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Mabuchi solitons and Mabuchi constants
on Fano admissible manifolds

By Shotaro MURAYAMA and Yasufumi NITTA

Abstract. In this paper, we study the existence of Mabuchi solitons
on admissible manifolds as defined by Apostolov—Calderbank-Gauduchon—
Tgnnesen-Friedman. We prove that a Fano admissible manifold admits a
Mabuchi soliton if and only if the Mabuchi constant is less than 1. We also
provide an explicit formula for the Mabuchi constant on Fano admissible man-
ifolds, which generalizes that of Mabuchi. Using this formula, we completely
determine the existence and non-existence of Mabuchi solitons on Fano admis-
sible manifolds over the complex projective space P".

1. Introduction

1.1. Background

A Mabuchi soliton, introduced by Mabuchi in [8], is a generalization of a K&hler—
Einstein metric. Let X be an n-dimensional Fano manifold, and let G be a maximal
compact subgroup of AutO(X ). Let w be a G-invariant Kéahler metric on X representing
2me1(X). By the dd°-lemma, there exists a unique function h,, € C*°(X,R) satisfying

1 n
Ric(w) —w = iddchw7 /X(l - eh“)% = 0.

This function h,, is called the Ricci potential of w.

A Kihler metric w € 2me; (X)% is called a Mabuchi soliton if the gradient

grad (1 — )

with respect to w is a real holomorphic vector field on X. It is immediate that any G-
invariant Kéhler—Einstein metric is a Mabuchi soliton. Moreover, a Mabuchi soliton is a
Kéahler-Einstein metric if and only if the Futaki invariant of X vanishes (see [8, Section
1)).

One motivation for studying Mabuchi solitons comes from the moment map inter-
pretation of the Ding functional. Let H(X)® be the space of all G-invariant Khler
metrics representing 2wcy (X). Then, Donaldson showed in [4] that the map

H(X) 5w 1—el e C®°(X,R)

may be viewed as a moment map, whose zeros are precisely Kéhler—Einstein metrics. In
analogy with the Calabi energy in the scalar curvature moment map picture, one can
consider the Ding energy
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wTL

Ding(w) = — [ (1—ehp? V=
gw.—v/X( —e )F’ =
Yao showed that the critical points of this functional are precisely Mabuchi solitons
([14, Theorem 2.6]). Thus, in the Ding-theoretic setting, Mabuchi solitons play a role
analogous to that of Calabi’s extremal Kéhler metrics ([3]) in the scalar curvature setting.
Moreover, the existence of Mabuchi solitons is related to relative Ding stability through a
Yau-Tian—Donaldson type correspondence ([6]). These features make Mabuchi solitons
natural canonical metrics on Fano manifolds for which the Futaki invariant does not
necessarily vanish.

An obstruction to the existence of Mabuchi solitons is given by the Mabuchi constant.
Let P, be the space of Killing potentials with respect to w, and let I1S : C*°(X,R) — P,
be the L2-projection. Then Mabuchi showed that the constant

My = m)?xl'[f(l —el)

is independent of the choice of w ([8, Section 2]). This Mx is called the Mabuchi constant
of X. The Mabuchi constant satisfies Mx < 1 if X admits a Mabuchi soliton. In this
paper, we study a special class of manifolds, called admissible manifolds ([1, Section 1]),
and prove that the converse holds for Fano admissible manifolds. (We also point out that
a similar equivalence holds for toric Fano manifolds; see [14] for details) Moreover, we give
an explicit formula for the Mabuchi constant of Fano admissible manifolds, generalizing
[8, Theorem 6.5]. Using this, we completely determine the existence and non-existence
of Mabuchi solitons on admissible manifolds over a complex projective space P™.

1.2. Main results
An admissible manifold is a projective bundle Py (Ey & E«) — Y satisfying the
following conditions:

e Y is covered by a product Y = [locaYa (AC Zso, #A < o0) of simply-connected
compact Kéhler manifolds (Y, gq,w,) of real dimension 2d,, with (g,,w,) being
pullbacks of tensors on Y.

e Iy and F, are holomorphic projectively-flat Hermitian vector bundles over Y of
ranks do + 1 and d, + 1, respectively, satisfying

c1(Fx) ()  [wy _
do + 1 do—l—l_{Qw}’ wY'_ggaw‘“

where ¢, € {—1,1} (a € A).

Assume further that each w, is a Ricci positive Kéhler-Einstein metric with Ric(w,) =
€aSawq for s, € R. Then X = Py (Ey @ E) is a Fano manifold if and only if

Sq >do+1 (if e, = 1),
S < —(doo +1) (if gy = —1)

for any a € A (2, Theorem 3.1]). Such an X is called a Fano admissible manifold.
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Our first result shows that, in Fano admissible manifolds, the existence of a Mabuchi
soliton can be completely determined by the Mabuchi constant.

THEOREM 1.1 (CF. COROLLARY 5.11). A Fano admissible manifold X admits a
Mabuchi soliton if and only if Mx < 1.

The proof of Theorem 1.1 is obtained as a consequence of a more general existence
theory for wv-solitons, and will be given in Section 5.2. In general, the existence of
a wv-soliton is obstructed by the v-Futaki invariant (cf. Proposition 5.6). For Fano
admissible manifolds, however, we show that the existence of an admissible v-soliton
is in fact equivalent to the vanishing of the v-Futaki invariant (see Theorem 5.8). On the
other hand, the v-Futaki invariant corresponding to Mabuchi solitons always vanishes.
Therefore, 1.1 follows immediately from Theorem 5.8.

By Theorem 1.1, we can determine the existence of Mabuchi solitons on Fano ad-
missible manifolds in terms of the Mabuchi constant. We next compute the Mabuchi
constant for Fano admissible manifolds. Let

do + doo + 2
O =2mc1(X), z4:= 0t Goo ¥

=55 v de —d; €A

and define the characteristic polynomial pq of by

dq
po(@) = (1+z)® (1 —z)" [] (Ea " 6ax>

acA

(cf. Section 3.3). For i € {0, 1,2}, set

1
b; ::/ z'po(z) da.
-1

In the case dy = doe = 0, Mabuchi obtained an explicit formula for Mx in terms
of by, b1, b2 ([8, Theorem 6.5]). We extend this to general Fano admissible manifolds as

follows.
dp — deo
THEOREM 1.2 (CF. THEOREM 6.1). Let w:= —————. Then
bo|br — whg| — b1 (b1 — wb bo(|br — whg| — (by — wd
My — 0[b1 — wbho| 1(21 wo)zlJr 0(]b1 — who| (22 wbi))
bObQ - bl b0b2 — bl

Finally, we consider admissible manifolds over the complex projective space P™ and
discuss the existence of Mabuchi solitons on them. Any Fano admissible manifold X over
P can be written as

X = Ppn (@@(do+1) D O(k)e)(doo+1))

for some k € Z satisfying k > 1 and n+ 1 > k(dg + 1). Moreover, the existence of a
Mabuchi soliton on X is equivalent to the condition Mx < 1 (see Corollary 5.11). Using
Theorem 1.2, we prove the following theorem.
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THEOREM 1.3 (CF. THEOREM 7.1). The Fano admissible manifold X admits a
Mabuchi soliton if and only if

(k,ds) = (1,0) or (n,k,dy,ds)=(1,1,0,1).
In all other cases, Mx > 1.

Theorem 1.3 can also be interpreted from the viewpoint of stability. By the Yau—
Tian—Donaldson type correspondence for Mabuchi solitons, established by Han and Li
[6], the existence of a Mabuchi soliton on a Fano manifold is equivalent to wuniform
relative Ding stability (see also [14, 12, 13, 7]). Moreover, by [13, Theorem 1], the
Mabuchi constant of any relatively Ding semistable Fano manifold is bounded above by
1. Combining these results with Theorem 1.3, we obtain the following.

COROLLARY 1.4. X is uniformly relatively Ding stable if and only if
(k,ds) = (1,0) or (n,k,dy,ds)=(1,1,0,1).
Otherwise, X is relatively Ding unstable.

1.3. Organization of the paper

We start by reviewing basic notions on Mabuchi solitons in Section 2. The Mabuchi
constant is also introduced. In Section 3, following [1], we introduce the notion of
admissible manifolds. After introducing admissible manifolds, we discuss admissible
Kahler classes and admissible Kahler metrics, which are the main tools of this paper,
as well as the characteristic polynomial associated with an admissible K&hler class. In
Section 4, we focus on those admissible manifolds that are Fano. We give an explicit
formula for the Ricci potential of admissible Kéhler metrics on Fano admissible manifolds
in Section 4.2 (cf. Proposition 4.4). This is a refinement of the result of Maschler and
Tgnnesen-Friedman [10, Corollary 3.3]. Using Proposition 4.4, we obtain Proposition
4.7 for the normalization of the moment map, which plays an important role in the
proof of Theorem 1.2. In Section 5, we introduce the notion of v-solitons on general
Fano manifolds and explain that Mabuchi solitons form a special class of v-solitons.
We also describe the v-Futaki invariant, which is an obstruction to the existence of v-
solitons, and show that, for Fano admissible manifolds, the existence of an admissible
v-soliton is equivalent to the vanishing of the v-Futaki invariant (cf. Theorem 5.8). From
Theorem 5.8 and the fact that the v-Futaki invariant corresponding to Mabuchi solitons
always vanishes (see Remark 5.7), we obtain Theorem 1.1. In Section 6, we study the
Mabuchi constant for Fano admissible manifolds and give its explicit formula (Theorem
1.2). Finally, in Section 7, we prove Theorem 1.3. The proof proceeds by computing
the Mabuchi constant for Fano admissible manifolds over P™ using Theorem 1.2, and
applying Theorem 1.1 to determine the existence of Mabuchi solitons.

ACKNOWLEDGMENTS. The authors would like to thank the anonymous referee for
careful reading of the manuscript and valuable suggestions.
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2. Mabuchi solitons and the Mabuchi constant

We first recall the definitions of Mabuchi solitons and the Mabuchi constant. Let
X be an n-dimensional Fano manifold, and let G be a maximal compact subgroup of
Aut’(X). Let w be a G-invariant Kihler metric on X representing 2mc; (X ), and denote
by h, the Ricci potential of w.

DEFINITION 2.1.  Let w € 2me; (X)) be a G-invariant Kéhler metric on X. We say
that w is a Mabuchi soliton if the gradient

grad, (1 — )
with respect to w is a real holomorphic vector field on X.

EXAMPLE 2.2. Let w € 27mc1(X)% be a G-invariant Kihler-Einstein metric on X:
Ric(w) = w. Then h,, = 0 and hence

grad, (1 — ) = grad 0 = 0.
Therefore, w is a Mabuchi soliton.

EXAMPLE 2.3 ([8, Example 5.8]). Let X = Ppn(Opn @ Opn(1)) be the Fano
manifold obtained by blowing up P"*! at a point. Then X admits a Mabuchi soliton
but does not admit a Kahler-Einstein metric.

Next, we explain the Mabuchi constant, which is known as an obstruction to the
existence of Mabuchi solitons. Let P,, denote the space of Killing potentials with respect
to w, i.e., the space of real-valued smooth functions f € C*°(X,R) such that grad,, f is
a real holomorphic vector field on X. Let IIS: C*(X,R)“ — P, be the L?-projection
with respect to w. Then a G-invariant Kihler metric w € 27¢; (X)% is a Mabuchi soliton
if and only if ITG (1 — /) = 1 — e”~. Moreover, Mabuchi showed in [8] that the constant

m)?XHf(l —el)

is independent of the choice of w € 27¢; (X)C.

DEFINITION 2.4. We define Mx = maxy I1S(1 — ") and call it the Mabuchi
constant of the Fano manifold X.

The following examples show that the Mabuchi constant serves as an obstruction to
the existence of Kahler-Einstein metrics and Mabuchi solitons.

EXAMPLE 2.5.  Assume that 2me; (X)¢ contains a Kihler-Einstein metric w. Then
he, = 0, and hence

Y (1 —eM) =11%0 = 0.

Therefore, we have Mx = max & (1 —e) = 0.
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EXAMPLE 2.6 ([8, Theorem 3.1]). Assume that 27c;(X)% contains a Mabuchi
soliton w. Then

ME(1—eM)=1—eM <1

holds on X. Hence, Mx = m}z{mxﬂf(l —eM) < 1.

3. Admissible manifolds

3.1. Definition of admissible manifolds
In this section, following the description in [1], we explain the definition of admissible
manifolds. For details, we refer the reader to [1].

DEFINITION 3.1.  An admissible manifold is a projective bundle Py (Ey@® Fo) = Y
satisfying the following conditions:

e Y is covered by a product Y = [locaYa (AC Zso, #A < o0) of simply-connected
compact Kéhler manifolds (Y, gq,w,) of real dimension 2d,, with (g,,w,) being
pullbacks of tensors on Y.

e Iy and F, are holomorphic projectively-flat Hermitian vector bundles over Y of
ranks do + 1 and d, + 1, respectively, satisfying

c(Bs)  ci(Bo) _ [wy _
dot1 do+1 {277}’ wy '_;5“““’ (3.1)

where g, € {—1,1} (a € A).

Let X = Py(Ep ® Ex) be an admissible manifold. By the condition (3.1) above,
there exist Hermitian metrics on Ey and E., such that the curvatures of their Chern
connections are given by y ® idg,, Qoo ® idg,_, and satisfy Qs — Q¢ = wy. Let
(90,wo) and (goo,weo) denote the fiberwise Fubini-Study metrics of P(Ey) and P(Fy).
We normalize them so that their scalar curvatures are 2dy(do + 1) and 2d.(deo + 1),
respectively. We also set €9 := 1 and €., = —1.

We summarize below the notation for admissible manifolds used in this paper:

(1) We set A :={a € AU{0,00} | dy > 0}.

(2) Let FEy and E., be the pullbacks of Ey and F. to Y, respectively. Since Y is
simply-connected, they can be written as

Ey=& @O0+ B g o @0®(dctl)

for some holomorphic line bundles & and & over Y. Let £ := & ' ® &. Then £
is a holomorphic line bundle on Y, and can be written as

L= L,

acA
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where each L, is a holomorphic line bundle over Y, satisfying

Cl(ﬁa) = [

gawa :|
2 1°

(3) Let eg .= Py (Fy®0), e =Py (0 & E). Their universal covers are, respectively,
YoxY =Pl xYandV x Y, =Y x Pde.

(4) The blow-up of X along eg U ey is given by X = Py (O® /;') — Y, where YV =
Py (Eo) Xy Py(Es) — Y and £ == Og,(1) ® Op_(—1). In this case, for wy =

> e i fawWa We have ci(L) = [wy/27m]. We say a blow-down occurs if dy > 0 or
dss > 0.

(5) Let éy and é., denote the zero and infinity sections of X, respectively.

3.2. Admissible Kéhler classes and metrics

In this section, we explain a special class of Kéhler metrics on admissible manifolds,
called admissible Kahler metrics. As in the previous section, we refer the reader to [1]
for further details.

We begin by describing admissible Kéhler classes, which serve as the natural setting
for admissible K&hler metrics. Let X = Py (Ey @ E) be an admissible manifold.

DEFINITION 3.2. A Kihler class Q on X is called an admissible Kahler class if
its pullback to X can be written as

[5awa] -
— 4= 2
> (3.2)
acA
for some ¢ € R, z, € R\ {0} with 9 = 1, oo = —1, where = is the Poincaré dual of

27[ép + éso]. If ¢ = 1, the admissible Kéhler class is said to be normalized, or is called a
normalized admissible Kdhler class.

Let Z be a 2-form on X whose pullback to X is [wo] — [wee] + 2. Then a Kihler class
Q is admissible if and only if

B [€awa] -
Q = C <Z T + =
acA
for some ¢ € R and x, € R\ {0}.

PROPOSITION 3.3 ([1, p.557] BY THE DISCUSSION THEREIN). Let ¢ € R and
z, € R\ {0}. Let a cohomology class Q € HY'(X,R) be given by (3.2). Then the
following two conditions are equivalent:

(1) Q is an admissible Kéhler class of X.

(2) c€ Rsp and 0 < g2, < 1 for any a € A.
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Let Q be an admissible Kéhler class of X given by (3.2). By Proposition 3.3, ¢ € Rxg
and 0 < g4z, < 1 for any a € A. The scalar multiplication on the fiber of Fy induces a
C*-action on X. By identifying X := X \ (egUeos) = X \ (69 Ués) with an open subset
of X , Xo is a principal C*-bundle over Y associated to the holomorphic line bundle L.

We now consider the S'-action on X obtained by restricting the C*-action. The
Hermitian metrics on Ey and Es induce a fiberwise moment map z: X — [—1,1]. The
critical submanifolds of z are given by

{1 =e0, 2TH{1)) = e

(A concrete construction of z can be found in [1, Section 2.1]) Let T denote the infini-
tesimal generator of the S'-action on X. Let 6 be a connection form on X, satisfying

b = cqwa. (3.3)
aEA

DEFINITION 3.4. A Kahler metric w € Q on X is called an admissible Kahler
metric if

1+ 2,2 dz?
g==c Z —¢€afa + —F/— + 6(2)02 3

‘T, O(z)
a€A (34)
1+xz,2
w=c Z . Eqwg +dz N O
acA

on Xy, where g is the Riemannian metric associated to w, and © is a smooth function
on [—1, 1] satisfying

(1) 6(z) >0 (z € (-1,1)),
(2) ©(£1) =0, ©'(£1) = F2.
If ¢ = 1, the admissible Kahler metric w is said to be normalized.

Let w € Q be an admissible Kéhler metric in the class 2 defined by (3.4). It is

immediate that z is a moment map for %w:

1
—dz = 17 —w.
c

Moreover, the complex structure on X corresponding to this Kahler structure is obtained
by taking the pullback of the complex structures on each Y, (a € A), together with the
condition d°z = ©(z)6.

REMARK 3.5. Let w be a Kéhler metric on X, and suppose that it can be written in
the form (3.4) on Xy. Then, using (3.3), one can show that w belongs to Q. Furthermore,
the 2-form d(z6), regarded as a differential form on Xy C X, extends to the whole of X,
and its de Rham cohomology class coincides with 2. For details, see (1, pp. 556-557].
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3.3. Characteristic polynomials

In this section, we explain the characteristic polynomial associated with an admis-
sible Kahler class. As will be stated in Proposition 3.7 below, this polynomial coincides,
up to a constant multiple, with the Duistermaat—Heckman polynomial associated with
the S*-action on X.

Let X = Py(Ep ® Ex) be a d-dimensional admissible manifold, and let €2 be an
admissible Kéhler class on X given by (3.2).

DEFINITION 3.6. Let A\, := g,/x, for each a € A (note that A\g = Ao = 1), and
define

pa(r) = H (Mo + qz)% = (1 + )% (1 — )= H (Ao + £q2)%.
a€A acA

We call pq the characteristic polynomial of the admissible Kéahler class €.

The following proposition can be deduced from a careful reading of the proof of [1,
Proposition 6], but we include a short proof for the reader’s convenience.

PROPOSITION 3.7. Let w € Q be an admissible Kéhler metric on X given by (3.4).
Then

w !
/X f(z)m = 27c? H vol(Yy, wa) / f(@)pa(x)de
acA -t

for any integrable function f on the closed interval [—1,1].

ProoF. By the well-known multinomial theorem, we have

d
w? c? 1+2,2
mza ZTeawaerz/\G
. C\acd
d—1
d
1+a,
= (dil)' Z ;x Zsawa ANdz N0
’ acA “
wda
= cIpq(z) /\ da' ANdz N6.
acd "
Then, integration along the fibers yields
OJd d wda
/X f(z)m =c /X f(2)pa(z) /\ dz! ANdz N0

acA

1
= 27c? H vol(Ya, wa) /_1 f(z)pa(x)dz,

acA
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as required. O

4. Fano admissible manifolds

4.1. Definition of Fano admissible manifolds

In this section we explain a necessary and sufficient condition for an admissible
manifold to be Fano, following [2]. We here assume that Y =Y = [I,c4 Yo and each w,
is a Ricci positive Kéhler—Einstein metric on Y,: Ric(w,) = €,8.w, (a € A). Let X be
an admissible manifold over Y. Since Y is simply-connected, X can be written as

X — Py(o@(do-i-l) ® LS O@(doo+1)))7

where £ is a holomorphic line bundle over Y satisfying £ = ®,c4L, with each £, a
holomorphic line bundles over Y, satisfying c¢1(Ly) = [eqwa/27].

THEOREM 4.1 ([2, Theorem 3.1]). For X, the following conditions are equivalent:
(1) X is a Fano manifold.

(2) For each a € A,

Sq >do+1 (if e, = 1),
Sa < —(doo +1) (if e, = —-1).

Moreover, if X satisfies these conditions, then 27cy (X) is an admissible Kéhler class, and
satisfies

[5awa] —_
2 = —_ = .
me1(X) =c¢ l( g . + (4.1)
acA
for
do + doo + 2 do + doo + 2
— — 9T 7o T2 . 4.2
c 5 SRl Py N (a e A (4.2)

DEFINITION 4.2. If X satisfies the conditions of Theorem 4.1, X is called a Fano
admissible manifold.

Here we note that it is shown in [2] that any such X admits a Kahler-Ricci soliton.

4.2. Ricci potentials

Let X = Py (0%t g (£ @ 09d~+1))) be a Fano admissible manifold. Let
0 :=2mc;(X), and let w € Q be an admissible K&hler metric given by (3.4). The goal of
this section is to compute explicitly the Ricci potential of w. First, by [2, (3.2)] we have

Ric(w) = Ric (%) =3 Ric(w) %ddc log(pa (2)0(2))
aE/\

on X \ (eg Ues). On the other hand,
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1+ 2,2
c Z xaa Eawa +dz A O
a€A

c
Z x—asawa +cz Z EaWa + c(dz N 0),
acA acA

&
I

which can be written as

doo — d
w = ZSa€awa+( 5 0 +cz) ZeawaJrc(dz/\G)

acA acA

since for any a € A

An. —
£:5a+ 0o d().
T, 2

Hence we have

Ric(w) —w =Y _ Ric(wa) — %ddc log(pa(2)O(2))

aGA
doo - dO
_ Z SaEala — (2 + cz) Z EaWq — c(dz A 0).
acA acA

Using Ric(wg) = €48qawa, this simplifies to

Ric(w) —w = f%ddc log(pa(2)O(2)) — (d“’ —do cz) > cawa — c(dz A 6).

Since d°z = ©(z)0, we have

dz N0 =d(20) — zdf =d ( dcz> — zd#,

z
O(2)
and using df = Z EqaWq, We obtain

aEA

Ric(w) — w = —%ddc log(pa(2)0(2)) — <d°‘;d°> 9 — cd <@’(Zz)dcz> .

Define functions on (—1,1) by

1 ) x

6(z)’

ae (:c) =
and let Ag, Bg be their primitives. Then

df = d(ae(2)d°z) = d(Ag(2)d°z) = dd°Ae(z),
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od (@(2) ch) = cd (bo(2)dz) = cd (B (2)d°z) = dd(cBe (%)),

and hence
Ric(w) —w = %aldC (—(doo — do)Ae(z) — 2¢Be(z) — log(pa(2)©(2))) .
LEMMA 4.3. Define a smooth function h: (—1,1) — R by
h(z) = —(dso — dp)Ae(z) — 2¢Bo(z) — log(pa(z)O(z)).
Then h extends uniquely to a smooth function on the closed interval [—1,1].
Proor. It suffices to show that the derivative of h

W (z) = (=(do — do)Ae(x) — 2¢Be(z) — log(pa(z)O(x)))’

—(des —do) = 2cx —©'(x)  pg(x)
O(z) po(z)

extends smoothly to the closed interval [—1,1]. We first consider a neighborhood of
x = 1. Since ©(1) =0 and ©’(1) = —2, we can write

O(z) = —2(xz — 1) + Oy (z)(z — 1)?
for some smooth function ©1 defined near z = 1. Therefore, we have

O'(z) = =2+ 20 (z)(x — 1) + O (z)(z — 1)?,

and hence
—(doo — dp) — 2cx — O'(x) = —2dop — (do + doo +2)(z — 1)
—20(z)(z — 1) — O (z)(x — 1)2
and
—(doo — do) —2cx —O'(2) —2d o
O(z) (24 60i(@) (@ - 1)(z 1)
. —(do +doo +2) — 20, (z) — O (z)(z — 1)
-2+ 0 (z)(z—1)
= % + @2($)7

where © is a smooth function defined near x = 1. On the other hand, writing pq(x)
near x =1 as

pa(z) = (1 - 2)*pi(z),

where p; is a polynomial function satisfying p; (1) # 0, we have
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Po () = —dos (1 — 2)%""py(x) + (1 — 2)%pl (2).

Thus,
po(@) _ du(I—a)®>""pi(x) (1 - 2)%>pf(2)
pa(z) (1= z)dpy(x) (1= z)doopy ()
= ﬁ + p?(x)v

where ps is a smooth function defined near x = 1. Combining the above expressions, we
obtain

—(doo — dp) —2cx — O’ ()  ph(x)

W (z) = _
@ o) pale)
d d
_ 9% g oo
xil“r 2(33)4-(171‘) + pa(x)

= 03(x) + pa2(z)
which shows that A’ extends smoothly near x = 1. The argument near x = —1 is similar.
Therefore, h' extends smoothly to the closed interval [—1, 1], and so does h. O

We still denote this extension by h, and define h,, € C*°(X,R) by

Noting that Ag and Bg are defined only up to additive constants, we obtain the following
proposition.
PROPOSITION 4.4. By choosing Ag and Bg so that
d

11— —p
Ja-et—o

the function h,, = h(z) is the Ricci potential of w.

REMARK 4.5. It is shown that the Ricci potential is a function of z in [10, Corollary
3.3]. Proposition 4.4 provides an explicit expression of this function.

he is a function of z. In fact the following

By Proposition 4.4, we see that 1 — e
stronger statement is also known. This fact plays a very important role in Sections 5.2

and 6.

PROPOSITION 4.6 ([1, Proposition 6], [9, Theorem 9.1]). There exist constants
«, B € R such that

M9 (1 — ) = az + B.

Finally, we show the following proposition, which is crucial for proving Theorem 1.2
in the introduction.



14 Shotaro MURAYAMA and Yasufumi NITTA

do — dos

=G0 7o oy
do+dw +2 0

PROPOSITION 4.7. Let w

ProOOF. We first apply Proposition 3.7 to obtain

4 1
/X Lohe oCJT' P Hﬁvol(ymwa) /_1 e*(dwfdo)A@(m)fQCBe(w)ﬁ dx.
ac

We next compute the integral on the right-hand side. Observe that

1 1 l
/ o~ (d—do)Ae(x)—2cBe(x) _ L ;. :/ e~ (doc—do)Ae (2) _ie—QcBe () da.
1 @(x) 1 2C

Integrating by parts, we obtain
' (doo—do) Ae () —2¢Be (z) _*
— Qoo —ao o(x)—zchbe (T d
/,1 ‘ o)

1 1
_ |:_16—(doo—do)A@(x)—2cB@(:c):| +w/ o (doo—do) Ao (2)~2¢Bo(x) _L__ 4
—1 —1

N 2c O(z)
By Lemma 4.3, we have

lim (—(doe — do) Ao () — 26Bo(x)) = h(1) + lim log(pa()O(x)) = —oc,

=h
lim (—(doo — do)Ae(x) — 2¢Bo(x)) = h(—1) + wlir{lllog(pg(z)@(x)) = —0o0.

r——1

Hence the boundary term vanishes:

——e

1 1
—(doo—do)Ae (z)—2cBe () =0.
2c 1

Therefore, we obtain

1 1
/ o~ (doo—do) Ao (2) ~2eBo(z) _ T _ 40 / o~ (doc—do) Ao (2) ~2eBo(x)_L_ 4
1 O(z) 1 O(z)

Substituting this into the expression for the integral over X, we have

d 1
1
/X Lehe % — et HAVOI(YG’WQ) [1 ei(dmfdo)A(—u(I)*ZcB(—)(m)% dx
ac

h w?
=w | e'v—.
x d!
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5. wv-solitons on Fano admissible manifolds

5.1. w-solitons

We now temporarily leave the setting of admissible manifolds and consider a general
Fano manifold. Let X be a d-dimensional Fano manifold, and let 7" C Aut’(X) be a
compact torus. Let Q = 27¢y(X), and let w € Q be a T-invariant Kéhler metric. Denote
by p: X — t* the moment map associated with the T-action. We normalize p,, so that
for every & € ¢,

d
he
/}(<‘U,w,§>€ d' Oa

where (-,-): t* X t = R denotes the natural pairing. With this normalization, the image
P = p,(X) is independent of the choice of T-invariant Kéhler metric w € .

DEFINITION 5.1. Let v € C®(P,Rs¢). A T-invariant Kéhler metric w € Q is
called a v-soliton if it satisfies

Ric(w) —w = %ddC log(v(py))- (5.1)
EXAMPLE 5.2. If v(z) =1 for all € P, then the equation (5.1) becomes
Ric(w) —w =10,
so a v-soliton reduces to a Kéhler-Einstein metric.

EXAMPLE 5.3.  Let £ € t, and set v(z) = ¢®€) for each 2 € P. Then the equation
(5.1) becomes

RIC(W) —Ww = %ddc</~‘bw7€>7

and such a metric is known to be a Kahler—Ricci soliton.

EXAMPLE 5.4. Mabuchi showed in [9] that Mabuchi solitons are a special case
of v-solitons as follows. Let X be a Fano manifold and assume Mx < 1. Fix a max-
imal compact subgroup G C Aut’(X). For a Kéhler metric w € €, the vector field
grad,, TIG (1 — e"«) is real holomorphic on X, and in fact induces an S'-action on X (see
[5] and [9]). For a suitable constant a € R, define p, = IS (1 — e"~) —a: X — R.
Then p,, is a normalized moment map for this S!-action. Define a function v: P — R
by v(x) :=1—a —z. Since Mx < 1, we have v > 0 on P. A direct computation shows
that w is a Mabuchi soliton if and only if

Ric(w) — w = %ddc log(v(j10,)).

Thus, Mabuchi solitons are v-solitons for this choice of v.

Next, we introduce an obstruction to the existence of v-solitons, analogous to the
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Futaki invariant for Kahler—Einstein metrics. Let w € € be a T-invariant K&hler metric,
and let p,: X — t* be the normalized moment map. Let upy denote the Borel mea-
sure on P obtained as the pushforward of the Liouville measure w?/d! under p,. It is
known that ppy is independent of the choice of w € Q. This measure is known as the
Duistermaat—Heckman measure on P associated with the T-action on X.

DEFINITION 5.5. Let v € C®°(P,Rx() be a weight function and define a linear

map Fut,: t = R by

Fut, (§) = /P<x,§>v(x)d,uDH.

This is called the v-Futaki invariant of X.
PrOPOSITION 5.6. If Q2 contains a v-soliton, then Fut, = 0.

PROOF. Let w € Q be a v-soliton on X. Then by (5.1) there exists a constant
a € R such that

1Og(U(Uw)) =a+ hy,

hence v(p,) = et <. Therefore, for any & € t we have

d d
FUt”(g):/XW“”OU(“W)%:/X<HW7§>€‘1H“%
d

w
:ea :u‘wvgehwizo
A<> 4

by the normalization of . O

REMARK 5.7. It is known that the v-Futaki invariant associated with Mabuchi
solitons always vanishes. In fact, using the notation of Example 5.4, this follows from

wd
Futv(f):/xww’@”(W)E
w? G h w!
- [ 0%~ [ emga -

d

wd w
- [ e85 = [ -

Z/wa,f)i—/xww’@c:;
= 0.

5.2. Existence result for Fano admissible manifolds

In this section, we study the existence problem of v-solitons on Fano admissible
manifolds. Let X = P(O%+1) g (£ @ 0%(d~+1))) be a Fano admissible manifold, and
let Q := 27c;(X) be the admissible Kihler class given by (3.2). Consider the S'-action



Mabuchi solitons and Mabuchi constants on Fano admissible manifolds 17

on X induced by scalar multiplication on @®(@+1) and let T, z and 0 be as defined
in Section 3.2. If w € Q is an admissible Kéhler metric, then by Proposition 4.7, the
normalized moment map is given by

e = c(z — w),

where w = (dg —dwo)/(do +doo +2). Let P := pu,(X), and let v € C°(P,Rx). Define a
function u € C*([-1,1],R>0) by u(x) := v(c(x — w)). Then w is a v-soliton if and only
if it satisfies

1
Ric(w) —w = §dalC log(u(2)).
The goal of this section is to prove the following theorem.

THEOREM 5.8. For a Fano admissible manifold X, the following three conditions
are equivalent:

(1) X admits an admissible v-soliton.

(2) The v-Futaki invariant of X vanishes.
1
(3) / (x — w)u(x)pa(z) dx = 0.
~1

REMARK 5.9. The equivalence in Theorem 5.8 is likely known to experts (see
[11, Theorem 1.2] for a related result). However, since no explicit proof appears in the
literature, we include one here for the reader’s convenience.

Before proving Theorem 5.8, we present some corollaries. From Example 5.2, we
immediately obtain the following, which was obtained in [2].

COROLLARY 5.10 (]2, Corollary 3.1]). For a Fano admissible manifold X, the
following three conditions are equivalent:

(1) X admits a G-invariant Kéhler-Einstein metric.

(2) The Futaki invariant of X vanishes.

1
(3) / (x —w)pa(z)dz = 0.
—1
Noting that the v-Futaki invariant corresponding to Mabuchi solitons always van-
ishes (cf. Proposition 4.6 and Remark 5.7), Theorem 5.8 yields the following corollary.

COROLLARY 5.11. A Fano admissible manifold X admits a Mabuchi soliton if and
only if Mx < 1.

Now we shall prove Theorem 5.8. The following proof proceeds largely along the
lines of [2, Theorem 3.1]. The implication (1) = (2) follows from Proposition 5.6. The
equivalence of (2) and (3) is clear. Thus, it remains to prove (3) = (1). Let w €  be an
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admissible Kahler metric given by (3.4), and define F' := po® € C*°([-1,1],R). Then
F satisfies

F(z) >0 (ze€(-1,1)), (5.2)
F(£1) =0, F'(£1) = F2pq(E1). (5.3)
ProrosiTiON 5.12.  The following conditions are equivalent:
(1) w is a v-soliton.
(2) F satisfies

(uF)'(2)

(e (2) = —(do + doc + 2)(z — w). (5.4)

PROOF. From the computation in Section 4.2, on X \ (e U ex),

. . 1 1
Ric(w) —w = ZRlc(wa) - Z c (Cﬁa + z) EqWa — idd log(F(z)) — c¢(dz A 9).
acA acA
Thus, w is a v-soliton if and only if
. 1 1
Z Ric(wy) — Z c ( + z) EaWa — iddc log(u(z)F(2)) —c(dz A 6) = 0. (5.5)
T,
acA acA

Computing dd°log(u(z)F(z)), we obtain

Thus, the equation (5.5) is equivalent to

5 {325 (22

acA

;{<(ZQ'>/(2)+20}dm90,

in other words,

Ric(wa) - {
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<(”F)/>/(z)+2c:0. (5.7)

upQ

Furthermore, since each w, is a Kahler—Einstein metric the equation (5.6) reduces to
1 (uF) (2) ( 1 ) -
4|l —+z| =5, (acA). 5.8

The equation (5.7) is obtained by the derivative of (5.8). Thus, w is a v-soliton if and
only if F' satisfies (5.8). As in (4.2), we have

s34 #) = 5o+ 11 = 2) = (doe + D1 )]

1
= —§(d0 +de +2)(z —w),

and hence (5.8) reduces to a single equation (5.4). O

We are now ready to prove the implication (3) = (1). Assume X satisfies (3), and
consider the boundary value problem

(uF)'(x)
(upa)(z)
F(+1) =0. (5.10)

- *(d0+doo+2)($7w), (59)

The solution of (5.9) satisfying F/(—1) = 0 is given by

d0+doo+2/””

Fle)= u(z) -1

(t — w)u(t)pa(t) dt.

This function F is smooth on the closed interval [—1,1]. Moreover, by assumption (3),
we also have F(1) = 0.
Next, we compute the derivatives at the endpoints. We obtain

F/(£1) = —(do + doo + 2) (1 — w)po (1)

~f2(do +1)pa(—1)  ifz =1,
| —2(des + Dpa(1) ifz=1.

In particular, if dy > 0, then po(—1) = 0 and hence F'(—1) = 2pq(—1) = 0. If dy = 0,
then clearly F'(—1) = 2po(—1). Thus, in all cases, we have F’'(—1) = 2pq(—1). A similar
argument shows that F’(1) = —2pq(1). Therefore, F' satisfies the condition (5.3).

We now verify that F satisfies the condition (5.2). It suffices to show that uF' > 0
on the open interval (—1,1). First note that w € (—1,1) because

w— dO_doo > _ doo >
S do+deo+2 7 dotde+2

L,

and
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do—dos  _ do

= <1.

Let x € (—1,1) arbitrarily. If < w, then t — w < 0 on [—1,z), and hence

x

(WF)(x) = —(do + doo +2) / (t — wu()pa(t) dt > 0.

-1
If > w, then t —w > 0 on [z, 1), and we obtain

1 1

(uF)(x) = —(do + doo +2) [ / (= w)u(typa(t)de - / (t — wyu(t)pa(t) dt

— (do + oo + 2) / (t — wu()po(t) dt

x

> 0.

Thus, ©wF > 0 holds for all € (—1,1).
Finally, define ©: (—1,1) — R by © := F/pq. It is clear that © is a positive smooth
function on the open interval (—1,1), and from the expression

Ox)=———— t —w)u(t)pa(t) dt,
(@) === [ = wpultpalt)
we analyze its behavior near © = —1. Since u(x) # 0 and z — w # 0 near x = —1, we

can write

u(@)pa(e) = (1+a)*g-(), /z (t —w)u(t)pa(t) dt = (1 +a)* " h_(),

-1

where g_, h_ are smooth around z = —1 and nonvanishing at x = —1. Then, we have

(1+2)® (2 — w)g-(2) = (z — w)u(z)pa(z)

~ ([ = wtomi dt)/

= (do+ 1)1+ z)%h_(2) + (1 + )" h (2)
= (1+z)% [(do + 1)h_(z) + (1 + z)h’_(z)]

and
(2 — w)g- () = (do + Vh-(2) + (1 + 2).(a).
This shows that

(do + doo +2)(1 + ) F1h_(z)
(1+az)bg_(z)
(do + doo + 2)h_ ()
9-(x)

O(z) =—

=—(1+x)

7
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and hence © extends smoothly to x = —1 with
O(-1)=0, O'(-1)=2.

A similar argument shows that © extends smoothly to x = 1 with
e(1)=0, ©(1)=-2

Therefore, © satisfies all the required conditions, and hence defines an admissible Kéhler
metric w € 2. By construction, this metric is a v-soliton. This completes the proof of
Theorem 5.8.

6. The Mabuchi constant of Fano admissible manifolds

The purpose of this section is to prove Theorem 1.2. Let X = P(O%o+D) ¢ (£ ®
0®(d=+1))) he a Fano admissible manifold, and let Q := 2m¢; (X). For i € {0,1,2}, set

1
b; = / z'po(z) da.
-1
Since po > 0on (—1, 1), we have by, ba > 0. Moreover, by the Cauchy—Schwarz inequality,
bobs — b% > 0.

Using Propositions 4.6 and 4.7 in Section 4.2, we obtain the following.

do—deo

THEOREM 6.1 ([8, Theorem 65] FOR CASES dO = dOO = O) Define w := dotdet2"

Then

_ b0|b1 — ’U)b0| — bl(bl — wbo) — 1+ b0(|b1 — wb0| — (b2 — U)bl))

M
X boby — b2 boby — b2

PROOF. Let w € Q be an admissible Kéhler metric given by (3.4). Since constant
functions and z are Killing potentials of (X,w), Propositions 3.7 and 4.6 imply that

d

wd w
0:/(1—eh“)—:/ﬂf(1—eh“ =
X d Jx )

d
_ /X(az +5) = 2me r{ivol(ya,wa) (b1 + Bbo).
ac

Hence we obtain
aby + Bby = 0. (61)

Furthermore,
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= 27c? H vol(Ya,wa) | (abe + Bby).
acA

On the other hand, by Proposition 4.7, we have

w? w? w? w? wd
z(l—eh“)—:/ z—fw/ eh‘”—:/ z——w [ —
/X d! x d X d! x d! x d!

= 27c? H vol(Ya,wa) | (b1 — why).

acA
These give us that
aby + Bby = by — why. (62)
By solving (6.1) and (6.2), we obtain
_ b0b1 — wbg ﬂ _ _b% — wb0b1
boby — b3’ boby — b2’
and
Mx = max (az+8)=|a|+ 8
z€[—1,1]
_ bo‘bl — ’wbo‘ — bl(bl — ’wbo)
boby — b?
-1 + b0(|b1 — ’lUb0| — (b22 — U}bl))7
boba — by
as required. O

7. Mabuchi solitons on Fano admissible manifolds over P™

In the final section, we concern the existence and non-existence of Mabuchi solitons
on Fano admissible manifolds over P". Let X be a Fano admissible manifold over P™.
Then X can be written as

X = Ppn(@ea(doﬂ) a O(k)él)(doo-',—l)) (71)
for some k € Z \ {0} and do, doo € Z>0. In that case,
PPn(OGB(do-H) @ O(k)@(doc'i‘l)) o~ PP"(@GB(dooﬂ) @ (’)(—k)@(doﬂ))

and so we may assume k € Z>1. By Theorem 4.1, X is Fano if and only if k(do+1) < n+1.
In what follows, we assume these conditions. Moreover, by Corollary 5.11, the existence
of a Mabuchi soliton on X is equivalent to Mx < 1. The purpose of this section is to
prove the following theorem.
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THEOREM 7.1. The Fano admissible manifold X admits a Mabuchi soliton if and
only if

(k,ds) = (1,0) or (n,k,dy,ds)=(1,1,0,1).
In all other cases, Mx > 1.

To prove Theorem 7.1, we compute Mx by using Theorem 6.1. Let

2(n + 1) + k(doo — do)

A=
kE(do + doo + 2)

Then, for each i € {0, 1,2},
1 .
m:/‘Q+xWﬂ+@%ﬂ—@%%%m
-1
PROPOSITION 7.2. by — wby > 0. In particular, we have

bo(bl — ’U}bo + wb1 — bQ)
boby — b2 '

Mx =1+

Proor. Define a € R by

n+1—k(d0+1)

By assumption, a > 0 and

20 +1 — k(do + 1)]

A—1=

= 2a.

Therefore,

h—u@pi/%A+xWU+xW%l—@%%x—wﬁ&

/%A+%L1W@M%QZW%@UIwMu
0

= 9dotdootn+2 /1(a + ) u® (1 — u)®= (u — _ o+l du.
o do + doo + 2

On the other hand,

do+1
Nuo (1 —u)de (u— —2F——
(do + doo + 2)u™ (1 — u) (u do+doo+2>
= (do + doo + 2)u®TH(1 — u)%> — (do + 1)udo(1 — u)d>
= u® (1 — u)®[(do + deo + 2)u — (do + 1)]

= u™ (1 —u)®[(do + 1)(u — 1) + (doc + 1)1
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_ _(ud0+1(1 _ u)doc—i-l)/-

Hence, integration by parts yields

2dotdootnt2 ol do+1 doot1y/
by —wbp=—"—"—-——— n(ydotlq — 0o d
1=ty = 2 [ a0 (1 0 d
n2dotdectnt2  rl 1 do+1 doct1 g
== a+u)" T uCT (1 —u)*T du
d0+doo+2/0( ) ( )
n2dotdoo+n+2 n—1 n—1 1
_ne “1IB(j + do + 2, duy + 2),
do + doo + 2 JZ_;(g )a U+do+2,do+2)

where B(z,y) is the beta function. Therefore, by — wbg > 0 follows from a > 0. The
second assertion follows immediately from Theorem 6.1. O

Using Corollary 5.10, we obtain the following corollary.

COROLLARY 7.3. For any k € Zs; and dy,dos € Zsg, X = Ppn(O®+) g
O(k)®d+1)) does not admit a Kihler-Einstein metric.

Now, set
I :=b; — wby + wby — by.

Then

I= /1 A+ 2)"(1 +2)(1 — z)d=H (g — w)da

-1

holds. Moreover, the condition My < 1 (respectively Mx = 1) is equivalent to I < 0
(respectively I = 0).

LEMMA 7.4. If the following inequality holds, then Mx > 1 holds:

n(deo +1) — (do + 1) >n—|—1—k;(d0—|—1)
do+do +4 T k(do+de +2)

(7.2)

In particular, in that case X does not admit a Mabuchi soliton.
PRrROOF. Define b € R by

. do+1

Then b > 0, and

2(do+1)

Moreover,
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1
I= / (A +2u — )™ (2u)™ (2 — 2u) % (2u — (w + 1))2 du
0 . (7.3)
= 2d0+d°°+"+3/ (a4 u)"u® (1 — u)?=T1(y —b) du
0
holds, where a is defined in the proof of Proposition 7.2. Since

a+ u)"u® (1 — u)?=T(y — b)du

+
1
(n) [ +d0+1(1 — u)d“’Hdu — b/ uH‘do(l — u)d°°+1du
J 0
0

\

[
MS

J

3

j j+d0+2d —|—2)—bB(]+do+1d —|—2)]

J

and

B(j+do+2,doe +2) —bB(j +do+1,doo +2)
B j4do+1 do +1

; {(j+do+1)+(doo+2) T do+deo +2
~ (deo +1)j — (do+1) B(j +do + 1,do +2)
o do + do + 2 j+do+de +3

_ (des +1)j —(do+1) B(j +do +1,dss + 3)
N do + doo + 2 doo +2 ’

B(j+do+1,de +2)

we have

7;) a" I [(doo +1)5 — (do + 1B + do + 1, deo + 3).

9do+doo+n+3 n <

" (do +2)(do + doo + 2) =~

Therefore, if we set

So::2<?>"33(d0+1+y,d00+3 Z ()"JBdo—&-l—hLd +3),
§=0
then, since
9do+dos+n+3

= T 2o+ de 7 2) (e + 151 = (do +1)50]

and Sy > 0, the condition I > 0 (respectively, I = 0) is equivalent to

respectivel i = do +1
P Y, So dutl)

St do+1
So doo +1

Since
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n 1
So <n> a"l / titdo(1 — )deet2gy
=0 N 0
1
tdo (1 — )d=T2(q + t)"dt

Il
S~

1 1
= a/ tdo(1 — t)d=F2(q + )" Lat +/ o1 — t)d=F2(q 4 )" 4,
0 0

using

9 n ) .
ne(e+y)" Tt =r—(r+y)" = j(ﬁ) zly" I,
ox =\

we obtain

n 1
Sy j(n> an—d / td0+j(1 _ t)doo+2dt
0 0

= \J

1
/ tdo (1 — )3 2nt(a + t)"  dt
0
1
— n/ o1 — )d2(g 4 )"~ 14t
0
Now let us set
1 1
K = / thotl(1 —p)det2(q + )" 1dt, L:= / tho(1 —t)%=t2(a + ¢)" " 1dt.
0 0

Then K, L > 0, and

ﬁ_ nkK
So N aL+K
Define f: (0,+00) — R by
nt
t) = .
/() al +1

Then, since aL. > 0, f is a strictly increasing function. Next, if we set
g(t) =t (1 —t)d=t2 h(t) == (a +t)" 71,
then
1 1
K= / tg(t)h(t)dt, L= / g(t)h(t) dt,
0 0
1 1
/ g(t)dt = Bdo +1,doe +3), / tg(t) dt = B(do + 2, o +3)
0 0

hold. Here, we investigate the sign of
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B(do + 1,dwo + 3)K — B(do + 2, deo + 3)L.

e In the case n = 1.

Since h(t) = 1, we have K = B(do + 2,ds + 3), L = B(dp + 1, ds + 3) and hence
B(do+1,ds +3)K — B(dg +2,dos + 3)L = 0.

e In the case n > 2.

Since W' (t) = (n — 1)(a + t)"~2 > 0, h is strictly increasing on [0, 1], and

B(do + 1,dse + 3)K — B(do + 2,dso + 3)L

_ /0 ' ta(Oh(e) dt /0 o) db - /O ' (Oh(0)dt /O to(e) dt
/1tg< )h()dt/l ()ds/Olg<t>h<t>dt/01sg<s>ds
/ / (t—s)h(t)g(s)g(t) dsdt

holds. By a change of variables, we have

// (t—s)h t) dsdt = // (s —t)h(s)g(t)g(s) dsdt

B(do + 1,dos + 3)K — B(dy + 2,dso + 3)L

/ / ((t—s) + (s = t)h(s))g(s)g(t) dsdt

T2 /0 /0 (h(s) = h(t))(s — t)g(s)g(t) dsdt.

Therefore, since (h(s) — h(t))(s —t) > 0, we have B(dp + 1,ds + 3)K — B(do +
2,doc +3)L > 0.

and

From the above,

KZB(d0+2,doo+3)L: do+1
B(d0+1,doo+3) do+ds +4

holds, and so, by the monotonicity of f,

é_ nK > n(d0+1)
Sy aL+K = a(dy+de +4) +dy+1

follows. Therefore, if (7.2) holds, then

n(d0+1) > do+1
a(do+doo +4)+ (do+1) ~ doo + 1’
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and so (7.4) follows. In particular, since I > 0, we have My > 1. Furthermore, the
following holds.

(1) In the case n = 1.
Since k(dyp + 1) < n+ 1, we have n = k =1 and dy = 0. Hence, it holds

n+1-k(do+1) 1

and B(do + 1,de + 3)K — B(do + 2,doc + 3)L = 0. In particular, we have

. do+1
_d0+doo+4 '

Here, if we assume Mx = 1, then I = 0, and so by (7.4) we obtain

do+1 . S1 nk ’I’L(do + 1)

deo+1 So aL+K a(dy+deo+4)+ (do+1)

Rearrangement of this gives us
d* +dy —4=0,
which contradicts dos € Z>¢. Therefore, Mx > 1.

(2) In the case n > 2.

Since h is a strictly increasing function, s = ¢ is the only possibility for s,¢ € [0, 1]
satisfying (h(s) — h(t))(s —t) = 0. Hence the set on which the integrand vanishes
has measure zero in [0, 1] x [0, 1], and therefore

B(dy 4 1,doe + 3)K — B(dy + 2,doe + 3)L
1ot
- 5/0 /0 (h(s) — h(t))(s — t)g(s)g(t)dsdt > 0
and hence

i nk > n(d0+1) > d0+1
So  aL+K = aldy+de+4)+(do+1) " deo+1°

This and the equivalence in (7.4) gives us that Mx > 1.
From the above, we see that Mx > 1 holds in either case. O

7.1. Thecasek >2ords >1
We first show a non-existence result for Mabuchi solitons.

ProposiTiON 7.5. If k> 2 or k=1 and dy, > 1, then Mx > 1 holds, except in
the cases (n, k,dp,ds) = (1,1,0,1) and (n, k,dg, deo) = (2,1,0,1). In particular, X does
not admit a Mabuchi soliton.
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PROOF. First note that the inequality (7.2) in Lemma 7.4 is equivalent to

do+ doo + 4 do+ deo + 4
[(doo+1)(d0+doo+2)— 0 ]n— 0

> 0. .
A 3 +2(do+1)>0 (7.5)

Define f: [1,400) — R by

+2(do + 1).

do+do +41  do+do +4
f(t)::[(doo+1)(d0+doo+2)— 0+ doo }t— 0+ oo

k k
(1) The case k > 2.

In this case, we have

do +doo +4
k
do +doo +4
2

(doo +1)(do + doo +2) —
> (doo + 1)(do + doo +2) —

1
= (doo+2) (do+ doo +2) — 1

> 0.

Moreover, equality holds if and only if (k,dy, dw) = (2,0, 0).
(a) The case (k,do, ds) = (2,0,0).

Since

f(t):<1~2—;l>t—;l+2:07

the inequality (7.2) holds for any n € Z>;.
(b) Cases other than (a).

Since k > 2, we have

f(1) = (doo +1)(do + doo +2) — w +2(dp + 1)

2(doo+1)(do+doo+2)—(d0+doo+4)+2(do+l)

= doo(do + doo + 2) + 2dy
> 0.

Therefore, since n > 2 and f is monotonically increasing, the inequality (7.2) is
maintained by f(n) > f(1) > 0.

(2) The case k = 1.
First note that

(doo + 1)(do + doe +2) — (do + dse +4) = doo(do + doe +2) —2> 0

and hence f is a monotonically increasing function.
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(a) The case dg > 1.

Since

F(n) > (1) = (doo + 1)(do + doo +2) — 2(do + doo + 4) + 2(do + 1)
= (doo — 1)(do +doo +2) +2(do — 1) > 0,

the inequality (7.2) holds.
(b) The case dy = 0.

If doo > 2, then the inequality (7.2) holds from f(1) >3-(04+2+4+2)—2>0. If
doo = 1, then

+2(04+1) =0,

f(3)=3<(1+1)(0+1+2)_0+1+4>_0+1+4

1 1

and so, except in the cases (n,dp, ds) = (1,0,1) and (n,do, ds) = (2,0,1), the
inequality (7.2) holds.

Therefore, if £ > 2, or k = 1 and do, > 1, then Mx > 1 holds, except in the cases
(n,k,do,dss) = (1,1,0,1) and (n,k,do,ds) = (2,1,0,1). In particular, X does not
admit a Mabuchi soliton. O

PROPOSITION 7.6. If (n,k,do,ds) = (1,1,0, 1), then X admits a Mabuchi soliton.
On the other hand, when (n,k,dp,ds) = (2,1,0,1), Mx > 1 and hence X does not
admit a Mabuchi soliton.

ProOF. First, assume that (n,k,dy, ds) = (1,1,0,1). Then, since

20+1)/1+1-0 5 0-1 1

A:

0+1+2 3 YTori12 3

we have

! 1 ! 22
I:/l(2+x>(1—x)2<x+3>daz:/l<x4—9x2+2x+g>dx

1

1. 22, 5 16

= |z’ - 4 2| = —— <.
{59” 27" +9x] .13

In particular, Mx < 1 and X admits a Mabuchi soliton by Corollary 5.11. Next, if
(n, k,do,dso) = (2,1,0, 1), then, since

\_22+1)/141-0 7 0-1 1

0+1+2 3 YToxig2 3

we have
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1
194 91 49
5 4 3 2
= S Yo Bt Zrt+2)d
/1<x + 3z T 27:0 +27:17+27) T

3 194 49 1*
-1

57 7 81 27"
1
405
> 0.
This shows Mx > 1 and that X does not admit a Mabuchi soliton. O

7.2. Thecase k=1 and doc =0
Next we show a result of existence for Mabuchi solitons. The following proposition
completes the proof of Theorem 7.1.

ProrosiTION 7.7. If k=1 and d, = 0, then X admits a Mabuchi soliton.

PROOF. Let a and b be real numbers defined in the proofs of Proposition 7.2 and
Lemma 7.4, respectively. Then, by (7.3) in Lemma 7.4, we have

1
I= 2d°+d°°+”+3/ (a4 uw)"u® (1 — u)?>T1(y — b)du
0

1
— 2d°+"+3/ (a4 u)"u® (1 — u)(u — b)du,
0

_(n+1)—(do—|—1)_n—d0 _d0—|-1
B do +2 S do+20 T do+2
Here, by setting
o 1 B — do+1
T 2(do+2)’ T 2(do+2)’

we obtain

u® (1 —u)(u—b) =« (ddud"'Hﬂ — u)2> + Bu (1 — u)?.

U

Therefore, by integration by parts,

1
I= 2d°+”+3/ (a+u)" [a(;iud”l(l - u)2) + Buo(1 — u)ﬂ du
0

1

1
= gdo+n+3 { {a(a + ) udo (1 — u)ﬂ - / an(a 4+ )" tudo (1 — u)Qdu}
0

0

1
4 2dotnt3 [ 3(g 4+ w)"udo (1 — u)?du
0
1

= o3 / (a+u)" u (1 —u)*(—anu + Bla+ u))du
0
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2dg+n+2

do + 2 /0 (a+u)" " u® (1 = u)*[(n - dy — 1u — a(dy + 1)]du.

Thus, when n — dy — 1 = 0, we have

2do+n+2
I=-—

42 /0 (a4 w)" " tu® (1 —u)?a(dy + 1)du <0

and hence Mx < 1, which shows that X admits a Mabuchi soliton. From now on, assume
n—dy—1>0. If we set

a(d0+1) _ (n—do)(do-‘rl)
—dy—1  (n—dy—1)(do+2)’

we have ¢ > 0 and

I =

2d0+n+2 _ -1 1
df)n—i— 2d0 ) /0 (a+w) " tu® (1 — u)?(u — ¢) du.

Hence, by setting
1 1
J = / (a+u)" tu®t (1 —u)ldu, K= / (a+u)" u® (1 - u)du,
0 0

we have I = J — cK, and I < 0 (respectively, I = 0) if and only if

<ec <respective1y, % = c) . (7.6)

=~

In what follows, we show that % < c. First,

|
—

n 1
J = (n . 1) a"_l_j/ T (1 — )% du
. J 0

n—1

Il
>—AO

S <

"B (f + do + 2,3)

Il

]
,_. (=)
<.

S <

-1 2

]+d0+2)(]+d0+3)(j+d0+4)

3

I
3 o,
i I M
>—l o >—l o
.

S <.

-1

3

"B +do +1,3)

I
(]

=
I
/\/\/‘3/\/\
<.

I
HO
.

3M

-1 2

g (G4+do+1)(G+do+2)(j+do+3)

3

)
e
1) n—1—j uj+d0(1—u)2du
)
e

<.
Il
o
.
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Hence, by setting

(n — 1> g1 o 2
j C T G+ do+ )G +do+2)( +do+3)

Il
<. S
{\g
o -

we have

EL/ES: =
ZO J+do+ 4’ K_;piq“

1 n—1
Next, if we set r; = 5 Pit then > r; =1 and
j=0

Define f: [0,+00) = R by f(¢) ==

function. Hence we have

J n—1 n—1
E:Zij(j) <fD i

J=0 J=0

Here, we point out that

n—1 Z pj]
. j=0

¢ n—1
=0 > Di
1=0

holds. In fact, since p; > 0 and ¢; is monotonically decreasing in j, we have

n—1 n—1 n—1 n—1 n—1ln—1
S piaid > pi— > pid Y pigi =Y Y ila; — a:)pips
7=0 i=0 7=0 i=0 j=0 i=0
= ila; — a)pjpi + Y _ 5(g5 — ai)pspi
1<J j<i
= ilg; — a)pipi + Y i(ai — ¢5)pip;
1<j i<j
=> (=g — a)p;pi < 0.
i<j

Hence,

33
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n—1 ] n—1 )

n—1 2. Pi%id > piJ
. 4=0 < 320
Z 7']‘7 T on—1 — n-—1

7=0 Digi > i
i=0 i=0

Furthermore, since

n—1 n—1 _1
O 3) () ISR RB]
=0

i=0 J
n—1 n—1 n—1
dopii=) ( ' )J‘ " = (= 1)1+ a)" 2
j=0 =0 N
and f is monotonically increasing,
n—1
J — Z0 bil n—1
= B _
Ler(Smi|<r| sy —f<1+a>
i=0 > pi
i=0

Thus, we obtain

n—1Y\ (do+2)(n—1)
f(1+a>_f< n+2 )
_ (2do+3)n+dy

"~ 2(do+3)n+do+6

and

(2do + 3)n + dy

< .
~ 2(do+3)n+do+6

kA
K
Finally, let us show

(2d0 + 3)7’L + dy
2(d0 + 3)TL + (do + 6)

<c.

First, by a direct computation, the condition (7.8) is equivalent to
don? 4 (d% + 12dg + 12)n — 4do(dy + 1) > 0.
Moreover, since dg + 1 < n, we have in fact

don® + (d2 4 12dp + 12)n — 4do(do + 1) > don? + (di + 12dy + 12)n — 4dgn
= n(don + d3 + 8dy + 12)
> 0.

Therefore, by (7.8) and (7.7) we obtain
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(2do + 3)n + do

IN

i <c
i .

Hence, by (7.6), we obtain I < 0, namely Mx < 1. O
REMARK 7.8.  We note that the manifold of the form
Ppn (OEB(doJrl) ® O(k)ea(dochl))

considered in this section is toric. Yao gave a formula for the Mabuchi constant of
toric Fano manifolds in [14, Section 5.1] as follows. Let P be its anticanonical moment
polytope, and let 8p denote the affine function on P characterized by

1 1
~10)+ 3 /P f@)ds = - /P J(@)0p(2) da

for every affine function f on P, where Vp is the volume of P. The Mabuchi constant is
then given by

Mx = m}‘thHp.

Concerning the relation between Yao’s formula and Theorem 6.1, a key ingredient is the
identity

Op(uw) = %HS(Scal(w) —2n),

which holds for the normalized moment map f,, described in Section 5.1 (see also [14,
Section 2.1]). Then, it follows from Mabuchi’s result ([9, Theorem 9.1]) that

0p (1) =TS (1 — M) = az 4 B.
Therefore,
m}gxf)p = m)?xﬁp(uw) = m)?x(az + f),

which clarifies the relation between them. Using Proposition 3.7 and 4.7, the explicit
formula for the Mabuchi constant can then be recovered.

However, we emphasize that Theorem 6.1 itself applies to arbitrary Fano admissible
manifolds, which are not necessarily toric. Thus the theorem, in its full generality, is not
a direct consequence of Yao’s result.
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