BOUNDARY OF FREE PRODUCTS OF COARSELY CONVEX
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ABSTRACT. In this paper, we compute (co)homologies of ideal boundaries of free prod-
ucts of geodesic coarsely convex spaces in terms of those of each of the components.
The (co)homology theories we consider are K-theory, Alexander-Spanier cohomology,
K-homology, and Steenrod homology. These computations lead to the computation of
K-theory of the Roe algebra of free products of geodesic coarsely convex spaces via the

coarse Baum-Connes conjecture.

1. INTRODUCTION

1.1. Background. This work arose from the study of index problem on the spaces of

nonpositive curvature in the coarse geometric setting.

1.1.1. Index theory and coarse geometry. Let Y be a complete Spin manifold and let D
be the Dirac operator acting on the spinor bundle on Y. If Y is closed, the dimension of
the kernel and cokernel of D are finite, so the index of D is defined as the difference of
them. Here we are interested in the case that Y is open, especially, Y is a universal cover
of a closed aspherical manifold. In such cases, the above definition of index of D does not
make sense. Higson and Roe [I7] defined the coarse index of the Dirac type operator on
Y as a class in the K-theory of the Roe algebra. To study this index, they constructed
the coarse assembly map

(1) Ap(Y): KXp(Y) = Kp(C7(Y)),

where K X, (Y') denotes the coarse K-homology of Y and K,(C*(Y')) denotes the K-theory
of the Roe algebra C*(Y') of Y. The Dirac operator D determines a class in KX,(Y),
and its index is the image of this class under the coarse assembly map.

Now we suppose that Y is coarsely convex as a metric space, then we have the ideal
boundary 9Y of Y, as described in Section [1.1.2] The K-theory K,(C*(Y)) is naturally
isomorphic to the reduced K-homology K, 1(0Y) of the ideal boundary with shifting
degree by one. This motivates us to compute K, ;(9Y) when Y is a free product of

coarse convex spaces.
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1.1.2. Coarse geometry of nonpositively curved spaces. Gromov introduced a notion of
negative curvature for general metric spaces, not necessarily Riemannian manifolds, thereby
defining Gromov hyperbolic spaces. This led to the definition of hyperbolic groups, which
are known to have many algebraic applications. Motivated by this success, it is natural
to seek an appropriate notion of nonpositive curvature for general metric spaces.

Coarsely convex spaces are coarse geometric analogues of simply connected Riemannian
manifolds of nonpositive sectional curvature introduced by Oguni and the first author. It
was shown in [12] that the coarse assembly map is an isomorphism for proper coarsely
convex spaces, which verify the coarse Baum—-Connes conjecture holds for them. In the
proof, the ideal boundary played a central role.

The class of coarsely convex spaces includes geodesic Gromov hyperbolic spaces, CAT(0)
spaces, Busemann spaces, and systolic complexes [20]. Descombes and Lang [7] showed
that proper injective metric spaces admit geodesic convex bicombings. This implies that
proper injective metric spaces are coarsely convex. Recently, Chalopin, Chepoi, Genevois,
Hirai, and Osajda [6] showed that Helly graphs are coarsely dense in their injective hulls,
and these injective hulls are proper. It follows that Helly graphs are coarsely convex.

In [I1], we constructed free products of metric spaces, which generalizes the construction
by Bridson-Haefliger [3, Theorem I1.11.18]. These spaces can be regarded as a metric-space
analogue of the group-theoretic free products. We showed that free products of geodesic
coarsely convex spaces are also geodesic coarsely convex. In [I0], the authors introduced
trees of spaces, which are generalizations of free products of metric spaces. They showed
that if each of the components of a tree of spaces is geodesic coarsely convex, then the
tree of spaces is geodesic coarsely convex. This generalized the main result of [I1] to trees

of spaces.

1.2. Main result and applications. In this paper, we study the topology of ideal
boundaries of trees of spaces whose components are coarsely convex. For this purpose, we
introduce augmented spaces of trees of spaces. We determine the topological type of the
ideal boundaries of augmented spaces. Then we compute K-theory, Alexander-Spanier
cohomology, and K-homology of the ideal boundaries of the trees of spaces in terms of
ideal boundaries of augmented spaces, and ideal boundaries of the components of the
trees of spaces.

By applying Theorems [9.3 and [9.5] for free products, we have the following.

THEOREM 1.1. Let X and Y be proper geodesic coarsely convexr spaces with nets. Sup-
pose that the net of X and that of Y are coarsely dense in X and Y, respectively, and,
both X and Y are unbounded. Let X xY be the free product of X and Y. Let 0X, 9Y,
and (X xY), denote the ideal boundaries of X, Y, and X %Y, respectively. Let C denote

the Cantor space.
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Let M* = (M™)en be the K—theory or the Alexander-Spanier cohomology. Then,
MP(O(X %Y)) EB MP(0X) & @ MP(9Y).
N

Let M, = (M,)nen be the K-homology or the Steenrod homology. Then,
M,(0(X % Y)) = M, (C) x [ M,(0X) x [ M, (0Y).
N N

Here Mp and MP denote the reduced (co)homology corresponding to M, and MP.

Here, we summarize the applications of Theorem [I.I} Let Y be a metric space. We
denote by C*(Y") the Roe algebra of Y. As mentioned above, it is proved in [I2] that the
coarse Baum-Connes conjecture holds for proper coarsely convex spaces. It is also proved
that the coarse K-homology of a coarsely convex space Y is isomorphic to the reduced
K-homology of the ideal boundary Y with shifting the degree by one [12, Theorem 6.7].
Therefore, we can compute the K-theory of the Roe algebra of a free product of coarsely
convex spaces as follows.

For a topological space X, we denote by f(p(X ) its reduced K-homology, and for a
C*-algebra A, we denote by K,(A) the operator K-theory of A.

THEOREM 1.2. Let X and Y be proper geodesic coarsely convexr spaces with nets. Sup-
pose that the net of X and that of Y are coarsely dense in X and Y, respectively, and,
both X and Y are unbounded. We have

K,(C*(X xY)) = K,1(C) x [[ Kpe1(0X) x [ ] Kyt (9Y).

COROLLARY 1.3. Let X and Y be proper geodesic coarsely convexr spaces with nets
satisfying the condition of Theorem [1.2 . We have

K,(C*(X #Y)) = xHK C* (X xHK (c (Y

It might be interesting to compare Corollary [I.3 with a formula for K-theories of the
group C* algebras of free products of groups [2, 10.11.11 (f) to (h)].

We also study the topological dimensions of the ideal boundaries of trees of spaces.
Applying Theorem for free products of metric spaces, we obtain a formula of the

dimension.

THEOREM 1.4. Let X and Y be geodesic coarsely convexr spaces with nets.
dim(9(X xY)) = max{dim 90X, dim 9Y}.

Using Theorem [I.4] we obtain a formula for the cohomological dimension of the free
products of groups acting on geodesic coarsely convex spaces properly and cocompactly
(Corollary . This is a special case of the well-known formula on the cohomological
dimensions of free products of groups (Theorem .
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1.3. Outline. In Section [2| based on the work of Groves and Manning, we introduce
combinatorial horoballs for metric spaces with lattices, and study the shape of geodesics
in them.

In Sections [3] to [5l we review the coarsely convex bicombings and the construction of
ideal boundaries. In this paper, we only deal with geodesic coarsely convex space, so in
Section [5] we restrict results in previous sections to geodesic coarsely convex bicombings,
and we improve some of them.

In Section [6] we prepare some technical lemmata to show the continuity of certain re-
tractions on ideal boundaries, which play key roles in the computations of (co)homologies.

In Sections [7] and [§, we introduce trees of spaces and augmented spaces. We construct
geodesic coarsely convex bicombings on them assuming that each component admits such
bicombings.

In Section |§|, we compute (co)homologies of ideal boundaries of trees of geodesic coarsely
convex spaces by using Mayer-Vietoris exact sequences. Key tools are retractions on ideal
boundaries. We give proofs of Theorems and and Corollary

In Section [I0, we construct the retractions used in Section [ and show that they are
continuous. Here we use the results in Section

In Section 1], we study the topological type of the ideal boundary of the augmented
spaces. We show (Theorem that under certain conditions, the ideal boundaries of
the augmented spaces are homeomorphic to the Cantor space.

In Section [I2] we show a formula for the topological dimensions of the ideal boundaries
of trees of geodesic coarsely convex spaces in terms of the dimensions of each component.
In Section[I2.2] we apply these results to the cohomological dimensions of the free products

of groups.

2. COMBINATORIAL AND METRIC HOROBALLS

All materials in this section are slight modifications of the work of Groves and Man-
ning [16] on the combinatorial horoballs.
In the rest of this section, we assume that X is a geodesic metric space.

DEFINITION 2.1. Let (X, dx) be a metric space and A C X. Let C' > 0.

(1) The subset A is C-discrete if for all a,a’ € A with a # o, we have dz(a,a’) > C.
(2) The subset A is C-dense if for all x € X, there exists a € A such that dz(z,a) < C.

REMARK 2.2. A maximal C-discrete subset A C X is 2C-dense.

DEFINITION 2.3. A metric space with a lattice is a pair (X, X(©)) of metric space (X, dx)
and 1-discrete 2-dense subset X c X. We call X© the lattice of X.

Groves and Manning defined an augmented space and introduced an equivalent defini-
tion of relatively hyperbolic groups [16]. The augmented space is constructed by gluing a
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“combinatorial horoballs” based on each P € P onto the Cayley graph of G. They defined
that G is hyperbolic relative to P if the augmented space is hyperbolic.

The construction presented here is closely modeled on Groves—-Manning’s combinatorial
horoballs. They constructed horoballs based on an arbitrary connected graph, and showed
that such a horoball is always d—hyperbolic. A minor modification of the Groves—Manning
construction produces connected horoballs based on any metric space.

DEFINITION 2.4. A combinatorial horoball Hcomb(X(O)) is a graph with a set of vertices
Heomb(X @)@ and a set of edges Heomp (X @)Y defined as follows:
(1) Heomp(X )0 1= XO) x (NU {0}).
(2) Heomb(X @)D contains the following two types of edges:
(a) For each x € X and | € N U {0}, there exists a vertical edge connecting
(x,1) and (z,l 4+ 1).
(b) For each z,y € X© and [ € N, if 0 < dx(x,y) < 2' holds for some [ € N,

there exists a horizontal edge connecting (x,1) and (y, ).

We endow Hcomb (X (0)) with a graph metric such that each edge has length one, and we
consider Heomb (X (0)) as a geodesic space.

Let Heomb(X ) be a combinatorial horoball. A horizontal segment is a path consisting
only of horizontal edges. A wvertical segment is a path consisting only of vertical edges.
Each 2 € Heomb(X@)© can be identified with z = (z¢, 1), where 2y € X(© and [ € NU{0}.
We say that the depth of z is [, denoted by D(x) = [. Moreover, let p be a horizontal
segment. When the depth of a point on the horizontal segment p is [, we say that the
depth of the horizontal segment p is [, denoted by D(p) = .

DEFINITION 2.5. Let (X, X(®) be a metric space with a lattice. A metric horoball
H(X, X)) is a quotient space of X U Heomp(X ) by the equivalence relation generated
by

Heomp(X OO 5 (20,0) ~ 20 € XO c X
for any zo € X©. We endow H (X, X)) with the quotient metric.

Geodesics in combinatorial horoballs are particularly easy to understand.

PROPOSITION 2.6 ([16], Lemma 3.10). Let z,y € H(X, X©). There exists a geodesic
segment on H(X, X©) from x to y which consists of at most two vertical segments and
a single horizontal segment of length at most 5. We say that this geodesic segment is a
normal geodesic segment, denoted by ny(z,y). Moreover, for each geodesic segment from

x to y, denoted by v(x,y), we have

dy(Im(y(z,y)), Im(ny(z, y))) < 4,

where dy is the Hausdorff metric on X.
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PROOF. Let y(z,y) be a geodesic segment from x to y. We denote the concatenation

Of the Segments P1,P2,---3Pn by m
We can put

Y(x,y) = PPz Pn

such that for all ¢, we have that if p; is a horizontal segment, then p;,; is a vertical
segment, and if p; is a vertical segment, then p;,; is a horizontal segment. We can assume
that p; and p, are vertical segments. Let s(p;) be an initial point of p; and let ¢(p;) be a
terminal point of p;. Note that ¢(p;) = s(pit1), s(p1) = z, and t(p,) = y.

We will show the proposition as a consequence of the following claims.

CLAIM 2.7. Let Dy; be the maximum depth of horizontal segments which compose
v(x,y). If there exists a horizontal segment p which composes v(x,y) such that D(p) <
Dy, then the length of p is 1.

Let p; be a horizontal segment with D(p;) < Djs. Suppose the length of p; is 2. Let
s(pi) = (zs, D(p;)) and t(p;) = (yi, D(p;)). Note that p;y; is a vertical segment and
t(pi) = s(pit1). We denote the depth of ¢(p;1) by D;. Since D(p;) < Dy, there exists a
horizontal edge from (x;, D1) to (y;, D1), denoted by ¢o. Let ¢ be the vertical segment
from s(p;) = (z;, D(p;)) to (x;, D1). The path q1g; is a geodesic segment from s(p;) to
t(pi+1). The length of g1z is smaller than p;p; 7. This is a contradiction.

CLAIM 2.8. There does not exist a subgeodesic hivihaove such that h; are horizontal
segments and v; are vertical segments.

Suppose that there exists a subgeodesic hiv1havs such that h; are horizontal segments
and v; are vertical segments. Let D(hy) = Dy, D(hs) = D,, and D(t(v2)) = D. By
Claim [2.7] the length of hy and hy are 1. We can put s(hi) = (z1, D), s(hs) = (22, Dy),
and t(vg) = (z3, D)

dx(z1,73) < dx (71, 72) + dx (72, 73)
< 2Pr 4 2P
< oDt < oD,
Therefore, there exists a horizontal edge ¢» from (x, D) to t(vy). Now, we define a path
¢ to be a vertical segment from s(hy) = (x1, D1) to (z1, D). The length of the path g1q2

is smaller than hqvihyvy. This is a contradiction.
Therefore, a geodesic segment y(x,y) has the following form:

7(957 ?J) = v1hyvahovshsvy,

where v; are vertical segments and h; are horizontal segments. Note that hs is the deepest
horizontal segment. By Claim [2.7] and Claim [2.8] we have that the length of h; is 1 for
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i € {1,3}. Put s(hy) = (z,D(hy)) and t(hs) = (y, D(h3)). We denote by v}, a vertical
segment from (x, D(hy)) to (x, Dys), and denote by v}, a vertical segment from (y, D)
and t(hs) = (y, D(h3)). There exists a geodesic segment from (z, Dy;) to (y, Dys), denoted

by har. We replace hyvohovshs with vjhyvh. The replaced path is also a geodesic segment
from x to y. Therefore, we obtain a normal geodesic segment from z to .

For 2,y € H(X,X©®), let ny(x,y) = uhv, where u and v are vertical segments and h
is a horizontal segment. Finally, we will show that the length of h is at most 5. Suppose
that the length of h is 6. Let s(h) = (p, D(h)) and t(h) = (q,D(h)). We can connect
(p, D(h) 4+ 1) and (g, D(h) + 1) with three horizontal edges. Then, there exists a path of
length 5 connecting s(h) and ¢(h). This is a contradiction.

Moreover, by the construction of ny(x,y), for each geodesic segment from z to y,
denoted by 7v(z,y), we have

dp(Im(y(z,y)), Im(ny(z,y))) < 4.

This completes the proof. O
ProPOSITION 2.9 ([16]). H(X, X©) is a Gromov hyperbolic space.

PROOF. Let z,y,z € X©. We denote by [z,y], an image of a geodesic segment on
H(X, XO) from z to y. Let p; € [x,y], p2 € [y, 2], and p3 € [z, 7]. We define

diam{py, p2, ps} = max{dx(ps,p;): i # j}.
One of the equivalent definitions of Gromov hyperbolicity is that the following quantity

min{diam{py, p2, p3}: p1 € [z,y],p2 € [y, 2], p3 € [2, 2]}
is bounded by a constant independent of choices of geodesic segments and geodesic tri-
angles. See [14, 21.- Proposition| for details. We say that this quantity is the minimum
diameter of geodesic triangle [z,y] U [y, z] U [z, z].
By Proposition [2.6] there exists a normal geodesic segment connecting each two points,
that is,
o ny(z,y) = mhivy,
o 0y(y, 2) = uphava,
o nvy(z,2) = ushsvs,
where u; and v; are vertical segments and each h; is a horizontal segment. Suppose
D(hy) < D(hy) < D(hg).
It is easily shown that Im(u;) C Im(vs) and Im(v;) C Im(ug). Then, we have

Im(hy) € N(Im(vs),3) U N(Im(us),3).
Therefore,

min{diam{p1, p2, p3}: p1 € Im(ny(x,y)),p2 € Im(ny(y, 2)), p3 € Im(ny(2, 7))}
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is bounded by 5. By Proposition [2.6] for each geodesic segment from x to y, denoted by
v(z,y), we have

dp(Im(y(z,y)), Im(ny(z,y))) < 4.

For any z,y,z € H(X, X)) and any geodesic triangle A(x,, ), the minimal diameter
is bounded by 13. Therefore, H(X, X¥) is a Gromov hyperbolic space. 0

3. COARSELY CONVEX BICOMBING

Let (X,dx) be a metric space. For A > 1 and k > 0, a (A, k)-quasi-geodesic bicombing
on X is a map v: X x X x [0,1] — X such that for z,y € X, we have vy(z,y,0) = z,
V(xa Y, 1) =Y, and
)‘_1 |t - S| dx(l’, y) —k< dx(’)/(l‘,y, t),’}/(JT, Y, S)) <A |t - S| dx(l‘,y) + k (t7 s € [07 1])

If the space X admits a (A, k)-quasi-geodesic bicombing for some A > 1 and k& > 0, we
say that X admits a quasi-geodesic bicombing. If a group G acts on X by isometries, a
geodesic bicombing v : X x X x [0,1] = X is G-equivariant if

gz, y)(t) = (g2, gy)(t)
holds for any g € G, x,y € X, and t € [0, 1].

DEFINITION 3.1. Let A > 1, £ > 0, E > 1, and C' > 0 be constants. Let 0: R>y — R>

be a non-decreasing function.

A (N Kk, E,C,0) -coarsely convex bicombing on a metric space (X, dy) is a (A, k)-quasi-
geodesic bicombing v: X x X x [0,1] — X with the following:

(i) Let x1,20,91,y2 € X and let a,b € [0,1]. Set y; = v(x1,y1,a) and yh =
(g, y2,b). Then, for ¢ € [0,1], we have

dx (Y(1, 91, ca), (22,42, ¢b)) < (1 = ) Edx (w1, 22) + cEdx (1, 45) + C.
(ii) Let a1, z2,91,y2 € X. Then for ¢,s € [0, 1] we have
[tdx (21, 41) — sdx (22, y2)] < O(dx (21, 72) + dx (V(21,91,1), (22,92, 8)))-
The following reparametrization is used to construct ideal boundaries in Section [4]

DEFINITION 3.2. Let X be a metric space and let v: X x X x [0,1] — X be a (A, k)-
quasi-geodesic bicombing on X. A reparametrised bicombing of 7 is a map

rpy: X X X xRy — X
defined by

7(I7y7t/dX(I7y)) lftfdx(l‘,y)

rpy(z,y,t) =
Yy if t > dx(x,y).
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4. IDEAL BOUNDARY

In this section, we review the construction of the ideal boundary of a coarsely convex
space.

Let (X, dx) be a metric space equipped with a (A, k, £, C, §)-coarsely convex bicombing
7: X x X x[0,1] — X. We choose a base point e € X.

4.1. Gromov product and sequential boundary.

DEFINITION 4.1. Set ky = A+ k, D =2(1+ E)k; + C, and Dy = 2D + 2. We define a
product (- | -)e: X x X — Ry by

(# [ y)e = min{dx (e, x), dx(e,y), sup{t € Rx : dx(rpy(e, z,1), rp7(e,y, 1)) < Di}},
We abbreviate (z | y). by (z | y).
LEMMA 4.2 ([12, Lemma 4.8|). Set Dy := E(Dy + 2ky). For z,y,z € X, we have
(x| 2) = Dy ' min{(z | y), (y | 2)}-

We use a sequential model of the ideal boundary introduced in [I3]. The idea is based
on [I5] and [I4, Chapitre 7].

DEFINITION 4.3. Let
Soo(X) = {(x;) : (z; | ;) = 00 asi,j — oo}
and define a relation ~ on S, (X) as follows. For every (x;),(y;) € Sx(X), we have
(:) ~ () if
(x; | y;) = 00 as i — oc.

LEMMA 4.4. The relation ~ is an equivalence relation on S (X).

PROOF. It is clear that the relation ~ is reflexive and symmetric. Lemma implies
that it is transitive. OJ

DEFINITION 4.5. Let
0X = S(X)/~ and X =XUOIX.

For z € X and a sequence (z;) in X, we write (x;) € z if x; = x for every i € N. We
extend the Gromov product (- | -): X x X — Rsg to a symmetric function (- | -): X x X —
R>o U {oc} by letting

(2) (z | y) = sup{liminf(z; | y) : (=) € =, (y:) € y}

for x,y € X.
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For n € N, let
Vi={(z,9) e X x X :(z]y) >n}U{(z,y) € X x X :dx(z,y) <1/n},
Valrl ={y € X : (z,y) € V,,}, (v € X).

By [13, Lemma 2.6], {V,, : n € N} is a base of a metrizable uniformity on X. See
also [12, Section 4.3].

DEFINITION 4.6. Let X be equipped with the topology 7(|) generated by the family
{V,[z] : € X,n € N}. We call the subspace 0X of X the Gromov boundary of X with
respect to (- | ). We also call 0.X the ideal boundary of X.

LEMMA 4.7 (|13, Lemma 2.8, Theorem 2.9]). We have the following:

(i) The relative topology T(.)[x on X with respect to X coincides with the topology
Tq induced by the metric d.
(ii) X is a dense open subset in X.
(iii) If (X, d) is complete, then so is (X, d).
(iv) If (X, d) is proper, then (X,d) is compact.

4.2. Combing at infinity.

LEMMA 4.8. Suppose that X is proper. Then there exists a map
py: X X X x Ryg — X

satisfying the following:

(i) For z,y € X, we have rpy(x,y, —) = rpy(x,y, —).
(i1) For (e,x) € X x 0X, there exists a sequence (x,) in X such that the sequence of
maps (rpy(e, x,, —)In: N — X)), converges to rpy(e, x, —)[n pointwise.
(iii) For (e,z) € X x 0X, we have

(rpy(e,z,t) | x)e = 00 as t— oc.

(i) For (e,x) € X x 0X, the map rpy(e,z,—): Rsg = X is a (A, k1)-quasi geodesic,
where k1 == A+ k.

PROOF. For (z,y) € X x X, we define rpy(z,y, —) by the equality in[(i)] We use [12,
Proposition 4.17] to construct maps rpy(e,x,—) for (e,x) € X x 0X satisfying and

(ii)] Finally, follows from [12, Lemma 4.1]. O

DEFINITION 4.9. We call the map rp¥ given in Lemma [4.8| an extended bicombing on
X x X corresponding to v. For (e,x) € X x X, we abbreviate rp¥(e, z, —) by v*(—).

LEMMA 4.10 (12, Proposition 4.2|). The extended bicombing rpy on X x X satisfies
the following:
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(1) Let (e, 1), (e2,22) € X x 0X and let a,b € Rxq. Set x} := rpy(er,x1,a) and
xh := rp7y(ea, x2,b). Then, for ¢ € [0,1], we have
dx (rpy(er, x1, ca), rpy(es, x2,¢b)) < (1 — ¢)Edx (€1, e2) + cEdx (z},25) + D
where D :=2(1+ E)k; + C.

(2) We define a non-decreasing function 0: Rsg — Rsqg by 0(t) :== 0(t + 1) + 1. Let
(e1,21), (€9, x9) € X x OX Then fort,s € Rsg, we have

[t — 5| < O(dx(e1, e2) + dx(rpi(er, 21, 1), 1P (€2, 3, 8)))-
DEFINITION 4.11. For x,y € 0X, we define

(Ve [ 78)e :=sup{t € Ry : dx (¢ (¢),72(t)) < D1}

For x € 0X and for p € X, we define
(7 [ P)e = (p [ 7)e := min{dx (e, p), sup{t € Rxo : dx(rpy(e,p. 1), 7 (t)) < Di}}.

LEMMA 4.12. There exists a constant Q@ > 1 depending on A\, k, E,C,0(0) such that the
following holds:

(1) For x,y € 0X, we have

(ve |78 < (x| y) < Qv | D)
(2) For triplet x,y,z € 0X, we have

(ve 178) = Q7 min{(h7 [42), (0 |7}

(3) For triplet x,y,z € X, we have

(z]2) = Q@ min{(z | ), (y | 2)}.
(4) Let x,y € 0X. For allt € Rsq with t < (7% | ~Y), we have

dx (7¢ (1),7¢(t)) < Q.
(5) Lete € X and let v,y € X. If rpy(e, z,a) = rpy(e,y,b) for some a,b € Rxq, then
for all t € [0, max{a,b}] we have

dx(rpy(e, =, 1), rpy(e, y, 1)) < €2,

(6) Let e € X and x € 0X. Forv € X andt € [0,1], we have
(x| v(e,0,1))e = Q7 min{(z | v)e, tdx (e, v)}.

PROOF. [(1)]to[(5) are [, Lemma 2.9]. We give a proof of[(6)] We suppose that (z | v) <
tdx(e,v). Set s = (z | v). By [12, Lemma 4.7|, we have dx(v*(s),rpy(e,v,s)) < Dy + k.
Set s’ == s/(FE (D1 + ki1)). Then,

E

- - z D<D+1<D,.
E(Dl + kl)dX(’ye (8),rp’y(e,v, 8)) + = +1l=sD

dx(7e ("), rpy(e,v,s)) <
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Thus (& | (e,0,1)) > (B(D: + k1)) | v).
Next, we suppose that (z | v) > tdx(e,v). Set T = tdx(e,v). By [12, Lemma 4.7], we
have dx (v*(T'),rpy(e,v,T)) < E(Dy+ k1) + D. Set t' =T /E(E(Dy + k1) + D). Then,

dx (7 ('), rpy(e, v, 1)) < E(E(D, f/{:l) n D>dX(’Yf(T),rpfy(e,v,T)) +D<D+1<D
Thus (z | y(e,v,t)) > {E(E(Dy + k1) + D)} 'tdx(e,v). O

4.3. Visual maps. Let (X, dx) and (Y, dy) be metric spaces. We say that amap f: X —
Y is a large scale Lipschitz map, if there exists L > 1 such that

dy (f(z), f(y)) < Ldx(z,y) + L.

Let v, and v, be coarsely convex bicombings on X and Y, respectively. Let a € X and
b € Y be base points of X and Y, respectively.

DEFINITION 4.13. We say that a large scale Lipschitz map f: X — Y is wvisual if for
every pair of sequences (z,,)n, (Yn)n in X with (2, | yn)a — 00, we have (f(z,) | f(yn))p —

Q.

Let f: X — Y be avisual map. We define amap 0f: 0X — 9Y as follows. Forx € 0.X,
we choose a sequence (x,,), representing z. Then we define df(z) to be the equivalence
class of the sequence (f(z,)),. By [9, Proposition 3.5|, 0f(x) does not depend on the
choice of (x,),. We say that df is induced by f.

PROPOSITION 4.14 (|9, Corollary 3.6]). Let f be a visual map. Then the induced map
af: 0X — 9Y 1is continuous.

5. GEODESIC COARSELY CONVEX SPACES

5.1. Geodesic combing at infinity. Let (X, dx) be a metric space. A geodesic bicomb-
ing on X is amap v : X x X x [0,1] — X such that for z,y € X, we have y(z,y,0) = z,

v(x,y,1) =y, and
dx(v(z,y,t),v(z,y,8)) = [t = s|dx(z,y) (t,s€0,1]).

DEFINITION 5.1. Let £ > 1 and C' > 0 be constants. An (E,C)-geodesic coarsely
convez bicombing on a metric space (X, dx) is a geodesic bicombing v: X x X x[0,1] — X
satisfying the following:

Let 1,72, y1,y2 € X and let a,b € [0,1]. Set v} := v(x1,y1,a) and v := v(z2,y2,b).
Then, for ¢ € [0, 1], we have

dX('Y(xl,yl, Ca)a 7(3:271/27 Cb)) < (1 - C)de(xth) + CEdX(yia yé) + C.

LEMMA 5.2. An (E,C)-geodesic coarsely convex bicombing v on a metric space (X, dx)

is a (1,0, E, C,idg., )-coarsely convex bicombing on (X, dx).
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PROOF. It follows from the definition of the (E, C')-geodesic coarsely convex bicombing,

that ~ satisfies [(1)| of Definition

Let xq,x2,41,y2 € X. Then for ¢, s € [0, 1], we have

|th(.T17 yl) - SdX<I27 y2)| < dX<CU17 1'2) + dX(rY(xlv Y1, t)7 /Y(‘TQv Y2, S))
by the triangle inequality. Therefore, v satisfies of Definition with 0 = idg.,. U

EXAMPLE 5.3. Let (X, dx) be a geodesic d-hyperbolic space. For z,y € X, we choose
a geodesic v, ,: [0, dx(x,y)] = X such that v, ,(0) = z and 7, ,(dx(z,y)) = y. We define
v: X x X x[0,1] = X by

’7(‘7:7 Y, t) = /yﬂlyy(t/dX(xv y))

Then 7 is a (1, 8J)-geodesic coarsely convex bicombing. See [14, Chapitre 2. 25.- Propo-

sition| for details.

Let X be a space equipped with an (E, C)-geodesic coarsely convex bicombing v: X X
X x[0,1] — X.
By Lemma and Lemma we have an extended bicombing on X x X. Since v is

a geodesic bicombing, we can upgrade it.

LEMMA 5.4. Suppose that X is proper and ~y is an (E,C)-geodesic coarsely convex
bicombing on X. Then there exists a map

py: X x X x Ry — X

satisfying the following:

(1) For x,y € X, we have rp¥y(x,y, —) = rpvy(x,y, —).

(2) For each (e,z) € X x 0X, there exists a sequence (x,) in X such that the se-
quence of maps (rpy(e,xn, —) : Rsg — X)), converges to rpy(e,x, —) uniformly
on compact sets.

(3) For each (e,z) € X x 0X, we have

(rpy(e, z,t) | x)e = 00 as t— oo.
(4) For each (e,x) € X x 0X, the map rpy(e,z,—): Rsg — X is a geodesic.

PROOF. We can use the same construction of geodesics as the one described in |14,
5-25 Théoréme|. Here we only give a sketch of the proof.

Let (e, z) € X x0X. We choose (z,,) € Soo(X) such that (z,,) € x. By the Arzela—Ascoli
Theorem and a standard diagonal argument, we can take a subsequence z,, such that
the sequence of maps (rpy(e, z,,, —) : Rsg — X)i converges uniformly on compact sets.
This defines a map rpy(e,z, —): R>o — X. From the construction, it is easy to see that
this map is a geodesic, and (rp¥y(e,x,t) | x). — 00 as t — oo. O
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DEFINITION 5.5. We call the map rp7y given in Lemma an extended geodesic bi-
combing on X x X corresponding to . For (e,7) € X x 90X, we abbreviate rpy(e, z, —)

by 7.

LEMMA 5.6. The extended geodesic bicombing rpy on X x X satisfies the following:
Let (e1,21), (e2,22) € X x 0X and let a,b € Rsy. Set 2} := rpy(er,z1,a) and zf :=
rpy(es, x2,b). Then, for c € [0,1], we have

dx (rpy(e1, x1, ca), rpy(es, o, b)) < (1 — ¢)Edx(e1,es) + cEdx (2, x5) + C.
PROOF. The statement follows immediately from of Lemma . O
REMARK 5.7. All statements in Lemma hold for ~*.

LEMMA 5.8. Fore,xz,y € X, we have

(@ | ). > min{dx(e,x),dx(e,y)}.

2de($7y)
PROOF. Set u := min{dx(e,x),dx(e,y)}. We have

dX(rp’}/(G, z, U), rpv(e, Y, U)) < dX(:Ev y) + |dX(€7 ZL’) - dX(G, y)| < 2dx($, y)
Set ¢ :=1/(2Edx(z,y)), we have
dx(rpy(e, z,cu), rpy(e, y, cu)) < cEdx(rpy(e,z,u), rpy(e,y,u)) + C <1+ C.

Therefore,

min{dx (e, z),dx(e,y)}
2de($, y) '

(z]y)e > cu=

5.2. y-convex subspaces.

DEFINITION 5.9. Let X be a metric space with (£, C)-geodesic coarsely convex bi-
combing v: X x X x [0,1] — X. We say that a subspace Y C X is y-convex if for all
x,y €Y and all ¢ € [0,1], we have v(z,y,t) € Y.

The following proposition can be shown by a simple argument.

PROPOSITION 5.10. Let X be a metric space with (E,C')-geodesic coarsely convex bi-
combing andY C X be ay-convez subspace. Then the restriction vy of vy on : Y XY x[0,1]
is a (E,C)-geodesic coarsely convex bicombing on'Y . Moreover, the inclusion v:Y — X
extends to a topological embedding T: Y — X.

COROLLARY 5.11. Let X be a metric space with (E,C)-geodesic coarsely convex bi-

combing and'Y C X be a y-convex subspace. Then the ideal boundary of Y with respect
to vy is homeomorphic to u(Y) \ t(Y), where o(Y) is the closure of 1(Y) in X.
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6. CONTINUITY AT INFINITY

We study maps between geodesic coarsely convex spaces which are not necessarily
continuous, although, induce continuous maps between ideal boundaries. The main result
of this section will be used to prove Proposition 9.2 which is a key proposition for results

in Section [0

DEFINITION 6.1. Let X be a space with a geodesic coarsely convex bicombing. Let
A C X be a subspace and A be the closure of A in X. Let U be a topological space. We
say that a map F': A — U is continuous at infinity if F is continuous at all z € A\ A.

Let (X,dx) be a space equipped with an (F, C)-geodesic coarsely convex bicombing
v: X x X x[0,1] —» X.

LEMMA 6.2. Let A C X be a subspace and A be the closure of A in X. Let f: A — X

be a map such that:

(1) sup{dx(z, f(x)):x € A} < o0, and
(2) forz € X NA, f(r) = .

Then f is continuous at infinity.

PROOF. Let z € 9XNA. We show that f is continuous at x. Set K := sup{dx (=, f(v)) :
x € A}. Let (z,) be a sequence in A converging to . We can assume without loss
of generality that z,, € A for all n. Set ¢, := min{dx(e, f(x,)),dx(e,z,)}. Since
ldx (e, f(x)) — dx(e,x,)| < K, we have

dX(IPV(ea f($n>, tn), rp7(67 Ln, tn)) <K+ dX(xm f(xn)) < 2K.
Set

pn = 1pY(e, f(20), (1/ (2K E)Ly)),
qn = rpy(e, 2, (1/(2KE)t,)).

We have
1
dX<pn7 Qn) S mEdX(rPW(e» f(xn)7 tn)7 rpv(e, Ly tn)) + C S C + 1
So we have (z,, | f(zn))e > 1/(2K E)t,. Then,

(e | F@a)), = @ min{(e | 20),. (@0 | f2a)),} = 0.

It follows that (f(x,)) converges to x. O
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6.1. Image of the exponential map. We fix a base point e € X. We define a map
exp: 0X x Rsg — X by exp(zx,t) := rpy(e, x,t). Set

exp(00X) := {rpy(e,x,t) : x € 0X,t € R5p}
exp(00X) = exp(O0X) U 0X.

We remark that exp(QO0X) is not necessarily coarsely dense in X. In [12] Section 5.5], a
coarse equivalence map ¢: X — exp(Q0X) is constructed. We review the construction.
Let X(© be a subset of X such that X© is 2-dense in X and 1-discrete, that is, for all
v,w € X if v # w then dx(v,w) > 1, and, for all v € X, there exists v' € X with
dx(v,v") < 2. Set Dg:=2DE + D and Y := Bp,(exp(00X)).
Let x: R>p — R is a proper map given in [I2, Section 5.5]. By the construction of
X, for v € X© we have rpy(e, v, x(dx(e,v))) € Y, so we define a map ¢: X© — Y by

p(v) == rpy(e, v, x(dx (e, v))).

We define a map @: X© — Y by

ov) ifveXx®

») =
®) v ifveoX.

Here we remark that X(© \ X(© = §X since X© is 2-dense in X.

LEMMA 6.3. The map %: X© — Y is continuous at infinity.

PROOF. Let € 0X. We show that ¥ is continuous at z. Let (z,) be a sequence in
X ©) converging to . We can assume without loss of generality that z,, € X© for all n.

We remark (z | ). — 00. By [(6)] of Lemma [4.12] we have

(@ | p(@n))e = Q@ min{(x | 2n), X(dx (e, 7))} — 00

since y is proper. It follows that (¢(z,)) converges to x. O

—+

Let 1: X — X© be a restriction such that for x € X, we have dx(v,:(z)) < 2. Le
Jj: Y — exp(O0X) be a retraction such that, for x € Y, we have dx(z,j(x)) < De.
Here we do not require that ¢ and j are continuous. We define a map 7: X — X (© and

7:Y = exp(00X) by

_ v(v) ifve Xx© - jv) ifvey
i(v) = and j(v) =
v if vedX v if v e 0X.

By Lemma , the maps 7 and j are continuous at infinity. We define a map ®: X —
exp(Q0X) by
jopoi(r) ifxreX
if z € 0X.

.|

O(x) :=

8
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LEMMA 6.4. The map ®: X — exp(O0X) is continuous at infinity.

6.2. Angle map. We define a map arg: exp(O0X) — 90X as follows: For z € exp(Q0X),
we choose (pg,t,) € 0X x Rsq such that x = rp¥y(e, p,,t,). Then we define

arg(z) = p,.
LEMMA 6.5. The map arg: exp(O90X) — 0X is continuous at infinity.
We define a map ¥: X — 90X by

argod(zr) ifre X

U(z):=
T if z € 0X.

By Lemmata [6.4) and [6.5] we have the following.

PROPOSITION 6.6. The map V: X — 0X is continuous at infinity.

7. TREES OF SPACES

7.1. Trees of spaces.

DEFINITION 7.1. Let (Z,dz) be a geodesic metric space and 7" be a bipartite tree. Set
V(T):= KUL. Let £&: Z — T be a continuous map. We suppose the following:

(1) For each [ € L, the inverse image £ ~'(1) consists of a single point.
(2) For each k € K, the inverse image X}, := £ !(star(k)) is a geodesic space.

Then we say that Z is a tree of spaces associated with the map &: Z — T and the bipartite
structure V(T)) = K U L.

DEFINITION 7.2. Let (Z,dyz) be a tree of spaces associated with the map £: 2 — T
and the bipartite structure V(7') = K U L.

Let E/ > 1 and C’ > 0 be constants. We suppose that for each k € K, the inverse
image X}, := £ !(star(k)) admits an (E', C")-geodesic coarsely convex bicombing

Vi - Xk X Xk X [0,1] — Xk
Then we say that Z is a (£, K, L, {k }rex ) -tree of geodesic coarsely convex spaces.

DEFINITION 7.3. We say that a metric space Z is a tree of geodesic coarsely con-
vex spaces if Z is (&, K, L, {vV}rex)-tree of geodesic coarsely convex space for some

(6’ K, L, {'Yk}k:eK)-

THEOREM 7.4 ([10]). Let (Z,dz) be a (&, K, L, {"V}rex )-tree of geodesic coarsely convex
space. For k € K, set X, := £ (star(k)).
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Then the space Z admits an (E,C)-geodesic coarsely convex bicombing
v Z X Zx[0,1] - Z
where E = E'+ 2 and C = 6C". The restriction of v to Xy x Xy x [0, 1] is equal to .

DEFINITION 7.5. Let (Z,dz) be a (&, K, L, {7k }rex )-tree of geodesic coarsely convex
space. We call the bicombing v on Z constructed in Theorem the geodesic coarsely
convez bicombing associated with the family {x}.

REMARK 7.6. Let (Z,dz) be a (&, K, L, {k }rex )-tree of geodesic coarsely convex space,
and let v be the geodesic coarsely convex bicombing on Z associated with the family {~;}.
For k € K, set X, := £ !(star(k)).

By the construction, it is clear that for each k € K, the subspace X}, is y-convex in Z.
So by Corollary , the boundary of X, in Z is homeomorphic to 0.Xj,.

7.2. Free products of metric spaces. In [II], we introduce free products of metric
spaces, which can be regarded as trees of metric spaces.

DEFINITION 7.7. Let (X, dx) be a metric space and let Xy be a set with the discrete
topology. Let ix : Xg — X be a proper map. We choose a base point ex € ix(Xy). We
call (Xo,ix,ex) a net of X. For xg € Xy, we denote by Ty the image ix(zg). We say that
(X,dx, Xo,ix,ex) is a metric space with a net.

REMARK 7.8. We often abbreviate specifying a net (Xo,ix,ex) and say that (X, dy)

is a metric space with a net.

EXAMPLE 7.9. Let (X, dy, ex) be a metric space with a base point ex. Let G be a group
acting on X properly by isometries. We define a map orb: G — X by orb(g) = ¢ - ex.
Then (G, o(ex),ex) is a net of X, called G-net.

Let (X,dx) and (Y, dy) be metric spaces with nets. In [I1, Section 1|, we constructed
the free product X Y of X and Y. In [I0], we constructed a bipartite tree 7" and
continuous map £: X %Y — T such that X xY is a tree of spaces associated with &.

ExXAMPLE 7.10. Let G and H be groups acting on metric spaces X and Y. We consider
a G-net of X, and an H-net of Y, respectively. Then the free product G H acts on X %Y
properly. If the action of G and H are cocompact, then so is the action of G * H.

8. AUGMENTED SPACE

8.1. n-th augmented spaces. Let (Z,dz) be a tree of spaces associated with the map
¢: Z — T and the bipartite structure V(7') = K U L. For each k € K, we denote by X,
the preimage £ !(star(k)).
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We assume that for each k € K, the set X;;N¢1(L) is 1-discrete. For k € K, we choose
a 1-discrete, 2-dense subset X ,§°) C X}, such that

(3) Xyne (L) c x.

So the pair (X, X,EO)) is a space with a lattice. We choose a bijection k: N — K. Under
these assumptions, we define n-th augmented spaces.

DEFINITION 8.1. Let n € NU {0}. The n-th augmented space An(Z) of Z is a tree of
spaces associated with the map A, (£): A,(Z) — T satisfying the following:
(1) For i € N with ¢ < n, the space A,(§) " (star(k(2))) is isometric to Xy).
(2) For i € N with ¢ > n, the space A,(£)"!(star(k(7))) is isometric to the metric

horoball H (X, X,g(()g)) of the space with a lattice (X, X,g(()g)).

We call the 0-th augmented space Ag(Z) the augmented space, and we denote it by A(Z).

REMARK 8.2. In the above definition, the coarse equivalence class of the n-th aug-
mented space does not depend on the choice of lattices X ,5,0). Therefore, when we consider
n-th augmented spaces, we implicitly choose lattices, and we say that A, (Z) is the n-
th augmented space of Z, without mentioning lattices. We abbreviate H(Xk,X,gO)) by
H(Xy).

The augmented space A(Z) does not depend on the choice of the bijection k: N — K.

We can explicitly construct an n-th augmented space A,(Z) from a tree of spaces Z
by choosing lattices that satisfy Assumption (3) and gluing combinatorial horoballs along
lattices by the way described in Definition [2.5]

8.2. Bicombings on n-th augmented spaces. Let (Z,dz) be a (§, K, L, {Vk }rex )-tree
of geodesic coarsely convex spaces. Let v be the geodesic coarsely convex bicombing
associated with the family {~x}. We choose a pair of constants (E’,C") such that ~ is
(E',C") geodesic coarsely convex.
For k € K, set Xy: = { !(star(k)). For k € K, we define an (E’,C" + 8§)-geodesic

coarsely convex bicombing A, (vx) on A, (&) (star(k)) = A, (X}) by the following:

(1) lf’L S n then An('Yk(i)) = ’Vk:(i)7

(2) Suppose i > n. Note that A,(Xyq)) is equal to H(Xyq)). For o,y € Ap(Xya)), we

define a map

An(veiy) (@, y, =) [0,1] = An(Xig))
to be the normal geodesic segment from x to y given in Proposition [2.6]

We choose a bijection k: N — K. Let A,(Z) be the n-th augmented space of Z. Then
A (Z) is a (An(€), K, L, {Ay(7k) brek )-tree of geodesic coarsely convex space. Let A, (7)

be a geodesic coarsely convex bicombing on A,,(Z) associated with {A, (7x)}
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DEFINITION 8.3. We call the bicombing A,,(Z) constructed in the above an augmented
bicombing associated with the family {Vi }rek -

REMARK 8.4. For i < n, Xy is an A, (7)-convex subspace, so by Corollary , 0 X
is a closed subspace of 04, (2).

For i > n, H(Xyq)) is an A, (y)-convex subspace, the boundary OH (X)) = H(Xkw)) \
H (X)) consists of a single point. We call this the center of the horoball H(Xyg), and
denote by cy;).

9. (CO)HOMOLOGY OF THE IDEAL BOUNDARY OF A TREE OF SPACES

Let (Z,dz) be a (&, K, L, {~}rex )-tree of geodesic coarsely convex spaces. We fix a
bijection k: N — K. Let A(Z) be the augmented space of Z, and let A,(y) be the
augmented bicombing on A, (Z) associated with the family {vi}recx-

REMARK 9.1. It is clear that the inclusion ¢,: A, (Z) — A,-1(Z) is a visual map in
the sense of Definition [£.13] By Proposition it induces a continuous map

Otp: 0AL(Z) — 0A,1(Z).

The family {0A,(Z), Ou,} forms a projective system, and the projective limit is 07, that

is,

07 =1imdA,(Z).

The following is a key proposition for computing (co)homologies of 7.

PROPOSITION 9.2. For n € N, there exists a continuous retraction
Sk(n): OAR(Z) = 0 X

We will prove Proposition [0.2]in Section [L0]

9.1. Cohomology. Let M* = (M™),en be the K-theory or the Alexander-Spanier coho-
mology, and let M* be the reduced one. For a compact Hausdorff space Y, and e € Y,
we have M*(Y) = M*(Y, {e}).
We consider the long exact sequence for the triple (0A4,(2),0Xkw), {en})-
o= MP(0AL(Z),0X ) = MP(OAL(Z), {en}) = MP(0Xk(n), {en})
— Mp+1(6An(Z), an(n)) — e

By Proposition [9.2] the above exact sequence splits, so we have

(4) 0 — MP(0AL(Z),0Xkm) = MP(0AL(Z)) — MP(0 X)) — 0.
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By the strong excision axiom, we have
MP(0AL(Z), 0Xk(ny) = MP((0AL(Z) \ 0X k)™ {ckm) })
= MP(0An-1(Z),{ckm})
= MP(0A,-1(2)).

Here (0A,(Z) \ 0Xjxn))T denotes the one-point compactification

(0A(Z) \ 0 X)) U {ck(n) }-

It follows that M?(0A,(Z)) = MP(0A, 1(Z)) ® MP(0Xkm)). By the continuity of M*,
we have MP(0Z) = @Mp(ﬁAn(Z )). Here we summarize the computation.

THEOREM 9.3. Let Z be a (&, K, L, {7k }trex)-tree of geodesic coarsely convex spaces.
Suppose that Z is proper. Set Xy := £ (star(k)). Let A(Z) be the augmented space of Z.
Then,

MP(0Z) = MP(0A(Z)) & P MP(0Xy).

keK

Here we remark that the topological type of 9A(Z) is described in Theorem [11.4]

9.2. Homology. Let M, = (M,),en be the K-homology or the Steenrod homology, and
let M, be the reduced one. For a compact Hausdorff space X, and e € X, we have
VLX) = M.(X, {e}).

THEOREM 9.4 (|19, Theorem 4|). Let Y} < Yy <= Y3 < -+ be a projective system of

compact metric spaces. Then there exists an exact sequence
0= lm' My, (Y;) = M,(lim ¥;) = lim M, (Y;) = 0.
By the same argument as the one in Section 9.1, we obtain
M,(0A,(Z)) = My(0A,1(Z)) © My(0Xin))-
By Theorem [9.4] we have
O—>L My 11(9An(Z)) = Mp(0Z) — lim M (0AL(Z)) — 0.

By Proposition [0.2] the maps M,.1(0A,11(Z)) = My11(0A,(Z)) are surjective, so the
Mittag-LefHler condition holds. Thus, L +1(0A,(Z)) vanishes.

THEOREM 9.5. Let Z be a (&, K, L, {Vktrex)-tree of geodesic coarsely convex spaces.
Set Xy, := & (star(k)). Suppose that Z is proper. Let A(Z) be the augmented space of Z.
Then,

M,(02) = M,(0A(2)) x [ Mp(0Xy).

keK
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9.3. K-theory of the Roe algebra. Let V' be a proper metric space. We denote by
C*(V') the Roe algebra of V. We also denote by K X,(V') the coarse K-homology of V.
For detail, see [17], [21] and [I§].

Suppose that V' is a proper coarsely convex space. By [12, Theorem 1.3], the following

coarse assembly map is an isomorphism.
pi: KX,(V) = K (C*(V)).
By [12 Theorem 6.7|, the following transgression map is an isomorphism.
Toy: KX. (V) — K. 1(0V).
Thus, we have an isomorphism
(5) Tyy o ut: K (CH(V)) = K,_1(dV).

THEOREM 9.6. Let Z be a (&, K, L, {7k trex)-tree of geodesic coarsely convex spaces.
Set X, := £ (star(k)). Suppose that Z is proper. Let A(Z) be the augmented space of Z.
Then,

K,(C*(Z)) = K, 1 (0A(Z)) x [ [ Kp-1(0X).
keK

PROOF. Combining Theorem for K-homology with an isomorphism
K.(C*(2)) = Ko 1(02)

obtained by applying for geodesic coarsely convex space Z, we obtain the desired
result. [

COROLLARY 9.7. Let Z be the tree of geodesic coarsely convex spaces described in The-
orem[2.6. We have
K,(C*(2)) = K,1(0A(2)) x [ [ Ko(C*(X4)).
keK

PROOF. Combining Theorem [9.6] with isomorphisms
K. (C* (X)) 2 K,_1(0X) and K, (C*(Y)) = K,_1(dY),
we obtain the desired result. U
9.4. Case of free products.

Proof of Theorems[1.1] and and Corollary[1.3 Let X and Y be proper geodesic coarsely
convex spaces with nets. Suppose that the net of X and that of Y are coarsely dense in
X and Y, respectively. Let X xY be the free product of X and Y. Then X %Y is a tree
of space. Since the net of X and Y are coarsely dense in X and Y, respectively, by The-
orem the ideal boundary 0A(X % Y') of the augmented space has no isolated point.
So, OA(X *Y') is homeomorphic to the Cantor space C. Then applying Theorems
and and Corollary for X x Y, we obtain the desired result. O
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10. CONSTRUCTION OF RETRACTIONS

Let (Z,dz) be a (&, K, L, {yk }rex )-tree of geodesic coarsely convex space. We suppose
that Z is proper. Let « be the geodesic coarsely convex bicombing on Z associated with
the family {vx}rerx. By Remark , we can regard 0X}, as a closed subspace of 9Z. The
purpose of this section is to construct a retraction si: 07 — 0.Xj.

Let k € K. For x € 07, set

t(k;x) :=sup{t € R : rpy(e,z,t) € X;}.
We define a map 7,: 0Z — X by
mi(z) = rpY(e, z, t(k; x)).

REMARK 10.1. For z € 0Z\0Xy, we have t(k; x) = d(e, rpy(e, x,t(k; x))). For z € 0X},

we have t(k;x) = oo and m(z) = rpy(e, z,00) = x.

LEMMA 10.2. We fix k € K. Let e € X}, be a base point of Xy, and let v,w € X} such
that v # w. Then for x € m, ' (v) and y € 7}, (w), we have

(x| y)e < Qmax{dz(e,v),dz(e,w)} + Q).
Here Q) is a constant given in Lemma[{.13
PROOF. We define t € R by
t = max{t(k;x),t(k;y)} + Q = max{dz(e,v),dz(e,w)} + Q

The geodesic from 7#(t) to v¥(t) is obtained by concatenating y(v*(t),v, —), v(v,w, —)
and y(w,~Y(t),—). So we have

dz(ve (1), 7E(t)) = dz (e (), v) + dz(v,w) + dz(w, (1))
>t —tlk;x) +dz(v,w) +t —t(k;y)

> Q.
Thus by ((4)| of Lemma [4.12, we have (77 | 7¥). < t. Then by |(2) of Lemma [4.12} we have
(@ [ y)e < Q0E [ 1E)e < Q. O

LEMMA 10.3. We fir k € K. Let e € X}, be a base point of X, and let v € Xj. Then
for x € 90X}, and y € ' (v), we have

(x| y)e < Qdz(e,v) + Q).
Here Q) is a constant given in Lemma[{.13
PROOF. We can prove the lemma by a similar argument as the proof of Lemma|10.2, [

LEMMA 10.4. The map m: 0Z — X} is continuous.
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PROOF. Let x € 0Z. We will show that 7 is continuous at x. First, we suppose that
x € 0Z \ 0Xk. Set v = mg(x). Then by Lemma , 7, ' (v) is an open set. This implies
that 7 1s continuous at x.

Now we suppose that x € 0X). We remark that m,(x) = x. For r € R, set V,[z] :=
{y € X :(x]|y)>r} The family {V,[z] : n € N} forms a system of the fundamental
neighborhood of x. We will show that for each n € N, there exists 7" € R such that

(6) T (Vr[z]) C Via[mi(2)] = Vi [a].

We fix n € N. Set T = EQ*(n+ 1) + Q% Let y € Vy[z]. Thus, (z | y)e > T. Set
v = m(y). By Lemma we have

tk;y) = dz(e,v) > QYo | y)e — Q> EQ(n+1) >n+ 1.

Set 7" := EQ(n +1). By item|(4)| of Lemma [4.12| we have dz(v*(T7"),7¢(1")) < Q. Then

we have

1
dz(7¢(n+1),7(n+1)) < =5 Edz(7¢(T"),7(T")) + C <1+ C.

— EQ
Moreover, we have
n+1
dz(7¢(n+1),rpy(e,v,n + 1)) < WEdz(vé’(t(k; y)), rpy(e, v, t(k;y))) + C
=C.

Here we used that 7Y (t(k;y)) = v = rpy(e, v, t(k;y))) and that n+1 < t(k;y). Combining
these, we obtain

dz (7 (n +1),rpy(e,0,n +1)) <20+ 1.
It follows that (z | v) > n. Thus, v = 7(y) € V,—1[z]. Therefore, (€ holds. This implies

that 7 i1s continuous at x. O
Let U, : X, — 0X), be the map constructed in Section [6.2]
DEFINITION 10.5. We define a retraction s;.: 0Z — 90X} by
s = Wy omy.
PROPOSITION 10.6. The map si: 0Z — 00Xy is continuous.

PROOF. Let x € 0Z. We will show that 7, is continuous at .

Let x,, be a sequence in 97 converging to x. Since 7y is continuous, the sequence 7y (x,,)
converges to mg(z) € 0Xj. Then by Proposition the sequence (Vg (m(x,))) converges
to Wi (me(2)). O

Proof of Proposition[9.3 Applying Proposition to the tree of spaces A,,(Z) associated
with the map A, (§): A,(Z) — T, we obtain the desired result. O
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11. IDEAL BOUNDARIES OF THE AUGMENTED SPACES

Let (Z,dz) be a (&, K, L, {yk }rex )-tree of geodesic coarsely convex space. We suppose
that Z is proper.

Let A(Z) be the augmented space of Z. For simplicity, we denote by v an augmented
bicombing on A(Z) associated with the family {vi}rex-

For z € A(Z), set Wy[z] = {y € DA(Z) : (7% | 7¥)e > n}. Recall that ’Hcomb(X,gO))(O)
denotes the vertex set of the combinatorial horoball Hcomp (X ,S,O)). We consider the family

T o= | [{Wal2] : # € Heomp(X") 0 € N}.

keK

Since Z is proper, for any bounded subset B C Z, the cardinality of the set B N X ,5”’ is
finite. It follows that 7T is countable.

LEMMA 11.1. The family T is a countable family of open basis of 0A(Z).

PROOF. We have already seen that 7 is countable. Let z € 0A(Z), and n € N. We
will show that there exists U € T such that

reU C V,[z]N0A(Z).
We choose t € R such that:
t > 4EQn + 2,
rpy(e, x,t) = 75 (t) € ’H(Xk,X,gO)) for some k € K.

There exists ©/ € ’Hcomb(X,go))(o) such that daz)(7Z(t),2") < 2 since Hcomb(X,EO))(O) is
2-dense in H (X, X,go)). By Lemma M, we have

inyd : (1)), d @’ t—2
(E(t) | o) > 2intda (e e )2 A(,Z)<€ v t=2
2EdA(Z)(7€ (t),x) 4F

So
(v [a') = Q@ min{(y7 | 72(1), (72 (1) | )} > =5 = @n.
Set ¢ = Q*n. Then for all y € Wy [2'],

(x| y) 2 Q2 min{(x | 37), (37 | @), (' | 9)} 2 m.

Here we used that (2/ | y) > (7% | 7¢) > Q%n. Therefore, x € Wy [2'] C V,[z] N OA(Z).
This implies that 7 is an open basis of 0A(Z). O

LEMMA 11.2. Each W € T s a clopen set.

PROOF. Let k € K. Let 2 € Heomp(X\ )@ and n € N. We will show that W, [z] is
closed. Let y € 0A(Z) \ W,|z]. We will show that there exists 7" > 0 such that

Warlyl C OA(Z) \ W, [z].
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For p € 0A(Z), set
s(k;p) :=inf{t € R: rpy(e,p,t) € X,E,O)}, t(k;p) :=sup{t € R : rpy(e,p,t) € X}

Here we use the convention that inf() = oo and sup() = —oo. First, we suppose y =
cr € Hcomb(X,iO))(O). Then s(k;y) < oo and t(k;y) = co. We remark that the geodesic
rpY(vY(s(k;y)),y, —) consists of vertical line in H(Xj, X,EO)). Let h be the depth of x in
’Hcomb(Xlgo))(O). Set T := h + s(k;y) +n+ D;. Let v € Warly]. We have

rpy(e,y.t) =rpy(e.y/st) (Vi€ [0,T]).
See fig. [1] If y' € W, [z], then

dz(v¢(n), rpy(e,y,n)) = dz (7 (n), rpy(e, 4, n)) < Dr.
Thus (v¢ | 7¥) > n. This contradicts y ¢ W,[z]. Therefore, v’ ¢ W,[x], so we have
Worly] N W, [z] = 0.
Next, we suppose y ¢ Hcomb(X,go))(O). If s(k;y) = oo, then set T'= 2n + D;. It is easy
to see that Warly] N Wy[z] = 0. If s(k;y) < oo, then set T = t(k;y) + 2n + D;. For
y' € Warlyl], we have

rpy(e,y,t) = rpyle,y,t) (vt € [0,T]).

See fig. [2 Then by a similar argument as before, y' ¢ W, [z]. Therefore, Wor[y| "W, [z] =
0. O

LEMMA 11.3. Let k € K. The center ¢ of the horoball H(Xy) is an isolated point if
and only if X;, N EY(L°) is bounded, where L° denotes a set of vertices | € L which are
adjacent to at least two different vertices in K.

PROOF. For p € 0A(Z), set
t(k;p) :=sup{t € R:rpy(e,p,t) € Xy}

First, we suppose that ¢ is an accumulation point. Thus, there exists a sequence (x,,)
in 0A(Z) \ {cx} converging to ¢x. Then we see that t(k;x,) — oco. We remark that
rpy(e, Tn, t(k; ,)) € Xp NE(L). Therefore, X, N E71(L°) is unbounded.

Next, we suppose that X N ¢71(L°) is unbounded. Then there exists an unbounded
sequence (v,) in X;NE1(L°). By the definition of L°, for each v,,, there exists k,, € K\{k}
which are adjacent to &(v,). Then we see that ¢, converges to c. See fig. [3]. 0

THEOREM 11.4. Let Z be a tree of geodesic coarsely convex spaces, and let A(Z) be the

augmented space of Z.

(1) Let 0A(Z)iso denote the set of isolated points in OA(Z). Then,
OA(Z2)iso = {cr 1 k € K, X; NE (L) is bounded }.
(2) If 0A(Z) has no isolated point, then OA(Z) is the Cantor space.
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PROOF. By Lemma [11.3]
OA(Z)iso N{cr: k€ K} ={cp : k€ K, XpNE (L) is bounded }.

Let © € 0A(Z)iso \ {ck : k € K}. Then there exists a sequence {t,} C R>¢ and {k,} C K
such that rpy(e, x,t,) € Xy, for alln € N, and k,, # k,, for all n # m. Then the sequence
(ck,) converges to x. Thus, [(1)| holds.

By Lemmata and , 0A(Z) has a countable basis consisting of clopen sets. Thus,
if 0A(Z) has no isolated points, 0A(Z) is homeomorphic to the Cantor space by [4]. O

REMARK 11.5. It is known by [I, Lemma 4.6(2)] that the augmented space A(Z) is
a Gromov hyperbolic space. The ideal boundary of A(Z) constructed by the geodesic
bicombing coincides with the Gromov boundary of A(Z) as a Gromov hyperbolic space.

12. TOPOLOGICAL DIMENSION OF IDEAL BOUNDARIES

In this section, we study the topological dimensions of ideal boundaries of trees of
spaces. Then we apply the results to the cohomological dimension of free products of
groups.

12.1. Topological dimension.

FIGURE 1. geodesics 7¢ and 7¢ where y = ¢,
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Xk
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FIGURE 2. geodesics 7Y and 7¢ where y # cy,

THEOREM 12.1. Let (Z,dz) be a (&, K, L,{V}kek)-tree of geodesic coarsely convex
space. Suppose that Z is proper. For k € K, set X}, := £ 1(star(k)). Then,

dim(0Z) = sup{dim(0Xy) : k € K}.

Theorem is obtained by applying Theorem to free products of metric spaces.

Let (Z,dz) be a (&, K, L, {7V }rer )-tree of geodesic coarsely convex space. We fix a
bijection k: N — K. Let A(Z) be the augmented space of Z.

For simplicity, we denote by v an augmented bicombing on A, (Z) associated with the

family {yi}rer-
We introduce a new neighbourhood basis. For x € A, (Z) and r > 0, set

Wela] = {y € 04,(2): (07 [¢) = 7}
By [(1)] of Lemma [4.12] the family {W,[z] : r > 0} forms a neighbourhood basis of z.
LEMMA 12.2. Let A,,(Z) be the n-th augmented space as above.
dim 04, (Z) < max{dim 0Xj; : 1 <i < n}.

PROOF. We suppose that N := max{dim 0Xy;) : 1 <i <n} < oo. Let U = {Us}aca
be a finite open cover of 0A,(Z). We can suppose without loss of generality that U
consists of neighbourhood basis, that is, for a € A, there exists (z4,n4) € A,(Z) X N
such that

Ua = Wa,[za] = {y € 0A4(Z) : (e | 1) > na}
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Furthermore, since A,(Z) is normal, and each 09X}, is closed, we can assume that for
each a € A, there exists at most one 7 € {1,...,n} such that U, N 0X) # 0. Set

A ={a: Uy NOXy # 0}
We can assume that for ¢ # i’ and for « € A; and o/ € Ay, we have
(7) Us N Uy = 0.
By taking a common refinement of the cover
{Up:ae\j} and  {W,[2]: (z,n) € Xy x N},

we can assume that for oo € A;, we have (z4,74) € X x N.
Since dim 0Xy;) < N, the cover {U, : o € A;} has a refinement V; of order N + 1.

Now set

Fi=JU.=JW Z/:_aAn(Z)\<U F)

a€ElN; Vey; 1<i<n

Since F;’s are open, Z' is closed, so Z’ is a compact metrizable space.
CLAIM 12.3. For each i =1,...,n, F; is closed. Thus, Z' is open.

Ck

3
S
[\
P
=
_me=@
7

Xk

(’,]% (7»‘2 (’,;‘A]

FIGURE 3. ¢, converges to ¢
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We will show the claim by a similar argument as in the proof of Lemma [11.2]

Let x € 0A,(Z) \ F;. We will show that there exists T, > 0 such that Wy, [z] N F; = 0.
Since A; is a finite set, it is enough to show that for each ao € A;, there exists T}, , > 0 such
that Wor,  [#]NU, = 0. We remark that U, = W, [x,] N0A,(Z) with (z4,n,) € X x N.

For k = k(i) € K with i > n, let ¢, = cp(;) be the center of the horoball H(X}). First,
we suppose that x = ¢, for some k € K\ {k(i) : 1 <i <n}. Set

s(k;x) :=1inf{t € R : rpy(e, z,t) € X,go)}.

The geodesic rpy (v (s(k; x)), x, —) consists of the vertical line. Set T, ,, := s(k;x)+4D,+
No. Then for y € War, [z], we have

rpy(e,x,t) = rpy(e,y,t) (V€ [0, T;4])
Ify e U, =W,_|[za], then
dz(xpy(e, Ta, na), TPY(E, T, 10)) = dz(xpY(€, Ta, na), TPY(E, Y, 1a)) < D1
Here the last inequality holds because (y** | 4¥) > n, and the map
t = dz(xpy(e, 2o, 1), 1p7(€, 9, 1))

is strictly increasing for ¢ > s(k;x). Thus, (¥ | v%*) > n,. This contradicts x ¢ U,.
Therefore, y ¢ U,, so we have

WQTx’a[ZL’] N Ua = @

Next, we suppose x # ¢ for all k € K. Then there exists k € K\ {k(i) : 1 <i < n}
such that

s(k;x) :=1inf{t € R: rpy(e, z,t) € X}

is finite, and dz(rp7y(e, x, s(k;x)), o) > 2n4. Set T, = 2(s(k;x) + no + D1). Then for
all y € War, . [z], we have

rpy(e, z,t) = rpy(e,y,t) (Vt € [0,T,.4]).

By the same argument as before, y ¢ U,, so we have War,  [x] N U, = (). This completes
a proof of the claim.

Now by a similar argument as in Section [11], we see that Z’' has a countable basis
consisting of clopen sets. Thus, Z’ is zero dimensional. So the open cover

{U.NZ"a¢ N, 1<i<n}

has a refinement V,, of order 1. It follows that I/ has a refinement V., U, V; of order
N + 1. Thus, dim0A,(Z) < N. O
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Proof of Theorem [12.1]. Since each 0.X}, is a closed subset, we have
dim(0Z) > sup{dim(0Xy) : k € K}.

By a formula for the topological dimensions of projective limits in Engelking’s book [8],
Theorem 1.13.4], we have

dim(0Z7) < supdim A, (2).
By Lemma [12.2] we have
sup dim 0A,,(Z) < sup dim 0Xy).
This completes the proof. ([l

12.2. Cohomological dimensions of free products of groups. For a group G, we
denote by c¢d G the cohomological dimension of G.

The following theorem relates the cohomological dimensions of group G acting on
coarsely convex space X and the topological dimension of the ideal boundary 0.X.

THEOREM 12.4 ([12] Corollary 8.10]). Let G be a group acting geometrically on a proper
coarsely convex space X. If G admits a finite model for the classifying space BG, then

cdG =dimoX + 1.

COROLLARY 12.5. Let G and H be groups acting properly and cocompactly on geodesic
coarsely convexr spaces X and Y respectively. Suppose G and H admit finite models for

the classifying spaces BG and BH respectively. Then we have
cd(G * H) = max{cd G,cd H}.

PROOF. We consider the free product of the spaces X * Y described in Example [7.10}
Then the free product of the groups G * H acts on X *x Y properly and cocompactly.
Since the free product G' * H is hyperbolic relative to {G, H}, by [12 Theorem A.1],
G x H admits a finite model for the classifying spaces B(G % H). By Theorem we
have
cd(G) =dimoX +1, cd(H)=dimdY +1, cd(G*xH)=dimo(X *Y)+ 1.
Therefore cd(G * H) = max{cd G,cd H}. O

We remark that Corollary is a special case of the following more general formula
for the cohomological dimensions of free products.

THEOREM 12.6 ([5, VIII (2.4) Proposition, (a) and (c)|). Let G and H be groups. Let
G x H be the free product of G and H. Then we have

cd(G * H) = max{cd G,cd H}.
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