) 1=>" o€
(2) (ef)* =i, and eje; =0 fori#j.
(3) €iu = wuef, | and efv = vej_,.

Thus we have a decomposition as k[so, . .., $,)-module:
n
S=EP Sy, Sij=eSel.
i,j=0
We define elements Qi € Sii+1 and ﬁfH,i € Sit1,i by

S _ S S S _ S S
Qit1 = €UC 1, 5¢+1,¢ = €j410¢;

for 0 <i <n.
Lemma 5.2. (1)u=3"qaf; .y andv =371 (b7,

(2) S is generated as a klso,...,sy]-algebra by the €7, of,  and B7
for 0 <i<n.

(3) There are following relations:

S S _ S
ai,i+1/8i+1,i = uvey,

S S _ S

i+1,i %41 = VU4,

s s S s _ .n+l_s
Qi 1%41,i42 - - - Vign—1i+nQitnitntl — U €,

s s s s _ .n+l_s
/Bz‘,z‘—1ﬁi—1,z‘—2 cee 5i—n+1,z‘—n i—nji-n—1 U €.



Proof. (1) If j # i+ 1, then

s _

S
€; ue;

S S s _ .S S S __
e e;ue; = e;jue; €5 = 0.

Hence

n n
— S S __ s s
u= E eiuej—g e;ue; .
i=0

7”]:0
The assertion for v is similarly proved.
(2) The claim is clear.
n+1,s s, n+1 n+1_s

(3) The assertion follows from uve; = ejuv, u"ej = efu"" and v" " ef =
eson L, O

5.2. Decomposition of A by orthogonal idempotents. We will deter-
mine the structure of the endomorphism algebra A = Endg (7) of the tilting
object T =R & @D}, R(—D;).

A has natural orthogonal idempotents ef € A for 0 < i < n defined by
the projections

et T = R(-D;i) =T
where we set Dy = 0 and R(—Dp) = R. We have a decomposition of

the identity to orthogonal idempotents > el =1 € A. Thus we have a
decomposition as klto, ..., t,]-modules:

n
tgt
A= @ Aiyj, A@'J == eiAej.
t,5=0
We note that we use again the convention e! = e, ;.
We will express any element h € A; ; by a sequence of functions (ho, h1, ..., hy),

where hj, € Ry, such that hy(r) = hyr, because other components hj_j j
are determined by the hy.

Lemma 5.3. There are elements a§7i+1 € Aiiv1, BerLZ- € Aiy1; for0<i <
n such that

ey + (0 —k—Dto+teyr + -+, (0<k <i),

(alz?,l#l)k = N Zis (k = Z)a
L, (0 <k <i),
(Bfﬂ,i)k =\ Yis (k = i)7
xpyr — (k—i)to —tig1 — - —tg, (i <k <n).

Proof. Since x;11 = mgyi + tit1x; and Y41 = xi_l, we have

Ti+1Yi+1 = Ty + Lo + tit1.
18



The following is a part of the diagram for the homomorphism aai 41
R(—Di+1) — R(—Di):

—1

1 1 1 x;
Ri-1 —— Ri—1, Ri Rijit1 «———— Rit1
mi—lyi—l‘i’til $i—1yi—1+til %l l“zl 1l
—1
1 T g 1 1
Rici —— Ri—1, Ri Rijit1 +—— Riq1.

We confirm the commutativity of the middle left square by a:i__llxi = yx; =
Ti—1Yi—1 + t;. We note that the case ¢ = 0,n are also confirmed by the
following diagrams for af ; and o, 4:

—1
1 T
Ry —— R071 (O— R

o w] !
R(] % ROJ ; Rl,

1 1
Rn—l — Rn—l,n — Rn

wn71yn71+tnl wn71ynf1+tnl :vnl

-1
1 mn—l
Rn—l — Rn—l,n — Rn.

Then the assertion for k¥ < ¢ — 1 is confirmed by the descending induction
on k by
TppYhr1+ (@ —k=2)to+tppo+- -+t = opyp + (0 —k = Dto+tpp1 +- - -+ 15

The assertion for 8f,,; with 8}, and fj,, is similarly confirmed by the
following diagrams:

1 T g 1 1

Rici —— Ri—1, Ri Rijit1 «—— Ripa1

ll 1l yzi yzl lxi+1yi+1_t0_ti+l
1 1 1 z;

Rici —— Ri—1, Ri Riiy1 &—— Rip1.

1 1
Ro —— Ro1 +— R

yol yol lzoyO*tU*h

-1
1 T
Ro —_— ROJ_ (——O—— 7?,1.

—1
1 xn—l
Rn—l E— Rn—l,n — Rn

1l 1l ynl
/R'nfl ’_1°_> Rnfl,n <_°1_’ Rn
19



and

Th+1Yk+1 — (]{7+ 1-— i)to — tz‘+1 — —tk+1 = TEYk — (k} —i)to —ti+1 — e —tk.
O

Definition 5.4. We define u!,v! € A by
n n
t t t ¢
U = Zai,i—Ha v = Zﬁi—i—l,i'
i=0 i=0

b bt t ot ¢
Then we have o, = e;ue; y, B ; = €1 1V€;.
We can express u' and v! as matrix forms when they are restricted to an

affine chart Ry:

Lemma 5.5.

ut|730:
0 0 xmyo+t1 ... 0
0 0 0 $0y0+(n—2)to+t1+~~+tn,1
xoyo+ (n—Vto+t1+---+t, 0 0 0
0 0 0 1
v 0 0 0
Vg, =] 0 1 0 0
0 0 1 0

We have the following identities:

Corollary 5.6.
u'v'|R, = diag(zoyo, zoyo + t1, Toyo + to + t1 + b2,
o xoyo+ (n—Dtg+t1 4+ -+ tn),
v'u'|r, = diag(zoyo + (n — 1)to +t1 + -+ + tn, Toyo — to, Zoyo + t1,
e moyo+ (n—2)tg+t1 4+ F tro1),
(utvt — vtut)| g, = diag(—(n — 1)tg —t1 — -+ — b, to + t1, o + to, . . ., to + tn).

5.3. Algebra homomorphism & — A. We defined e = %H >0 (gl

Thus we have ¢/ = "% (~“ef. Now we define
n
g'=> (e
i=0

Lemma 5.7. (1) (¢")""' =1 and (¢')) #1 for 0 <j<n+1.
(2) i =327 0C7(g") /(n+1).
(3) gtut = Culgt and g'vt = ¢~Lutgt,
20



Proof. (1) This is because (gt)j =37, C_”e;S
(2) We have 377, ¢7(g") =3 %10 CU¢Ikel = (n+ 1)el.
(3) We will prove that glufe!, | = Cu'gel, | and g'v'el = ¢~ ttglel for all
1. Indeed
glutel = C_zefag,i+16§+1 = Cai,iﬂC_Z_le?H = (u'gel,y,

t .t t —i—1 t t t —1 pt —1 t —1 t t t
gve; =" e Bit6 =C BiniC e =C v'ge;

We define wy, ..., w, by

n

1 g
=1 2

J=0

We note that this linear transformation is invertible. Then we compare two
formulas:

o St uv—vu=>3 1 89 = > j—owji€s.
o X: ulvt —olut = (—(n— Dty —t1 — -+ — tp)el + (Lo + t1)e}
+ (to + ta)eb + - + (to + tn)el,.
From the comparison, we define another invertible linear transformation:

wo=—(n—Ntg—t;1 —--+—tn, wy =to+1t1,...,wy =to+ tn.
We define an algebra homomorphism
p:S—> A
over the linear coordinate change kl[so, ..., sy] — k[to,...,t,] defined above

by
o(ef) =i, o(u) =u', ¢(v) =", ¢(g) =g".
By Corollary 5.6, ¢ is a well defined algebra homomorphism.

Theorem 5.8. ¢: S — A is an algebra isomorphism.
We will prove that ¢ is injective and surjective in the following subsections.

5.4. Injectivity of ¢. We call the subalgebra eSe of S the ring of G-
invariants, where e = e ([4]). We denote the subalgebra ef.Aef) = Hom(R, R)
by I'(R), and call it the ring of global functions.

Lemma 5.9. The injectivity of ¢ is reduced to the injectivity of its restric-
tion ¢ : eSe = T'(R).

Proof. Assume that Ker(¢) # 0. Since ¢ preserves idempotents, we have
p(eiSed) C ejAel. Thus there are i,j such that Ker(¢) NejSes # 0.

If we set deg(si, g,u,v) = (0,0,1,1) and introduce a filtration F,(S) =
{z € § | deg(z) < p}, then Gr(S) = k[so,..., sn][u,v]#G. Hence S has
no non-zero divisor. By multiplying u’ and v’ from the left and the right
respectively, we obtain Ker(¢) N eSe # 0, because we have uiefSejvj C
eSe. O
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We define x’?ﬂ., yfl, 2t e A for 0 <i<nby

7 2,7

t t(ut)n—I—l t

_ t _ tyot\n+l t t t,t, t t
LTii = € € Yi; = ei(v')

€5 Zi,i =e6UuUveE,;.

In particular we denote z! = xé,m yt = yé,o: 2t = 2670‘ We have xt,yt,zt c
I'(R).

Lemma 5.10. (1)
t t t t
(ai7i+1ai+1,i+2 tet a’i+n71,i+nai+n,i+n+l)n = Tn,
t t t t
(Bii—1Bi-1i-2- - Bi—nt1,i—nPi-ni—n-1)0 = Yo
(2)

Z0Yo, (i =0),

t t
( Z,H-lﬁz—l-l,z)o {g;oyo + (z — 1)t0 +t1+-+ th (0 <i< n),

xnyn_(n_i)to_tﬂrl_"‘_tm (0§i<n),

TnYn, (’l = n)

(O‘g,i+1ﬁf+1,i)n = {

Proof. The assertion follows from

0
(@iit1)o = o . (Z ) ,
’ woyo + (i — Do +t1 +---+t;, (i #0),

(@fip1)n = {17 (i #n),

Tn, (i=mn),
( t ) _ Yo, (Z = 0),
L G0y
( ¢ ) _ $nyn_(n_i)t0_ti+1_“'—tn, (z;«én),
i+1,2/n Yns (Z _ n)

Corollary 5.11.

n
(a")o = zo [ J(woyo + (i — Dto +t1 -+ 1), (40 = w0, (z')o = oo,
=1
n

=1

(Zt)n =XplYn —Ntg —t1 — - —ty.

We note that the products []}; in the above formula do not depend on

the order of the factors.
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Proof. Indeed we have

teotntbl ottt t t

eo(u’)" ey = Qp1Q19 - Xy 1 n0n 05
t +1 t nt

60(” )" 60 = 50n nn—1- B2,1B1,0’

totot t
equvey = 0‘0,151,0-

Proof of the injectivity. We define

n+1

z° = eu" e, y* =ev"t!

e, 2° = euve.

Then we have

¢z) =2, o(y") =y, ¢(2") = 2"

We recall that, if we define a filtration on S by setting degrees deg(s;, g, u,v) =

(0,0,1,1), then Gr(S) = k[so, . . ., Sn][u, vV]#G. We define a filtration on Ry
by setting degrees
deg(ti; zo,y0) = (0,—n+1,n+1).

Then we have Gr(Ro) = klto, - . ., tn][z0, yo]. Moreover ¢ : eSe — I'(R) pre-
serves the degrees, so that ¢, induces a homomorphism Gr(¢.) : Gr(eSe) —

GI‘(R()).
We note that eSe is generated by x*®, y® and z° over kl[sq,...,sy]. The
only relation among generators z*, °, 2° in Gr(S) = k[sq, ..., sp][u, v]% is

SS—

2%y* = (2°)"*1. We also note that the only relation among (x!)o, (%)o, (2o
in Gr(Ro) is (2")o(y")o = (28)0. Therefore Gr(¢,) is injective, hence so is

Pe.- O

5.5. Surjectivity of ¢. We will prove the surjectivity. First we consider

a k[to,..., nl-algebra A;; = End(R(—D;)) for 0 < ¢ < n. We define
zZz’iuzz’ zz € All by

t n+1_t n+1t N A N N
xiz_e(u) €5y yzz_e(v> Zi,i—eiu'l)ei.

These elements are contained in the image of ¢. We claim that A;; is
generated by xz PR i fl as an algebra over k[to, ..., ty].
Lemma 5.12.

¢ ¢ ZoYo, (1 =0),
. . = y Z . = . .
(yz,z)O Yo ( 1,1)0 {-TOyO + (Z B 1)t0 Tt et tz’, (0 <i< n)’

Tntn — (n—i)to —tiz1— - —tn, (0<i<n),

TnYn, (i =n).

(xﬁ,z)n = Tn, (Zf,z)n = {

Proof. Indeed we have

+1 ¢t ¢ t
€; (u )n €, = az 1+1az+1 i+2 i+n71,i+nai+n,iv
+1 t t t
ez(v )" 511 151 1,i—2 5¢+2,i+1ﬁi+1,z‘7

t ottt

UV e = O‘zz—l—lﬁz—l—lz



]

Proof of the surjectivity. We first prove the surjectivity of ¢ for A;;. We
take an arbitrary h € A;; = Hom(R(—D;), R(—D;)), and let 7, = hy(1).
We define degree by deg(t;, xx, yx) = (0,1, —1). Then all relations in Ry, as
well as gluings for R(—D;) are homogeneous. Hence we may assume that
the 7 are homogeneous with a fixed degree deg(r).

We claim that, if deg(r) < 0, then we can express h by using yt(z), zgl) €A
with coefficients in klto, . .., t,]. For this purpose, we look at the affine chart
Ro. We consider the secondary grading in R defined by deg’(t;,zo,%0) =
(0,1,1). Then we can write

ro = ao(xoyo)byg + lower deg’ terms

for ag € klto,...,tn]) and b,c > 0 using the commutation relation zoyy =
Yoo + to, because deg(r) < 0. Let ' = h — ao(2! ;)" (v} ;)¢ € Aii. Then b/
is again homogeneous of degree —c, and the secondary degree is less than
2b + c. Therefore we infer that h is expressed by ny, zfz using induction on
the secondary degree.

We assume next that deg(r) > 0. We consider the secondary grading in
R, defined by deg” (¢, zn,yn) = (0,1,1). Then we can write

Ty = an:cfb(xnyn)c + lower deg” terms

for a, € k[to,...,t,] and b,¢ > 0 using the commutation relation x,y, =
Ynitn + to, because deg(r) > 0. Let B = h — a,(z!;)"(2},)° € Ai;. Then
h" is again homogeneous of degree b, and secondary degree less than b+ 2c.

Therefore we conclude that h is expressed by ! ., 2! . using induction on the
secondary degree.

i, %ii

Now we consider A; ; for i # j. We take h € A;; and let r;, = hy(1) as
before. We may assume that the r; are homogeneous, but the gluing does
not preserve the degree. Indeed we have

0, (4,5 #0),
deg(ry,) = deg(ro) + ¢ =1, (i =0),
17 (] = 0)'

Assume first that (i) or (ii) holds:
(i) deg(rg) <0.0#j<iori=0.
(ii) deg(rg) < 0. 0#14 < jor j =0.

We have

1 (0<j<iori=0)
t t _ ’ )
Bt Biagho {yo, (0<i<jorj=0).
We can write
ro = ao(zoyo)?yS + lower deg’ terms
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with ag € k[to,...,tn]), 6> 0, and (i) ¢ > 0 or (ii) ¢ > 0. We set

W =h-— aO(Zf,i)b(yf,z‘)CI z‘t,z‘—l e »8;'+1,j €A,
where (i) ¢ = ¢, or (ii) ¢ = ¢ — 1. Then Ay is again homogeneous of degree
—c, and the secondary degree is less than 2b + c. Therefore we infer that
h is expressed by i ;, z;; and the 41 x using induction on the secondary
degree.

Assume next that (i) or (ii’) holds:

(") deg(rn) >0. i< jorj=0.

(ii") deg(rn) >0. 0# 7 <.

We note that the cases (i), (ii), (i’), (ii’) exhaust all cases. Indeed, in the
case 1,7 # 0, if 7 < ¢, then (i) or (ii’) holds, and if ¢ < j, then (i’) or (ii)
holds. In the case ¢ = 0, if (i) does not hold, then then (i’) holds. In the
case j = 0, if (ii) does not hold, then (i’) holds.

We have
Lo <)),

Tn, (<1

(af,iﬂ = 'Oéz'q,j)n = {

~—

We can write
Ty = an(xnyn)bx% + lower deg” terms

with a,, € klto,...,ts), b>0, and (I’) ¢ > 0 or (ii’) ¢ > 0. We set

t \b(t \E At t
W =h-— an(2;)"(25,)C QG i1 -+ iy ; € Aij

where (i) ¢ = ¢, or (ii) ¢ = ¢ — 1. Then A, is again homogeneous of degree
¢, and the secondary degree is less than 2b + c¢. Therefore we infer that

h is expressed by !, 2!, and the oy k41 using induction on the secondary
degree. O

1,87 71,1

Remark 5.13. We have sg = %ﬂ Z?:o w; = tg. The commutative defor-
mations of S and X are defined by sg = 0 and ¢y = 0 respectively. Thus the
parameters sg and ¢y correspond to the direction of purely non-commutative
deformations.

6. DERIVED EQUIVALENCE

Let T be a coherent locally free R-module. It is called a tilting generator
of Db(coh(R)) if the following conditions are satisfied:

(1) (tilting) Hom(7, T[m]) = 0 for m # 0.

(2) (generator) For any object z € D~ (coh(R)), if Hom(T,z[m]) = 0 for
all integers m, then z = 0.

Theorem 6.1. T = R&@;" | R(—D;) is a tilting generator of D~ (coh(R)).
Proof. We know already that T is a tilting object. We will prove that, for

any non-zero object x € D~ (coh(R)), there exists an integer m such that
Hom(T,z[m]) # 0. z is quasi-isomorphic to the following type of complex

h e 0
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such that h is not surjective. By Lemmas 4.5 and 4.6, there exists a
divisorial sheaf D = R(>_d;D;) such that Hom(D, Coker(h)) # 0 and
Hom(D,Im(h)[1]) = 0. Then it follows that there is a homomorphism D —
MP which does not factor through h. Therefore we have Hom(D, z[p]) # 0.

On the other hand, assume that Hom(7,z[m]) = 0 for all m. Then
by Lemma 4.17, we have Hom(D, z[m]) = 0 for all divisorial sheaves D, a
contradiction. Therefore we have our claim. g

Let A = End(7) be the endomorphism algebra. Since it is isomorphic to
S, it is a Noetherian algebra.

Lemma 6.2. Let M be a coherent module on X. Then Hom(T,M][p]) is a
finitely generated right A-modules for p = 0,1, and Hom(T, M[p]) = 0 for
p#0,1

Proof. We know already that Hom(7, M|[p]) = 0 for p # 0, 1.

Hom(7,R) and Hom(7, R(—D;)) are right ideals of the Noetherian ring
A, hence finitely generated. We know also already that Hom(7,R[1]) =
Hom(T,R(—D;)[1]) = 0.

By the exact sequences in Lemma 4.17, we can deduce inductively that
Hom(7, M[p]) are finitely generated for all divisorial sheaves M.

Finally let M be an arbitrary coherent module. Then there is an exact
sequence 0 - N — P — M — 0 where P is a finite direct sum of divisorial
sheaves. First it follows that Hom(7, M[1]) is finitely generated. Then
Hom(7,NT1]) is also finitely generated because M is arbitrary. Then it
follows that Hom(7, M) is also finitely generated. O

Now we can define the following functors:
®: D™ (coh(X)) — D™ (mod-A), ®(e) = RHomy(T,e),
¥ : D™ (mod-A) — D™ (coh(X)), U(e) =e x4 T.
By the same argument as in [16] Lemma 3.3, we prove the following:

Theorem 6.3 ([2], [14], [16]). (1) ® is an equivalence and ¥ is its quasi-
wmverse.
(2) ® induces an equivalence D°(coh(X)) — DP(mod-A).

Proof. This is the same as the proof of [16] Lemma 3.3. We recall it briefly
for the convenience of the reader.
(0) W is the left adjoint of ®:

RHomy (y @4 T,2) = RHom 4(y, RHomy (T, z)).
(1) First we see that ®W¥ = Idp- (1moq-4) 1€
RHom(T,e @4 T) = e.

This is true for free modules, hence for all D™ (mod-.A).
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In order to prove that the adjunction morphism ¥® — Idp-(con(x)) is
also an isomorphism, we use the generator condition that ®(c) = 0 implies
¢ 20 for ¢ € D™ (coh(X)). From a distinguished triangle

Ud(x) » x — ¢ — UP(x)[1]

and VP (z) = &(x), we obtain ®(c) = 0.

(2) First we have that ®(D®(coh(X))) € Db(mod-.A) by Lemma 6.2. For
an A-module y, we consider a natural morphism « : 7«_,, ¥(y) — ¥(y).
Since ® is bounded, ®(«) : ®(7<_, ¥(y)) — PY(y) = y vanishes for large
m. Hence o = 0, and ¥(y) is bounded. O
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