LIFTING OF HOLOMORPHIC MODULAR FORMS
TAMOTSU IKEDA

ABSTRACT. In this article, we are going to discuss some lifting
of elliptic cusp forms to Siegel or Hermitian modular forms. The
Fourier coefficients of these lifting can be explicitly given and the
Fourier coefficient formula is similar to that of Eisenstein series.

§1. Siegel modular forms

Let b, = {Z € M,,(C)|Z = Z,Im(Z) > 0} be the Siegel upper
half space. The symplectic group

Sp,(Z) = {g € Mo (Z) g((l): —Oim)tg — (‘1’2 —Oim)}

acts by g(Z) = (AZ + B)(CZ + D)~ ! for g = <é g) A holomorphic

function F(Z) on b,, is called a Siegel modular form of weight k if
F(g(Z)) = F(Z)det(CZ + D)*

for any g = <é g) € Sp,,(Z). (If m = 1, one needs an addtional

condition of holomorphy at the cusp.) Put
Sn(Z) ={B = 'B = (b;j) € M(Z),b; € Z, (1 <i < m)}
Sn(2)" ={B € S,(Z)| B> 0}.
Then a Siegel modular form F(Z) has a Fourier expansion of the form

F(Z)= Y A(B)exp(2rv/-1tx(BZ)).
BESm(Z)
B>0

A(B) € C is called the B-th coefficient of F(Z). A Siegel modular
form F(Z) is called a cusp form if A(B) =0 unless B € S,,(Z)".

The space of Siegel modular forms and Siegel cusp forms of weight
k are denoted by My (Sp,,(Z)) and Sk(Sp,,(Z)), respectively.

If

f(7'> = Z a(n)qn c Mk(SLQ(Z)), q= 627r\/—_17-
n=0
is a commen eigenform of Hecke operators, then a(1) # 0. It is called

a normalized Hecke eigenform if a(1) = 1. If f(7) is a normalized
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Hecke eigenform, the L-function L(s, f) = > y_; a(N)N~* has an Eu-
ler product

L(s, f) = H(l —a(p)p~* 4 p?F17 !

The Satake parameter {a,,a, '} is defined by
L—a(p)X +p* X% = (1 —p P, X)(1 - p* P, 1 X).

If a Siegel modular form F(Z) € My(Sp,,(Z)) is a common eigenform
of Hecke operators, the one can also define the “standard” L-function
L(s, F,st), which is a Euler procuct of degree 2m + 1. When m = 1,
the standard L-function is given by

[T —aZp ™)@ —p*)(1 —a,%p )]

eFourier coefficients of Eisenstein series
Recall that the Siegel Eisenstein series E,(Z) on b, is defined by
E\™(7) = > det(CZ + D)2

(& B)ero\sp,.(2)

™ = {g: <é g) € Spm(Z)‘C:O}.

Then we have E™(Z) € May(Sp,,(Z)) if & is sufficiently large.

Now we consider the case m = 2n is even and the weight 2k is equal
to k 4+ n. We recall the Fourier coefficient formula for the normalized
Eisenstein series

where

Ecin(2) =27¢(1 =2k —2m) [T (1 +2i = 2k —2m) BT (2).
i=1

We assume k = n mod 2 and k£ > 0. For an element B € S,,(Z)", put

Dp = det(2B), 05 = |Disc(Q(y/(—=1)"Dg))|, and fp = /Dgdz" € N.
Let x5 be the primitive Dirichlet character associated to Q(y/(—1)"Dp)).
We denote e(r) = exp(2my/—1z).

For each prime p, let e, : Q, — C* be the additive character of Q,
such that e,(z) = e(—x) for x € Z[1/p]. When x is a square matrix,
we write e(z) for e(tr(z)) and e,(z) for e,(tr(x)).

Recall that the Siegel series for B € Sy, (Z)" is defined by

b(Bis)= D ep(te(BR)p o,
RESQn(Qp)/SQn(ZP)
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Here 85,(Q,) = {R = R|R € M2,(Q,)}, 820(Z,) = {R = 'R|R €
Man(Zy)}, and v(R) = [RZ2" + 72" : 72"]. Put

W(B; X) = (1-X)(1 - p"xs(p)X) ' J](1 - p"X?).

i=1
Then there exists a polynomial F,(B; X) € Z[X] such that
bp(B,s) = p(B;p ") FL(B;p™°).
Katsurada proved the following functional equation:
F (B p—Zn 1X ) (p2n+1X ) OrdprFp(B;X).

In particular, we have degF),(B; X) = 2ord,fz.
For B € 85,(Z)", the B-th Fourier coefficient of E(QHJ(Z ) is equal to

L1 =k, xp)fy [ Fo(Bip ™)

plie
Put F,(B; X) = X o&Is (B e (1/2)X) Then the functional equa-
tion for Fp(B;X) implies F,(B; X ') = F,(B;X). Then the Fourier

coefficient is equal to

L~ koxp)fy 2 [T Bo(Bip*02).

plip

e Lifting of cusp forms (Siegel modular case)

Now we consider cusp forms. Let k£ be arbitrary positive integers
such that £ = n mod 2. Recall that the Kohnen plus subspace

(172 (To(4) C Skr1/2)(To(4))

is the space of cusp forms in Siy(1/2)(I'0(4)) whose Fourier coefficient
vanishes unless (—1)*N = 0, 1 mod 4. Then it is well-known that
Sor(SLa(Z)) ~ S;f, (1/2)(T'o(4)) as Hecke modules.

Now let

o0

f(r) =Y a(N)g" € Sa(SLs(Z))

N=1
be a normalized Hecke eigenform and

hr)= Y eN)a" € Sf(Te)

N>0
(-1)FN=0,1 (4)

a corresponding Hecke eigenform.



For B € 8,(Z)*, we put
A(B) = c(@p)fy P T] Bo(B: ),

p

ZA Z€b2n

=tB>0

Note that ﬁ’p(B; a,) does not depend on the choice of the Satake pa-
rameter «,,.
Then our first main theorem is as follows.

Theorem 1. Assume k = n mod 2. Then F' € Skin(Spy,(Z)) and
F #£0. Moreover, F is a Hecke eigenform whose standard L-function

18 equal to
2n

L(s,F,st) = ((s) [[L(s + k +n —1i, f).

=1

§2. Hermitian modular case

Now we consider the hermitian modular case. Let K = Q(v/—D)
be an imaginary number field with the ring of intergers O = Ox. We
denote the primitive Dirichlet character associated to K/Q by x. Put

Of = (V=D) 0.

Let G = SU(m, m) be the special unitary group defined by

6@ ={gestanti)| o3 or)a= (T o)}
We put
'y = G(Q) N GLaw(0),
ris={(&5) eri’|c=o}.

We define the hermitian upper half space ‘H,, by
Hp ={Z € M,,(C)| (Z - '7) > 0}.

1
2v/—1
The action of G(R) on H,, is given by

9(2) = (AZ+B)(CZ+ D), ZeHug=(4"5).

We put

= 'h = (hij) € AMn(0) | hi € Z},

A (0O)
! Am(O) | h > 0}.

{h
An(O)" ={h €



5

For H € A,,(O), det H # 0, we put y(H) = (=D)"™/2 det(H). Then
the Siegel series for H is defined by
bp(H, 5) = > e,(tr(HR))p~ s
ReHm (Kp)/Hm (Op)
for Re(s) > 0. Here, H,,(K},) (resp. H,,(O,)) is the additive group of

all hermitian matrices with entries in K, = K®Q, (resp. O, = ORZ,).
The ideal v(R) C Z, is defined as follows: Choose an element g =
<é g) € SU(m,m)(Q,) such that det D # 0, D~'C = R. Then
v(R) = det(D)Z,.
We define a polynomial ¢,(K/Q; X) € Z[X] by
[(m+1)/2] [m/2]

LIE/QX)= J[ @-p"Xx) J]0Q-p""x(p)X).

i=1 i=1
Then there exists a polynomial F,(H; X) € Z[X] such that
bp(H,5) = t,(K/Q;p™°) Fp(H;p~*).
degF,(H; X) = ord,y(H).
Moreover, F,(H; X) satisfies the functional equation
Fy(H;p~?" X7 = G(H)(p" X)W D Ey(H; X).

Put Fp(H;X) = X0 [ (H;p~™X~2). Then the following func-
tional equation holds:

Fy(H; X) = Fy(H; X), 2 m
Fyp(H; X71) = x (y(H)) Fp(H; X)), 2|m
Fyp(H; x(p)X ™) = Fp(H; X), 2|m, and x(p) # 0.
Assume k > 0. Put n = [m/2]. We define the Eisenstein series
ES, (Z) = > det(CZ + D)~k

(4 B)eriehes?”

and its normalization

i=1
We first consider the case m = 2n+ 1. In this case, the H-th Fourier

coefficient of 5%7:;1 (Z ) is equal to

—(1/2) H F —k;+ 1/2)>

ply(H)
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for any H € Agp11(O)7.
Let f(1) = Y v, a(N)¢" € Sax(SL2(Z)) be a normalized Hecke
eigenform, whose L-function is given by
L(f,s) =) a(N)N™*
N=1

— —s — -1, —sy11
[Tl =p* P ap=) (1 = p* P, )]
p

For each H € Ay, 11(O)*, we put

AH) = [y (H)O T F(H, o).

ply(H)

We define
F(Z)= Y  A(H)e(HZ), Z € Hompn.
H€A2n+l(0)+
Then we have

Theorem 2. Assume that m = 2n+1 is odd. Then F' € S2k+2n(r(13n+1))
and F' # 0. Moreover, F' is a Hecke eigenform.

Now we consider the case when m = 2n. In this case, the H-th
Fourier coefficient of EéiZ)Qn(Z ) is equal to

NE)F ] Bo(H:p™)
ply(H)

for any H € Ay, (O)*.
Now let f(7) = Y x_;a(N)g" € So1(Do(D), x) be a primitive
form, whose L-function is given by

o0

L(f,s) =Y a(N)N~*
=[] —a)p™ +xe)p* )" T[(1 - alg)g™) "

p{D q/D

For each prime p 1 D, we define the Satake parameter {a,, 5,} =
{op, x(p)oy '} by

(1 —a(P)X + x(p)p* X?) = (1 = p*a, X)(1 - p*5,X).
For p | D, we put a,, = p~*a(p).



For each H € Ay, (O)*, we put

AH) = yH)* ] Eo(H, o).
ply(H)

We define
F(Z)y= Y A(H)e(HZ), Z € Ha.

H€A2n(0)+

The we have

Theorem 3. Assume that m = 2n s even. Then I € Sgk+2n(F(£”)).
Moreover, F is a Hecke eigenform. F = 0 if and only if n is odd and
f(7) comes from a Hecke character of some imaginary quadratic field.

Under some normalization, the L-function of F' is as follows. For
simplicity, we assume the class number of K is one.

L(s, F, p) :2ﬁ1L<s +hk+n—i+(1/2),f)
T L+ kn—i+ (1200
for m = 2n+ 1, and -
L(s, F, p) :ﬁL(s+k+n—’i+ (1/2), f)

=1

2n
x [TL(s+k+n—i+(1/2),f,x)
i=1
for m = 2n and F' # 0. Here, p is a 2m-dimensional representation
of the L-group of U(m,m). Note that an extenstion of F' to an adelic
automoraphic form on U(m,m)(A) is not canonical unless the class
number of K is one.
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