Toric modification of cyclic orbifolds and extended

Zagier reciprocity for Dedekind sum *
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8§2. Results and Examples

1. Let N, Z the set of natural numbers and integers respectively. We call

a (ala o an)

= 6

. y (6)
an n-dimensional proper fraction (n > 1) iff a = (a1,--- ,a,) € Z" and d € N which

satisfies 0 < q; < d—1for 1 < 7 < n. Here we call a and d the numerator and the
denominator of a/d respectively, and call a; the i-th component of the numerator. The
prototype of this notion comes from Reid [R].

Let QP™P be the set of n-dimensional proper fractions, and let Qimp be the set of union
of QPP and the symbol oo. Similarly we set Z© = Z" U {oc}. If the n-th component of

the numerator satisfies a,, = 1, then a/d is called inhomogeneous. If a/d € QPP satisfies

it is called irreducible. Moreover an irreducible proper fraction a/d satisfying
ged(ai,a;) =1 (1<i<j<n)

is called absolutely irreducible. The multiple of a/d by k € Z is defined by

_ (an K)o

a
k2
d d

where ka; = ka; (mod d) with 0 < ka; < d — 1. (See [R] p. 372). We sometimes write
the numerator of a/d by a = Num(a/d). On the other hand, the i-th shifted numerator
of a/d is defined by

Ni <3) = (Cll, s ,ai_l,—d, Ajp1, " ,Gn) € Zn (7)

Now we define an analogue for QP*P of the classical Euclidian algorithm as follows:
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prop =13

DEFINITION 1.1 (i) For 1 < i < n, the i-th round down map Z; : Q, =~ — Z s
define by

() [ (2] [ [ ) [2]) o

d 00 if a; =0

and Z;(o00) = co. Here | x| is the greatest integer not exceeding x.

(ii) The i-th remainder map R; : Qflmp — QY is define by

n

(a_17 7ai—17(_d>7a/i+17”' 7a_n) .
R ((al—%)) _ if a; # 0
i d a;

00 if a; = 0.
and R;(00) = o0.
For instance, if o = (2,6,3,1)/7, then Z3 (a) = (0,2, —3,0) and R3 () = (2,0,2,1)/3.
In the usual addition on Z", we have
Num(R;(a/d)) + a;Z;(a/d) = Ny(a/d), if a; # 0. (8)
Applications of the iteration of this algorithm will be discussed in [A3].
2. WesetI={1,2,---,n}. Fora/d e QP as in (6), we write I as the disjoint

union Ip(a/d) [ Let(a/d) [ ] 1.(a/d) where

Io(a/d) = {i € I|a; = 0}, Let(a/d) = {z el % - %} , L(a/d) =1\ <Io(a/d) HIref(a/d)> .

When we discuss by fixing a/d, we sometimes write Iy = Iy(a/d) and so on if there is

no confusion. We denote by |Iy| the cardinarity of Iy and so on.

3 e . . ?/1 .« .. Z 1
For a Laurant series f(z1,-++,2n) = D i i oo Qirin @7 -+ @, Of the variables
xy, - ,x, with rational coefficients, we denote by
Z i i
Km (f(xlv ,l’n>) = a’il"'in‘rll Ty (m € Z)
i1+ in=m
the homogeneous degree m part. For simplicity, we write x = (z1, -+, Z,).

DEFINITION 2.1  For a/d € QP*P, the Atiyah-Singer cotangent function cot(a/d)(x)

1s the meromorphic function defined by

(1) - 2iol-l (xk \ﬁ—mk) o o
K ”Coth LA A ||—coth— || 2tanh — o .
d(Jlo| + 1) (TLeer, 7)™ 2 d 2 2 2

kel kel k€l et




This function appear as an interpretation to our situation of Atiyah-Singer’s equivariant
L-class ([AS] p. 582). Taylor expansion says (—1)"2/etl=lolg(|15|+1) (ITyer, ©x) cot(a/d)(x)

is the homogeneous degree |Iy| part of

1> ot () 113 22

kel j=0 kelo j=0

2 1S o

k€le

where By, are the 2j-th Bernoulli numbers By = 1,B, = 1/6,8, = —1/30---, and
cotW) x = (d’ /da?)(cot z) (see e.g. [B] for the notation). Therefore Atiyah-Singer cotan-

gent function is essentially written by using the derivatives of usual cotangent function.

EXAMPLE 2.2 Assume n is even and Ig(a/d) = (). Then cot(a/d)(x) is the constant

function w2
o (3) 00 = [l (7).
k=1

EXAMPLE 2.3  Asssume a/d = (a1,a2,0,0)/d € Q) with d > 3, ged(d,a1) =
ged(d, az) = 1. Then

1

a Taq Tas Tay Tas
cot (E) (x) = 18dx324 (3xf cot?) — ot —=+ 62125 cotV) - cotV —
+315 cot % cot® % 2(x3 + 27) cot % cot %) )

3. From now on, we assume that n is an even natural number.

DEFINITION 3.1  For a/d € QY°P and an element w = (wy, - - -

the Dedekind sum of a/d with weight w by

s <3,W> = ;cot <k . 3) (w).

,wy) € 2™, we define

If a/d is irreducible, then k - a/d is also irreducible for 1 < k < d — 1. In this case,
Example 2.2 says that

n/2 d—1

H cot m% (10)

k=1 i=1



independently on the weight w, which we simply write s(a/d). The definition (10)
for an irreducible fraction a/d is essentially nothing but the Dedekind sum defined by
Hirzebruch-Zagier [HZ]. In this sense, the notion of Dedekind sum with weight is a gen-

eralization of the one in [HZ]. Now let

L,(z1, - ,2.) = Kp (H x; coth x,)
i=1

be the Hirzebruch L-polynomial with variables zq,--- ,x,. The following theorem is our

main result.

THEOREM 3.2 (Reciprocity law) Let a/d = (a1, .ap-1,1)/d € QPP be an

wrreducible inhomogeneous element. Then we have

[y

n—

s(5) s (n () n (7)== P gpmet Ay

=1

If a/d is absolutely irreducible, then R;(a/d) is also (absolutely) irreducible for any i.
Therefore Theorem 3.2 implies the following:

COROLLARY 3.3 Ifa/d = (ay,--- .an-1,1)/d € QPP s an absolutely irreducible

imhomogeneous element, then

—_

n—

() -Te(w(3) -t w

=1

Easy check says that Corollary 3.3 coincides with the inhomogeneous Zagier reciprocity.
Namely if we put a, = 1 in the formula (47) in [Z] p.158, then it coincides with (12). In

this sense, the formula (11) is a generalization of inhomogeneous Zagier reciprocity.

EXAMPLE 3.4 Asuume a/d = (ay, a9, as,a4)/d € Q)P where ay = 1, ged(d, a;) =1
(1<i¢<3)andd>3isodd. Then
a i a a !
S(2) - >s (m(3) e (2)) =1 (Z t5aa Za;*).
d i=1 d d 45dH @i \1<i<j<a i=1
Here by putting ¢y; = ged(aq, a;) (i = 2,3), c123 = ged(aq, az, a3) and d' = —d, we have

a a 1 ! wd'k Task Task wk
S(R1 (3)’]\71 (8)>:a—1 Z cot @ cot @ cot @ cota—1

1<k<ai—1




3 !
1 d'k ik k d'k ik k
+ E g (d’ cotMW T8 o T8 g T8 4 a;+ cot TER ot T8 g T8

2a10; C1; C1; C1s C1; C1s C1s
—9 144 1<k<cy;—1 1z 14 14 1z 17 1z

d'k ik k 1 et rd'k k
+ cot, T ot ma cot) 7r_) 4+ — Z {3d’2 ot® cot 1o

Cli Cli Cli 18aazaz +— C123 C123
nd'k mk wd'k wk nd'k mk
+6d’ cot —= cot) == + 3 cot cot® == —2(a2 + a?) cot cot —} :
C123 C123 C123 C123 C123 C123

In the first summation, k£ moves from 1 to a; — 1 such that (ak)/a; € Z for a = ay, as.
In the second summation, the suffix ¢* is determined by 2* = 3 and 3* = 2, and k& moves
from 1 to ¢y; — 1 such that (a.k)/c1; € Z.

The terms s(R;(a/d), N;(a/d)) for i = 2,3 are similar.
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