PEBEE R 275 7 @ Terwilliger fAEX D HEFRIZ DWW T *

LN
ALK PR ZBE R A se Rt
A - BRI SE R —

1 &

ARTim U2 Q-ZIANEBMER V' Z 71k, ARGTHEBOFHEEME R ME2HE<E
CIEFICEPRARARTH D, FIZ. ZhoDT T 7 DR DMREIMEED 1 245 (¢-)
FERMERZIHADORE TH 5 Askey R F¥— L [22, 23] Z R 5 Z & 231982 fm:
Leonard Z7) IZ& D REINT WD, ZOREHRZ3ZT T 1984 HEDIA-FHEEDA 3] T
[Q-ZHAPRMEER 75 7 %24 T&E?%thjk%&ﬁﬁﬁk?émtoQ®E@
HETHEZERINTIEIVR WD, TNE TITRRA BRRERHERVED -7z, 206 DL
RAEMSU 723k e Uik, BITiA T (W, 8, 0] 22155,

RE 27 7 Hi5w fi&77@%&ﬁﬁ%%mﬁéo;M1757®%%ﬁﬂﬁiﬁé
N5 (C L) RITFIBROAHEHAIRETH . 77 7 OKRBREEZ KT 5, ZHi
5 U T Terwilliger [a1, B2, #3] &, 277 7 DK THKIZ DWW THAE Terwilliger {S# & /1T
N5 I HE A TR Z BEA LT, Q-ZHAEHEN 22 7 D5EIZIE, Terwilliger
RENKBERATH], ROBEE UZTEAIZIS U TREE 5 TR A sk v ElREh, 7
S T7DRIREGE 2R RT 5, 72, 22 TREEL UBBRZWAS, BEETH] & AU
BT 75113 Terwilliger B D & BERINAE LIZAE=EWN A (19 & UTEAYT S, =H
SAXIZOWTIE, 77 14 YRR U, (sly) DRI & A 72 I IR VEH AR X
NTHY (R, 20] F22H[), 5BINODHRE Q-ZHAFMER 2 F 7 OREIE D5
ZIEYGH L TWL Z 2127k 5,

75 Q-2 HHAFEREER] 2775 7 DR T (g E TIAD T) BHEREDFF £ 725
HEDIE, £ < DIERARTIDBFAET b, Terwilliger FRBUIBEREREL L @D 2% < DIEHRZ
BLEHEDD, Terwilliger [RELD L X)L TEH KR TE RV Q-ZHAFEMEN 277 7 DfflH
F7-, YT 7 DBEITIIRRYIAH SN T WD, Terwilliger iz —fifb U 7-RE &
LT, #KR B3 IRIEMTIE AL, & [THEH2HEEG] 205 [Terwilliger U 25 A
U7z, AT, FHAHAESGL U THY RS DE2EIZ LI2L D, Q-ZTHAFEH N 2
Z 70 (THRIZAT 2) Terwilliger (REXDELGRAY, ZEHX X & ORESL GO TIZIZZED
FEMLTEZEHZLEZBNT 5,

* A IV R EELE B OB R G & DYERTh 3 3¢ [B9] 1235 <,
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http://www.math.is.tohoku.ac.jp/~htanaka/
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2 Q-ZIANIRBEIERIZ S 7 & %D Terwilliger X1
ARzEELT, T'=(X,R) IGEFEAREM I T 795, 22 TXIFHMAES. RIZ

HBEATHY, BRI X D2 EATH D, BEEL - 2 HAMOEHMZ 1 LT, X
FIZHRIZHE O PEE D, FITDERD %

D := max{d(z,y) : x,y € X}
LU, HEHRz e X IZTHLT
Li(z) ={ye X :0(x,y) =i} (0<i<D)

EBEL, MOMWE %7238 a;,b,c; (0<i < D)DFAETHLE, I 2EREAT S
TP

Iz,y) =1 ZMZTRTDr,ye X IZTDWT

Dici(@) N Ty =, [Ti(z) NTh(y)| = a;,
AN ARVASK

Divi(z) NTi(y)] = b

ZHNIZHE TR EBTH AN, XTI 7OHCRBEE AutT O 2 HEEERM & - T
Whbe & Iabb

Iz,y)=0(z',y) < Jg e Autl st. 2/ =gz, v =gy

MEL D AED & EITIZH S D2 XD (Z DG ARHICIEAR S 5 7 L IER), Bk EA]
77 7 XEIZERZ S 7 THD., TDRE K X

k=by=|l1(x)]
THEZo6N5, T/, IRZIEHERZ 57 T ORXXF) L LR :

L(F) = {bo,bl, . ,bD_l;Cl,CQ, c. ,CD}
2T FRa +bi+ e =k IS X TRINDS 0, EVEITLTE B Z L ITERT 5,

Bl 1. X ={0,1}P &L, 2HM z = (z1,...,2p),y = (Y1,...,yp) € X {177z iT £
BRoTWALEFIZLTHIEND LTI 7T 2EDS L, TIXEHER 7S 785,

IDZ77%T =Qp &RU., DIRGTEBIAKRELITR, Op FEBHMTH S Z 7 Th
D. B Weyl #f G 1 Gp WMERT 5, 7z, KXFNIRTEZSNS :

u(Qp)=A1D,...,2,1;1,2,.... D}
BB, Qpy FFEEHD 77 L UTHRIZ Qp ICHORA NG Z LITHERET 5 ¢
Q> Q= =>Qp1—>89p—- -

IRE 2. DIE. TITH I TR 25 723 %,
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17T FIDTERES X THRATMI I 0 C LOTH2R0ES (C-ARE) 2 CXHX v &
<, IO i EEBEITH A, € COX ZIRTED S

(&%ﬂ:{lif8@y%:i(%y€X)

0 otherwise
BRI, Ag =1 (BALfTH) TH B, £72. A IZT OEHOBEETIITH Y,
A=A
CHRFLT B, FEEEER]IZ T 7 DEZEONBNRERIIUATOED TH S -
A A =bi Ay + a; A Ay (0<i < D) (1)
272U A = Apy =0TH 5B, I DBEENAE%E
A = C[A] c CVX
cELZEIZTBHE, EO3HEENIZE D AFEASZERE LT
A= (Ay, Ay, ..., Ap)
rRIND, B, BEETH AIXTE D+ 1A R 5 EA(H
00,61,...,0p € R

ERDZEDNMD, oy BK Ag, Ay, Ap ITBIT 2 A ORGEEBUIZ XS (1) I
Lo THBITRESINDG Z LIZHERET S, T OB EIZHEIZADEAHETH L, DRI

Oy =k

LB, FEMHE TS ADEAZEMANDERFKE B, c CHX &RT, "B, Je
COXEZR2TORAN1OIFHIET DL, Ey= X1 kb, 2o D+ 1 EOER S
W Eo, By, ..., Ep lXBHEREUA O (b)) JFIEREE T TH 5 -

A= (Ey By, ..., Ep)

R 3. IHPHEHHEAIE I 70 Ed, AlZAMT O X FOEBRFO MR L —5
T35, £/, ZOGAEHERIZEEETH . TS A DREAZEMIZ Aut T DR
K& RT3,

IROMWE %5723 HE ), b, ¢, (0< L < D)DBEFETZEE, TIRER {E)2, (L
{02 1L T Q-2ERTHL L VS ¢

bi i £0 (1< < D)ho
IX| Eyo Ey=b, \Ery+ a;Ey+ ¢y By (0< 0 < D) 2)

DD SLD, 7272 UE_ =Ep :=0THY, oA TLDOMERT,
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T 1973 1T Delsarte [0 1IZ X D BAIN/MBO TEEZPSTH D, THITE-T
Delsarte (X5 L fEET VA v 2B 5 e UTH—IZHERT 2 Z &Ik L7
DTH5, ZD [Delsarte Haf] OBADERIZEI L T [0, 12, 29 FE2ZRI Nz,
BB, E10E 3 EyQE,DE/MTIITHY, /o THIEEMTH D I LN 6. af, b}, c) iE
TR THATH L Z L2595 (Krein &),

B 4. L HIRT = Qp 1EB&IEH Oy > 0, > -+ > 0p I LT Q-ZHATH 5,

%ﬁl@ 5. %lﬁ%ﬁf QD = 90 > 81 > > QD cL7-& %CZJIEF?; 0070D—1;0270D—37 e C:Egbf
L QQ-FBHEHALLD, —MIT, VYA O7NERS (Tbb k>3 L7%5) EHEN ST 7%,
Q-BIHR & 72 B EERONETF 5 7 %~ L 2\ = & A1 5 h T\~ 3 I3, 8.

R 6. LM%, T W3ICIET (B2, 1B LT Q-2 HARNTH 5 & ¥ 5,

3L (), (2) 225 D 1 BRELRLIHNR {fi} 2, {71, PEoNn5h, HH
TR XD ITIRDFERVBF SN T WS -

E 7 (Leonard [27], Bannai-Ito [3]). The f; and the f; belong to the Askey scheme.

Leonard [27] 13735 XA — & ¢ 3 +1 L B2 256 % FITEE L T Askey scheme D iy A7
(403) \ZALE T B Askey-Wilson ZIH (£ U < 1 g-Racah ZIHRX) Z LA 720, ¢=+1D
LA EEDT-BREDOFMREEIL B THRI Nz, ¢=-1DEETDOERLHA {f}2,,
{f R IFBRERA—FEZIEN & XN, Vinet % Zhedanov %12 & 0 EETEFEITHIZE X
NTW3 ([16) %% 2MH).

RIZ, Terwilliger A8 20, 42, B3] DEFHZZ BB, T, Hir e X z—D2EE L,
¥ RBET B — B() € COX 2ITRED S -

(), = {1 if y=2zel(x) vz € X)

0 otherwise

TR 2 1IZB9 % Terwilliger W8T =T (z) 1%, BEEATH] A & BOIHEE I B EY, ..., B
THEREINE COX DR TH S -

T :=C[A E; E;,... Ep] c CYX

HE 8. IV 70 ik, TIZAwTIZRIT S 2 DEEIIEED X FoDE#H
KHEDOFMERB DR TH S, Qp ZEL WL OO EERERFRSNIZONWT, Z
NS ZDDORBNER T 5 Z LRI N T 5 ([17, B3] &),

T OEZRIFIFHEN 7T 7 L IZRSBRW—D T T 7120 U THE®RZRTH, IKED, B
DFT, T OITRRBHETI A = A*(2) e COX 2 EAT 5

(y,z € X)

\ [ X[(E1)zy i y=2
(A )y,z = Y .
0 otherwise

ZDEE, B NLD -



##H78 9. The Terwilliger algebra T is generated by A and A*, i.e
T =C[A, A7].

Proof. BEEEARELA D Ey, By, ..., B} 2P EKIZR D Z L ICHERET 5 &, 3H b (2)
£ D EEETS A, Ay, ... Ap I | X|Ey Do iZB T 2 ZHATE IS Z 05, Th
5 DITHDFERDE ¢ 52 I U TR ATy 2/Ed & E; EY,... . B} %2 A* O (BHE D
BIcBT2) 2HAL LTRIFERITR D, O

% 10. The matrices A and A* act on each irreducible T -module as a tridiagonal pair.

2T, ARIGERY MVER Y = C LR TTRE R AL A 13, BUF &7
5 A OEAEROIY Vi, & A QEEZEHOIERT (V1 BEET 5 & 3o =&
st L IFIEh S [19] ;

VIZCA AT MEEE LTEBENITH D, HF0<i<d 2 0< < dITHUT
AV C VI + Vi + Vi, AV, CVia+ Vit Vi (3)
7}))}& D ﬁ.‘jo flf:l./ V,1 = ‘/dJrl = le = th+1 =0 VC%%O

RIMTIE. &4 @) 13d 55 A 3EHI (), @) »5EBIZESIDTHS, WTHIZE
<L7MDi@&Eﬁﬁ%ﬁ%ﬁ?78%@@mﬂ@aﬁﬁ@i%#6ﬁ%%ﬁ§#%%

FIFEHHLKHRTH S Z L 2L 72\,

SEXNAN DI NT A =X ¢ D1 OBRTHRWGEIZIIBRZEE L TW5 (I8, 20,
7z, Terwilliger A DX BLGw % F W72 Q-ZHABEER 275 7 ORGEDOWSEL T
IS HEINT WD, BIZIX, Q-ZHAEMEN —H 2 J 7122\ Tld, Caughman [7]
DD > 12 DGHEICR NG %E (1FIF) PE LTz, Z OFERITEE Miklavie [30]12& 0 D > 9
EFTCHIRINT WS, 7z, Ao El o 3 7 O48M Gavrilyuk-Koolen [14] 12 & D 5%
RE N7z, 51k RO T-IEEC(THET 5 Terwilliger ZIAR & IF X 5 IEL 4
DEIHADWHE Z I H WD TH 52, TOFRIBEEMD 2 5 2D Q-%HApH
EHIZ S 7128 LT KRERBEEZ LT T3 [1H,

3 Q-ZIEAMBEIERAITZERY Z 7 DLICEET % Terwilliger %
34

AIEICld Q-ZHEABE TR 2" F 7 & Z D Terwilliger REUZEE T 2 FEAM 2 HIH 2 B AR
720 WEZ, Q-ZHHAXBRMEER =52 F 7128 2R D Caughman (1] D587 7245 F 1%,
INoDT T 7D Terwilliger {NE D BERIMEEZ B3 2 1% H & DS [6] IZHEDWT W25,
—HTO) 2WBRT 5 &, EBEQ-ZHAEMEN 7 7120 Tid, B T-I#HoO
BEENIRE CY IR 2 EEE R, BN “ENAN O ETIAD T, T OMEPERIIR
XINZ &> THREFSTULED Z D05, 2D LD KR RIRIIZR>TWEDRS I %
RXFIDWEDNAREL 72072 EEZ DM, DIV T ADT T 7 DHEDZERE Higd E
T, BELT ZUJTEEADRWZ L2 ZOHEIIEKRL TWS,
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HSL SR Qp 13 =877 7 Th B0, MRS & LT, DROELR PGO;,(F,)
DEFBEZEME 725 ZERIB ST 5 7 LIHEN DM 75 701 H 5, RS Z 7
LR UARXFN 2R DOflE UT Hemmeter 72 7 DRFIDH 250, ZNoITEHEFE S 5
7 T3\, Hemmeter 2777 7 BAAMZIR U R XA & R > Q-Z HAPHEEER —# 2 7 7 %
FETHZENHTOHETH 5,

IRE 11. M. AHiCE T XX sz ros7chs L35,

FEOHBICHE Y MO BT HAIZBET 5% O Terwilliger fRELT = T (z) TIEZE
MR Z 7 & (B Z1X) Hemmeter 275 7 &2 X TERND T, Hil-2REEEAT 5,
Hec RZEEL,

Ii(e):={ye X :0(e,y) =i} (0<i<D-1)

LBEL, BRAZ, TR ET I 7 THBI o3 LOEINL, D, D x5 =AFI3F
FELRWDT, Tp=0Thd, HEDOGELFEKIZ, i NEBFET E; = Ef(e) € CHX
ZIRTED S :

i 1 if y=2z€eTi(e)
(Ez )%Z = . (y7 S X)
0 otherwise

W e 1B T % Terwilliger {31 T = T (e) 13, BHETHI A & SUHES T B2 B .. EL_,
THEEINDE COX O RETH S :

T :=C[AEE;,...,E} ] c C¥*¥

X 51T, WHBHETS A* = A*(e) € CYX %

1v:%§:m@)

xee

LREDDE, RIRINS :

EIE 12. The Terwilliger algebra T is generated by A and A*, i.e.,
T =C[A, A7,
unless I' = Qp and the Q-polynomial ordering is the one described in Remark H.

% 13. The matrices A and A* act on each irreducible T -module as a tridiagonal pair

unless I' is the above exception.

FIRIZHIADFE L, DPOREINTWAEZ o bR INE X512, TS IFEHD
PRMEIFERLD BB > TIHAHGFEIRTH D, Leonard DEH (EH Q) & #EK
F OGO HEER U 7S TH % Leonard X (244, 45, 46] DFFRZ HWTIEHI 15
36, B7), 728, ERLOHIIMNE Askey AF—LIZRIT 28T A=K g = —1 DHEITEYT
%, ZTD&D %k Q-ZHAMHIER 25 7 1% Terwilliger [40] (2 & 0 3 FEEHD R AR
BZEDRENTEY, TOHRTIET T 7 ThLHRINIHIIMZE T - 1 FEOATH S
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(GEETIIHISN Z 2 FBHE U72AN, D TH D), BZRAIT, Leonard BIFER. =&HEx A
ﬁflﬁWﬁWJ”$®mmﬁéfltaé% Th 5,

ZERCHR S 7 O H AFRBEHIAES R FICHRIT/EHT 55, Hemmeter 2777 7 D

b é\ci:oo)%ﬁ_c:ﬁﬁm& %> T Hemmeter 777 7 D4, T =T (e) DiEiElL e %

t“é 5 DWIEDP S D PITEKIET 5, Eid. T EHUDORN iﬁﬁﬁﬁ ik U 72 THAM DY

WHRHEIND, T4hbDE, Grassmann ¥ 7 DRS (ORRIZRE54) £, Van Dam

<‘: Koolen [9] 12 & D 2005 FIZFA S N2 N Grassmann 7' 7 DR FIE[FE UR XS %

FEOM, HIEOH SR EAES X BICUBIERT 2, BEOHBEE =20
#3823 N D, Bang-Fujisaki-Koolen [2] 1%, THAIZEI Y 5424 Grassmann 775 7 D

Terwilliger (REX T (z) DREED ¢ DEENDIHIEIZ L > TEHELUS ERD I L 2RLTWS,
ZIZT, T=T(e) BT BHERE —DMNH L7\

IRFE 14. DAE. AHICTIR T IZEHEE oA Tldinwe 35, $40bb, I'=0Qp DGH
WZOWTI, Q-ZIHA L R2EEMEDIERE & UTIXHEIZ0, >0, > - >0p 2525,

W 2B T-IfEE 45,
##H78 15. There exist non-negative integers €,e*, and d such that
{i:EEW #£0} ={e,e+1,....e+d}, {{:EW #0}={c"e"+1,...,¢"+d}.
INS=2DNTA=RIZEAL T, BIZIXRD LS LEHEIIGEHEI NS -
I 16. We have 2¢ +d > D — 1. Moreover, if equality holds then we have
dmEW =1 (e<i<e+d), dmEW =1 (< {l<e" +d),
and the structure of W is determined by «(I"), €, and £*.

Z OEHIT B, 41, 42] DFERO—HIZH IR T 5B D TH S0, Hiflfi Tik N7z Terwilliger
%I DM %it(ﬁ@%éﬂ@ﬁéhéoyMb®ﬁE%ﬁﬁbe&ﬁﬁﬁ%E
HI ¥R S 7DBEE DT 2 LED S Z L 2 HMATWSDTH LD, KEiDEKD T

ZHT T T DHBEDT (e) DGR E —DBZBED T (v) DGR & DFLLE R T IH4l %
£ =DM L7z,

Q-ZEREHEEH —¥R 2 7 DGEIXT (v) DHELZXFNZ L > TrEICkE->TL
FHZ e BBRARZN, MOFELDESLSE DT T AT Q-ZIEANFEHER 7 F 7 24K
DR TRFRFZE ER D, —H. Q-ZHAMEEN =77 70hTH, 2-FEHEI T 7 LR
ENBFERICKRIRIR Y FAND D, T2DH, FlOBELA KD LD ¢

Q-Z AR ER 25 7 Q-Z AP ER] —H8 7 5 7
Q ZIHAGEREE R — 30 7 2 GHEIEREER s 5 T j
:@%Mini R NG, B I I T, ROMEEZ 72T 8E pijrs

(0<i,7,m,s < D)D T’d‘ét% LiZ2FHTHEE VD ¢

7



Oz,y) =2%§li7=TRTDz,y e X ITDNVT
IP(z) N To(z) NLs(y)| = pijirs
PERED 2 € Ti(x) N Ty(y) IR UL THED LD,
CDERZ—REMTHED. RPHITS :

I 17 (Curtin [R]). A bipartite distance-reqular graph is 2-homogeneous if and only if
it is Q-polynomial and antipodal.

I AREHTH D L1E. (REBDFTI) [p(z) =1, TARDEZEMITH L TR EN
HEBR—BEWNIIEZD L ThS, 2%Eﬁﬁ7i#65®$§%%52525y%?
IWDWMENSEUT-HERTHD, D=5DGEE2REIBIISEINTNS

EIE 18 (Nomura [31)). If T' is 2-homogeneous then T is one of the followz'ng' (i) the
D-cube Qp; (ii) the complete bipartite graph Ky, minus a perfect matching (D = 3); (iii)
a Hadamard graph (D =4); (iv) D =5 and

(01762703764705) (1 My k— ey k— 1,k), bz = C5— (0 < { < 4),
where k=t(t*+3t+1), p=t(t+1), and 2<t €Z.
Bk D Caughman [6] DFEROEMLLE U T, IROFERDEL D LD

EI 19. If T is 2-homogeneous, then (T') determines the structure of T =T (e).

4 Q-ZIENIEMIFAS S 7 DFRICET % Terwilliger {431

HIEICld Q-ZTEARRBE TR =¥ 2" 7 OWIZEE T % Terwilliger A% %2 B L7208, 5
BRHES TR DFRSC [B9] Tld & © — AR CHEGR Z BRI L CTH 0. Jifli O WA I E DRk
(7= UEER) T —ATHh D, ARTIERBIZZO—FEmI OV THBIENT 5, DT

T TIERIZZH T T 7 SIMRE L 7\,

Y C X ZZTRHRWHABDESGLE L, xECX2ZTDREMRINLET S :

1 if z€eY
Xz = (Z I~ X)
0 otherwise

Y Ofg w KRR w* Z IR TED S [4)] :
w=max{i: x Ax #0}, w*=max{l:x"Ex #0}

Mg w XY O 2 HABOEHMORKETH D, —H. POTIE w* OREERIES D0 HVrE
LI, 20X SITBEEATH] Ao, Ay, ..., Ap LIRIRRESEIC By, By, . .., Ep %2 BUN 72
NREPFZ DT D, Delsarte #iG 1] DRI D TH o7z, NI A—Rw & w* IZHT
% Brouwer-Godsil-Koolen-Martin [5] DG 1 Delsarte #i & & £ ERTXH 2 9 H D
Thb, £7-, B L FERIZUTY IZBIT % Terwilliger (REXT =T (V) DEFK T E 523,
Brouwer ZEDMET w IZEF DD BEHMZDOWTIE, BABIITL>TT(Y) OEERINEED
Blriiro T ol RILTNT WS, BUFIE Brouwer O EFRERD —~DTH 5 :
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EH 20 (Brouwer et al. [5]). We have w + w* > D.

ZDEHBMTESVHRILTAEGEIZY B4 REBWHEER2RKODZ L RINTWS, RiX
ZDO—HITH B :

EI 21 (Brouwer et al. [6], T. [37]). If w + w* = D, then the subgraph induced on'Y is
a Q-polynomial distance-reqular graph with diameter w, with at most three exceptions of

I’ for given D and w.

Brouwer X w+ w* = D OB EES 77 7 EETHNIX ORI EO NS L E
AU, (3] CHEFIIFEED 77 7DPEE TR 2D L5 T OYINRE D & wilD
WCHEHAX ZDThHhEI LR LZDTH L, ZH5 DHIAMERIZD Askey A F — LI
RIFBNITA—R qg=—-1DEEHEITFEYLT D, COEMERVFITES, w+w' =D &
729Y ZT DFHREMPERI £ITT 5,

Bl 22. —fEE {2} FEICTDOFHTH S (w=0),
Bl 23. T B_fh7 7 751, EEDLec RIETDFHTHS (w=1),
Bl24. T=QpDEE, F0Li<DIZHLTQ, CQOplEFHTHS (w=i)

TROMRIIIEFIZARERTH O, MIEE SR CTH A Erdés—Ko—Rado DEED —
AL CH EERBE 21729 85, 88, FHROMEFICHET M OVWTI B 22
Banzw, TOTFHRY ITHL T, BOTBEEEATH] A* = A(Y) e CXX %

*_1 *
A_ﬁﬂE:A@)

zeY
LEDD L, Hifi L AR TOEMARI NG :

I 25. Suppose thatY is a descendent of T'. Then the Terwilliger algebra T =T (V) is
generated by A and A*, i.e.,
T =C[A, A7,

unless I' is one of at most three exceptions in Theorem [Z1.

% 26. Suppose that' Y is a descendent of I'. Then the matrices A and A* act on each
irreducible T -module as a tridiagonal pair, unless I' is one of at most three exceptions in
Theorem [Z1.

INoOfER2EMEE U T, THAIZET 2RO Terwilliger fREXT (z) DB Z FHRY 12
B9 % Terwilliger REL T (V) IZHEIE T 2 Z L BNATREIZ AR B D TH 5, AP, T OHLRMH
OHERENSAFE UT, w=1DFFHY (i Delsarte 7 ') —7) £ ZD 1JHEz €Y
2D, ZFEFO Terwilliger REX T () = C[4, A*(2)] & T(Y) = C[A, A*(Y)] TEK S 1
% X 5T K E e JEAl e BAAT SRR CA, A*(2), A*(Y)] DRERIINREZ B35 Z L2 T,
(CY,C) BT TIVT 7 4 v~y TIRXIENFR Askey—Wilson ZTHR, KUOIN6DH 5B
MRk e DRE%Z R Z LAV TE 5 4, 25, 26],
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FHEAHRAREERMTIZ B 5 A AR 2SN T 15

FO_ODFEENANZEEEEZRFoTWNWAZ ERNgn5. SO E (F
~7/FVANT$<&5&)E¢ﬁﬁA;L10/7%#%1AH [ﬂLwﬁ
B(EFEICIE Loo-fRERE WO REDS LRV OREEN TN D, (BIRICEBIT5)
Ex-f0351%, (72) RERY—% & 5L Gerstenhaber {32725 Z ERNHHNTED,
Hochschild 2 4E v ¥ — HH*(A) 1% Gerstenhaber (R Th-72Z L6 HH®(A)
BN Ex-fREI72 D Z E M PRSI Tz, —J7 HHe(A) 1 Connes {EfIF#EH kD S1-
(] GRABEIKICE>TND EBINZD) &boCTTe. =0 By il HH(A) 7%,
HH (A) I S*ER & H 2 BREAMEZ O L D ITEAT 5. b2 ToldEix k
FEOART v FEOMREE LTREEND. MHENRANT v FEORED Z L %2H
ANEDZHIZ L > T KS-REEMESZ LT 5. ZoREMEEO#KIT, (ZofE
DFANRT y REBEOBLEFHATLEZ ERH D NETFEM S L 0n) KEEM
T, AT v RO 4 72 resolution RFk % 72TV, MR LT =4 V5B %
i U WLHANWD S D Th o7z, [4] Tl factorization 7€ = /~%ﬂﬂb\fﬁ@ L&
{725 =MRZNTYH Hochschild 2T P—DAA A « F—XAXT v FEAER
DEHERRERITKIL L TV D KS-UEEE L, A2 72 8 58 0 e & 3 I At
REBTICEE 2 LD THS. [8] T iGMPM%HHJM)%K&ﬁ@%E%ZV
YT F 2 T TR 5 2 T F O TIE, 9 LTED X D AfEENAD
DONH DDA > TRY , JLIE L L TEECHELFDRIZEMR (F U ALFRRE
TERfT & ZEoE) | FEMMEMEMNR e Eix R EICHEH T 2 HEE 52T 5. i
ZAE, MABBEVEAfT & 228 co#1% Landau-Ginzberg #5700 5% 7 (25 9~ 5 BRE T
725 TL D, WRDRA » M EfIENFET D &
oK&ﬁﬁ@?%?%%%@ﬁﬁ%ﬁ®ﬁﬁébﬁL&BJQK%%?é.::
I, EAEREOB O GE, BI1x ST ERM & RG34 T A @ Hochschild
%14 / M 1% S*EH Do -[RIZEE B-INEE.
o ZZ7EoE C 2% @ Hochschild = F = A » O EMBEVER # B L Sh &% TV
i, Hochschild =1 > % & %.

EHOBTELDHD L

EE 5.1 (8]). REAABEANRY FFALT 5. CE/NS) RGIFLECELT
L., ZOLE, oI FaTINRERTET (BFICETVITEILL Z2WHET)
(HH*(C),HH,(C)) \= KS-REH&ENAD .
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T1-lifting property 0 000000000 0D0O.



000 CALABI-YAUOOOOOO 7

00000000 |-Kx|0000000000,0000000m>00
00 |-iKx| (i=1,...,m—1)00000000000000 FanoO OO
X000O000O0O0O000000.000000000000000000.

0 3.11. Def(x py 000000 Defx 0000000000000000
00o.

CcPO0D0ODO0ODODO[C]eHiIb(P)ODODO,00CcO00000
4000 S00000000. (SernesiD 00000000 ([Harl0, Exercise
132)) 0000 X P30 CO0000000, |-Kx|O D:=up (500
000 Calabi-YauOOOO. 000 Def(x py0000000. 000 Def(X)
O Hilbert 000D 0000000000000DDDOODODO, Defy O
Doooo.

0 3.12 w,'00000000000000000000000,0000
oooo.

00 wy!00000 Defx 0O0OOODOO0OOOOO. 000 TO 200
00000000000 X=TxP'0000,000000000 ([KS58)).
00,wy' 00000000,

wy' 00000 Defx 000000000000, CCcPPOO0O0O0OD
000000 [C]eHib®P)00D00000,00C00000300000
00000000 Mumford0OOOO0 COO0O0OO). 0000 X —»P3
0CO0000000 wy'00000, Def(X) O Hilbert scheme O [C] O
00000000 000000.

000 X0O0O0OO0O0 wil!0O00(00000)000000 Defy 0O
000000,00000000000,0000000000000000
oo.

4. CALABI-YAU O OODOOODOOOOOOODOOOOOODO
gboboobooobooobboobooobooon.
OO0 4.1. 000 Calabi-Yau OO O OOOOOOODOOODO

100,200000000,K3000000000O0O0O0OOOOO. O
00 Calabi-Yau 3-fold 000 toric 0000000 OOOOOOOODOO
g,0booogobgoboboo.gboobobbobo3boboboooonog
gboboogdgbooaon.

OO0o0oO0DOo0obO0oobOoooooogn, Calabi-Yau 3-fold0 000
ooo0obDO0bOoo0oooboobOobooboOoDOoboOoOoog. GressO OO
O0OooboDOoOOn Calabi-Yau 3-fold0 000000 DOOOOODOOOO
0. 0000000 Calabi-Yau 3-foldO0O0OOO,0000000000O
O0OD.0000000 Calabi-YauOOOOOOOOOOOOOOOODDO
0000000000000, O0D0000 Calabi-YauOOOOOOOO,
gboooooooooooon.

0 4.1. (1)([Fri91)) Friedman 00000 50000 X =Xs; cP40O000
0000 disjoint 0 (—1,-1)-00 Cy(i =1,2,...)0000000000. O
000 X —» X,,0¢C,,...,C, 0000000000 (Gravert 00000



8 o0 od

00). 000 Friedman 000000000, X, 000000000000
00Y,0000000000. 020000 by(Y,) =000000Y,,0O
Kihlee 0000, 00000000 e(Yy,) =-200—2m000000. 00
O Y,(m=1,2,..)0000000 Calabi-Yau 3-fold 0000000000
oooooOoooo.

(2)000 ([Ogu94]), OO ([Fri91]) D O OO Calabi-Yau 3-fold 0 (0 O O )flop
000 H)X,z)0DOOO DO |D}00000000DOO0ODOOOOO,
Moishezon Calabi-Yau 3-fold 0000000000000 OO0OOOOO
o0oooOoooo.

0000 (2,4)-0000 X = Xo4 C P°0 Calabi-Yau 3-fold 0000, O
000000000004 >1000 (-1,-1)-00C;c XO000000
d00D00 XO0DOO00O0O00OO0D0.000 Cg0flop X --»Y,00000
000000000. 00Y,00 H€|0x(1)|]DODO0O0O H,O0OOODO,
H}=8-d4*000.

(3) Ghys 0O OODODDOOO h(X)DOOODODODDOOOO0OO XO000O
00oooo. SL(2,C)00000000000000000Troo0ooon
0000000,0000000rooag.

Fine-Panov ([FP10)) 00 0000000000000 OOOOOO0O
O0000.00000 SL(2,C)000000D0000DD0O00onoog,
0000000000000 crepant resolution 0 00O 0O0OOO. OOO
HY(X,Q4%)#£00i=1,20000000000000, “0 Calabi-YauO”
oooooag.

O0-00 (KN94)OooOooooooooooooooooooooo,
gbooboboo.obod-boooooooooon.

00 4.2. ([Fris3]) SNCOOO X =N, X, 0000, D:=SingX 00,
Op(X) := (@)1 Ix./Ix,Ip)" € Pic D

D00 (0000000000). X0d-00000000, Op(X)~0p0O

Doooooo.

00 4.3. N=20000 Op(X) ~Np/x, ®Np/x, 000, 000000
00dO000000.

XOoooooooooooooooboobooo,xOodoooooo.
OOooOoOooDoOoooOog, Calabi-YauOOOOQOOoooooo.

00 44.n>3000 XOnOO proper0000O0ODOO (SNC)OOOO
gboobobooboboooon:

() D000 wxOOQOO.
(i) XO d-000
(iii) H"Y(X,0x) =0, H" %(X;,0x,) =0 (i=1,...,N)0OO0OOOO
00 (X =U¥,x;000000000).
0000 XOOO A'0O000 ¢: X - A'0000X00000,0000
00000 X:=¢ '(1)000000000D00000ODDOO000OOO.



000 CALABI-YAUOOOOOO 9

00O 45.00-000 XUOKéhleeSNCOOOODOOOOOODODOOOO
OO00OC0O0. 000000 Kahler SNC Calabi-YauDOOQOQOGOGOOOO
ubobooboooboo. oobooboooboo,boobooibn stratum
00 Hodge-to-de Rham OO O OOO00OO F-O000000D0O0OOCOO.
0000000 X;0 KahleeODOOODOOOOOOODOODOOOODOO
gob. 000 XxXxoooooooooboobooooox0000DOO
gboogooog.

00440000 Calabi-YauOOOO SNCOOOOOO0O00O0O0OOO
0. Lee ([Leel0])) 0000 Calabi-YauDOODOOOOOOOO0O. OO
0000 SNCOOOOO0OO0OO0OOO000,0000000000000000
oo.

00 4.6. (HS) 0000000 e>0000,00000000000 3
0000000 X =X(a)0 Kx ~ 0, ba(X) =a+3, H(X,0x) = 0 =
HY(X,Q%) (i=1,2)00000000000.

00000 X(a)O SNC Calabi-Yau OO OO OOOOOOOOOOODO.
OOoSNCOOOOODOoUOOODO ghingOOOODOOOODODODOO
go.

00 4.7. X;, X, 000000000000, D, CX; (1=1,2)00000
ooooooboody:Dy~D,00000000. 0000000 SNCO
OO0 XoOOOOOODOO ¢ X5 — XeoOOO Cartesian O O

chi—1> Xl

\[ﬂ)oiz \[Ll

XQCL XO

00000000000 (j=1,20004;: D; - X;00000). 00O
XWX, 000,4: Dy — X0 dp09¢: Dy — Xo,000 push-ont 00O

048. 000 X;=X,=P000,S=D;=D,CcPPO00000400
0000.0000+4%:=id¢0000,SNCOD0D0 Xo:=X;U¥ X000
0. 0000000wx,0Kx,+D;~0000000000000000
000. 000 Ngjx, ®Ng/x, ~0s(8)00000,d-0000000.
Owuw:Y,»P0O000000CE|0g(8)|00000000,Y,=P0O
00. S cyy0sS0000,us:5 —-SO0p0000000000. 00
0Y:=Y1UsY,0d-000000,0044000000000000.0
000D000000,S00000000000000,000 twistOOO
0000000 push-owt 0000000 SNCODODOOOOOOOOO. O
0460000000000000000.

g

ubooboobooboooboboo,boboabog,oobooooo
gbooooog.
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Yoo NI AR —=FHERDP SRy THAEA

)1l B — (Youichi SHIBUKAWA )*

BME
Yo NI AR —FRACEE L 2f 2@ T, Sy TREO—BbThDFy THAKEENT 5.

1 4vhO¥ovvayv

&Y. ZOHHREDIT

(1) Xinkl —Xleij (i,j7k,l: 1,...7TL)
(2) ZZ:]_ Xik(X_l)kj —d0;; (4,j=1,...,n)
(3) Yop (XY Xyj— 65 (,j=1,...,n)

THBENETNAFTN LIS E B8 C(Xy, (X )y | 1< i) <n)/T & Ap 2B ZEET B (7
Udyj 7By h—DF N VRL)., 20 Ap BRRETHD (1, 52 ® §1]. TOMEHN (RE
A:Ap > Ap®@ Ap, R¥ANie: Ap — C) IFRD LS IZEHRI NS 2 DOFEHRPREHERTLIZRE LS
kT 5).

(1) A(Xy) = > p Xirw ® Xiy

(2) A(Xig) = 2 (X Dk @ (X D

(3) e(Xij) = e((X71)ij) = 0y

X5 Ap I3y REUZH B 1, 2 E §1]. ZTOEERTHEINEH S Ap — Ap 1%, T EX
DL RIS (KECHM L UTHET3).

S(Xi5) = (X713 S(X 1) = Xij.

Ap 5 C ~DORBER T EAERD L STHEE M & —Bf B GL,(C) 3EEL LTRMTH 5. FEE, &k
DEBNZDORAINEEZS.
M>F— (F(Xm))“] S GLn((C)
ZIT, TN ELUTORBIZZRE LI M ITHEEEZ5 X2 TE5 (1, % 4 = 4l 4.3], [17,
Example 9.7]. TD& &, R A 25 & M OFD, REAMG ¢ ZHWD & M OHBATA, WHEq S &
FAWB L HIEBERTEL LR -oTWS. FEE, FFGe M IZxL

e MFG=F®GoA;

* bHEE KRR SRR Y, shibu @ math.sci.hokudai.ac.jp



o HifiiiT 1y = g;
o F(e M) D¥itlE FoS (CHAu#TH 270 FoS e M IZHERE).

FIFEHZ T TIEERL, REPREAHE (A1) A=(1QA)oc A AT N5 M OFIFEEIH L 72
272Y, GL,(C) WHTHE Il Ap Ry TRETH 2 Z B ESMIBELT VS,

ZDFRy TR Ap 1%, nikRiiR7 MVZERV = @,Co, DT VY LVEV QV LOMEEHR P VoV —
VeV (Phew)=wev) LBBAE. BE (v v} KT 2 P OFFIRROKL % P b $52 &
($mbb Ploy@u) =3, ;v @0 P, XijXp — XXy =2, P Xoj Xar — ijuxmxataé
DT, Ap DEHBRRZ L5 Z 5l 77V I OERKTIK

szk Xb] al_ZPQ%Xkaza (ivjvkvl: 17"'7”) (11)

ZX”“ 1 j—éij (@',jzl,...7n)

e
Il
_

(Xil)ikaj —60;; (,j=1,...,n)

\E

3)

E
Il
-

Thd. PAEIITEDHLD, ThizdboT EXFBRAZELUT, MEEHRP VRV VRV Ky 7
RECAp ZPRELTWE] ERBZLIZT 5.

Hg P ARTY Y - N7 A —FERA (2,3, 20, 21] (S OHBAE, TLA FEGALEAL) (PR 1)1
PXP@l%zﬂ@PXP@Dﬂ@P)@%fﬁévtkﬁﬁbfyF:@%W@Wﬁ&é@#bf,%%??~
N AR —FTERDER S VB NSk y TREZHERL L5 LRALZDRARTHS 5. £, 6] T,
BTY Yy NIRAXR—FREROMN S — MR GL, (C) @ g-analog FOBEER L EIXN 2+ v TREUE #E
BLTWw5

EHETIEEICRELC, [ ETHMALZ@ROMMAE —RIL T, —BibEhizyy - N7 22—-FfEX
DIEH SRy TRED b 2R L & 51 LilA, ZONE» 5Ky THABUIZ DO W TEEH L &bE TR
L7z,

ZOWETIHHEENEEHEL, WRBO—BLTH 2 ENHEARE, BLIOFy 7TREO—B{tThd kY
THABDOE#REZ G AT LT, &y TRE Ap O—ffb e 25 Ky THABAIRR T E 25 Z & 2 f{HISHNT
T5.

2 ENERE A,

AL LZRIZETSHMIcZEDBEEL (BRADOHAITE 14, BRL OHALE 1, £ESL), sp:L— A

Yt L A%
sp(DtL () =t ()sp () (VLU € L). (2.1)

EATHRER E $5. 72720, LP 3R LOKRE (KFARE) TH5. N (2.1)12&b, B AIFEA LM
BE 75 (ZOMBEERE LA, TRY).

l-a-l'=s,()tr()a (I,I' € Lya € A). (2.2)



EE 2.1. Wl L DR TV IVEIZBIFSRE /A K (comonoid) (L Ap,vr : A — A®p A,mp : A —
L) WrEHI-T L E, AL = (A, L,sp,tr,vL,mr) ZZNHERE (left bialgebroid) &\ 5 [4, 5.

Za(l)tL(l) X a2 = Z an) ® CL(Q)SL(I), (23)
(a)
( a)=1la®1a,
7L(ab (a)yL(b), (24)
mr(la) = 1L7
1 (ass(mo (b)) = mr(ab) = o (ati(mi (b)) (VL€ L,Va,b e A).

7272 UK (2.3) Tk, Sweedler IZ & % sigma notation [18, Section 1.2] £ HEN 35 FEZHWT W5,

:Zali®a2i :Za(1)®a(2) c AQr A.
é (@)

AR 2.2, ER2LICHNDZRE/ AN, TYVIVBEIZBIT2E/ 1 FORATHS (E/ 1 FOERITH

NBREES (DR 2HHEIZLED D).

ER 2.3. X (23)1ckb, X (24) DAL IE well-defined £ 7223 (B L BB T LHAMTH D LITRS &

ZEWER). ob, X (23) DRT, Z a(l)b(l ®La2)b(2) (vr(a) = E(a) a1y @ ace)y, '}/L( ) =
5 bty © bay) ERETEDIR D F71 KEaTRE bOT, T ye(@vn(b) (€ Ay A) L L. ZOk
R EENERBOERITIIERINTWVWS.

Iy

ER 2.4, AWHEABUE [19] 128155 x -bialgebra LHUEDTH 5.

BATF, K 24k, H 22 TRWES, RE2 KAREE L, My(R) 288 H SR K ~NOEGLEDLT KR
95, GEEASHOBERN GH) ODXMOMAHLL, TOEEDTa e GIZRL, T, € Endk(L, L)
ETo(f)A) = f(Aa) A€ Hia € G) DD (722U da:=a()). X512, HRES X 158G ADE
Bdeg: X — GHWEAET DI LENET 5.

Lap, (L™ Yy (a,b € X) %K%fnt LT, AEAK K(Mg(R) @k Mg(R)°P)[[{La : a,b €
XTI YVap s a,b e X}) 22 5. 0% € My(R) (a,b,c,d € X) 12 L, BAFD (1)-(5) DL TERE
o EEBEmREoml s TTVE [, &35,

(1) §+& = (§+¢), € —(c§), &' — (&¢') (Ve € k,£,& € Mpu(R) ®x My (R)7).
72U, E4E 1T BT BRE + FHBRETOMERL, (+&) TORE + 1 My (R)Qk My (R)P
’C‘O)ﬂ]’i’%’z’d‘ 4@@5552%0:36&51%5—1%%%%@%.
2) Y Lae(L™ e — 0ab0, > (L™ acLey — 6 (Va,b € X).

ceX (‘GX
(3) (Tdeg(a)(f) & 1MH(R)) ab —

Las(
(It (R) ® Taeg(v)(f) Lab — Lab(Iary (r) @ f),

(f @ Larm) (L™ ap — (L7 1)a b(Tdeg(b)( ) @ Lary(r)),s

(g r) @ FIL N ab = (L7 ab (i (r) © Taeg(a)(f))  (Vf € Mu(R)(= My (R)?),a,b € X).
(4) >syex (058 @ Lary (r)) LyaLay — Ez,yeX(lMH(R) ® 0% LeyLas (Ya,b,c,d € X).

(5) 0= Lary(r) @ Lary(r)-

F® v (r))s

Z DA F T I, 17 & B E RS K (M (R)@x My (R)P) [T{Lap : a,b € X} {(L Ny s a,b € X}

3



D% Ay £95. A, DEFRBEFRN (4) &KX (1.1) 20T 2L, 02 Ap O—LIZm>TWE Z LN
(e WP O—IZR>TVWAEI L EADLET) HRBINEESS.
EHE 2.5 ([7]). Bfideg: X — G & obd e My(R) H

e deg(b) o deg(d)(\) # deg(a) o deg(c)(N) = ol4(A) =0 (VA € H)
o obd()\) € Center(R)
RHFTROE, B A, EESHEMRETH B (CL [14, 15)).
ZDOEHDAENFRBUZBNT, s, My(R) — Ay, tr s Mg(R)P — A, lJIRO K5 REHTH 5.
sp: Mu(R)S fe f® 1y, (r) € Ao tr - Mag(R)P S f = 1y r) ® f € Ao
YMu(R) P Ae = Ao Qury(r) Ao IZOWTIHE, EEARERIC EOMEDOAZGLT.

) (f@g)=(f®l)e(1xg);

YMp (R) (Lab) = Z Loe® ch; ’YMH(R)((L_I)ab) = Z(L_l)cb ® (L_l)ac-
ceX ceX

E“x‘fﬁb: WMH(R) : AU — MH(R) %i%’d—éfl’_&), ij_, K’fﬁﬁ@@gﬁlﬂ (S AU — EndK(MH(R)) ’E(b—\'@
XoITEDS.

e(f ®9) = pi(f)pr(9); €(Lab) = davTacg(a); (L™ ab) = SabTaeg(ay-1  (f,9 € Mu(R)).

772U, fog € Mu(R) XU pu(f), pr(9) € Ende(Mu(R)) % pi(f)(R)(A) = (fR)(A) = F(MR(A), pr(9)(R) =
hg LE#T S (A€ H,h € Mu(R)). EH 2.5 DFMIL, Z0 e A well-defined £725 Z & 2Rl T 5. T
UT, mypr) i Ac = Mp(R) e ZHOTIRO LS IZEHRIND.

Ty (r) (@) = €(a) Iy, (r) (a € Ag).

3 Ry TEHAE A,

Ap = (A,L,SL,tL,ALJTL) EENMEMAE, S:A—- A%ZR A LOKEHCHRE, L 2K LP L RBLER
LT 5 (ZORMEGE v LP 5 I L LTHL).
RN (2.2) T, A LOKE LIRSS LA &4 L INFEHGE Ap 28 A U7,

tA:l-a=s;(Da;Ar :a-l=tr(l)a (Il € L,a€ A).

INEFEBIZUT, BEA LIC L IBRSE2EAT A N TES (£ L ks E VA, 4 L kS %
AL # L.

VAir-a=as,(v ' (n):;AY ca-r=aS(s.(v"1(r))) (re L ac A).
BE31. BB S:A— A, sp:L— A, tp:L? 5 AN
Sot; sy, (3.1)
R AT ST, ROWEE S DMBEOUERR Sy 4 AL @ LA — AL @ L' A H—FEINZIFET 5.
Sag,ala®@b) =S5(0)®S(a)(a,be A).



Ap(a) = 3 aq) @ ag) % Sweedler’s sigma notation [18, Section 1.2] 32 & &, X (3.1) &
ey Slay)ag) 7 well-defined £7%2 ZLITHERT 5L, REMV DI LADYS.

R 3.2. B S:A— A, sp:L— A, tr: L > A 7 A= L»AB1) &

> Sla)a@) =trom,oS(a) (Yac A) (3.2)
(a)

EARTHOIE, WOMEE S ONBEOHER Sag 41 AV @ 1A = AL @ pA B —EIITEET 5.
Saw,, Ala®b)=S(b) ® S(a)(a,be A).
G AL A— AV @A % Ap = Sag, a0 AL 087! LEHTS.
£ 3.3. 420 (3.1), (3.2),
(AL ®ida) o Ap = (ida ® Ap) o A, (A ®ida) o Ap = (ida ® Ap) o Ap

AT ENHERB A, R ADOKACDA S A — A DM (AL, S) 2L, ROVEEE L DGR Sag,, a
DG4 SZ;@L,A BT B L&, Ml (AL, S) 24y THE (Hopf algebroid) &\ 5 [4, 5].

SagraoApr 0§71 = SZ;@L,A oAyrpoS.
EIE 3.4 ([7]). HEY)7% Ug(lj’ € My (R) 1T U, BHL2.5 D A, Ay THRE LS. 72720, L' = My (R)P,
I/:idMH(R)ap.

WHE T, POt Td BHERE (quasigroup) 2 FHWT EOEHIZE T B 0% € My (R) 2L 72
(7,9, 10, 11, 12, 13, 16]. 2D 0% € My(R) »SEE 2Ky THARM A, BT, KRB KH A FE
S:A, = Ay 1E, TR, ROXSITEREIND.

S(f®g)=9® f;S(Lap) = (L ap; S(L™Nap) = Lay  (f, 9 € Mu(R)).

HHOBBETIE, My(R) 2 BILLTESNS A, 2OV THEN L 8],

T

HHOMAE 5 A TR WABTAERS L OBMBRI £ TREM L LIT2. £/, @6y Hosic i
HERIR I AT L7 2 2 v, MIRAID L LTH L DA 212 SOV Ve, SR BB
DS DREH % H L L7,

AR (17K05187) DB % — 513725 DTH 5.
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fgEhs, ARuoE D L EWFSEE Td 5 Masuti K& Rossi RIZHMA T, H. L. Truong k&
DOHFEMIFE L UTHIBEINTWT, SR ENFoNT WS,
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FROBENIUS SUMMANDS OF GRADED RINGS

NOBUO HARA

We are motivated by a question arising from commutative algebra, asking what
kind of graded rings in characteristic p have finite F-representation type (FFRT).
In geometric setting, this is related to the problem of looking out for Frobenius
summands. Namely, given a line bundle L on a projective variety X, we want to
know how many and what kind of indecomposable direct summands appear in the
direct sum decomposition of the iterated Frobenius push-forwards F¢(L*), where e, i
are non-negative integers with 0 < i < p® — 1. We will consider the problem in the
following two cases.

(1) two-dimensional normal graded rings (a joint work with Ryo Ohkawa [HO])
(2) the anti-canonical ring of a quintic del Pezzo surface

After reviewing the preliminary results in Section 1, we will take a look at the
result obtained in [HO] in Section 2. Our description here is based on the Pinkham—
Demazure construction: A two-dimensional normal graded ring R is isomorphic to
the graded ring R(C, D) = B, H*(C,Oc(|nD])), where D is an ample Q-divisor
on the smooth curve C' = Proj R. We introduce the invariant § = deg(K¢+ D’), the
degree of the canonical divisor of C' plus the “fractional part” D’ of D. It is known
that Spec R has a log terminal singularity if and only if 6 < 0, and in this case, R
has FFRT (Proposition 2.2). On the other hand, we will see in Theorem 2.3 that
if 0 > 0, then R has FFRT only in the exceptional cases where the characteristic p
divides a denominator of the fractional coefficient of D.

In Section 3, we introduce an attempt to looking out for Frobenius summands on
a quintic del Pezzo surface X and its anti-canonical ring R(X, —Kx). Unlike case
(1) above, the present situation in this case (2) is far from satisfactory, and we have
not yet come to a conclusion whether the anti-canonical ring has FFRT or not. We
give partial results and examples on the Frobenius summands of F*(wy") mainly in

. . 6_
the cases ¢ = 0 and ¢ = ”Tl.

1. PRELIMINARIES

Throughout this note, we work over an algebraically closed field k of characteristic
p > 0. For a noetherian commutative ring R over k, the Frobenius ring homomor-
phism sending a € R to a? € R will be denoted by F': R — R. For a k-scheme
X, we denote the (absolute) Frobenius morphism (idx, F): (X,O0x) — (X, Ox) by
F: X — X and its associated ring homomorphism by F': Ox — F.Ox as well.

From now on, We always assume that R is an F-finite (i.e., F': R — R is module-
finite) integral domain. In this case, we can identify the e-times iterated Frobenius
ring homomorphism F¢: R — R and the inclusion map R < RY?° into the ring
RYP° of pe-th roots of R, for all e =0,1,2,. ..

1
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When R is an N-graded ring R = @nzo R, over Ry = k, the ring R'/?" has a nat-
ural Q-grading (actually, a #Z—grading) and the inclusion map R < R'/? preserves
the grading. Note that the category of finitely generated Q-graded R-modules is a

Krull-Schmidt category. For each e = 0,1, 2, ..., we have a decomposition
(*> Rl/pE IMl(e)EBEBMT(nee)

in the category of finitely generated Q-graded R-modules with each Mi(e) indecom-
posable.

Definition 1.1 (Smith-Van den Bergh [SVdB]). Let R be an N-graded ring over
Ry = k such that each RY?" has a decomposition as (¥). We say that R has finite
F-representation type (FFRT) if the set

(M@ e=0,1,2,...:i=12,... . m)}/ =
is finite, where = denotes isomorphism of graded R-modules admitting degree shift.

Example 1.2 (rings of FFRT).
(1) Let R = k[x1,...,x,] be a polynomial ring. Then R has FFRT, since

Rl/Q_k[ 1/‘1 . ;/Q] — @ Rl’lf/q---,x;"/q%REBqn
0<it,..yin<q—1

is a free R-module for all ¢ = p°.

(2) Two-dimensional rational double points have FFRT (Artin—Verdier [AV]).

(3) Tame quotient singularities have FFRT ([SVdB]). Namely, if R = S¢ is the
invariant subring of finite group G of order not divisible by p acting on a
polynomial ring S, then R has FFRT.

(4) A Cohen—Macaulay ring R is called a Frobenius sandwich if an iterated Frobe-
nius ring homomorphism of a polynomial ring S factors through R, i.e., there
exists a power ¢ of p such that S C R C S. If R is a Frobenius sandwich,
then it has FFRT. For example, R = k[z,y, z|/(2? — f(z,y)) has FFRT.

Remark 1.2.1. Rings in (1), (2) have stronger property “finite representation type,”
i.e., there exist only finitely many isomorphism classes of maximal Cohen-Macaulay
R-modules. On the other hand, rings in (3), (4) do not necessarily have this property.

Remark 1.2.2. Rings in (1)—(3) are F-regular, but Frobenius sandwiches are not
F-regular in general. It seems natural to ask if F-regular implies FFRT, since this
is true in dimension < 2. But this implication fails in higher dimension ([SS], [TT]).

Section rings. The first example of a two-dimensional graded ring that does not
have FFRT was found by Smith-Van den Bergh [SVdB]. Let us review their con-
struction. Let X be a smooth projective variety over k, L an ample invertible sheaf
on X and let
R=R(X,L)= P H"(X, L")t
n>0

be the section ring associated to (X, L), where t is a homogeneous element of degree
1. In what follows we denote the n-times tensor power L®" of L simply by L".
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For each ¢ = p°, the éZ—graded R-module R4 decomposes as

qg—1
RV = @ HO(X, FE(L)" = @D (RY)i/q moa 2.
n>0 i=0
where the graded R-modules
(R ijgmoaz = @ HUX, Fo(L)t" = @ HOX, Fi(L') @ L™)
0<n =i mod q m>0

appearing as the direct summands are in one-to-one correspondence with the coher-

ent sheaves F¢(L') on X. Thus the decomposition of (RY9); /qmod z into indecom-

posable graded R-modules are described in terms of the decomposition
FeL)y=Fg.. . oFed

Me i

of the vector bundles F¢(L") into indecomposable bundles .7:;e’i) in Coh(X).

Proposition-Definition 1.3. Let the notation be as above. Then R = R(X, L) has
FFRT if and only if the set of isomorphism classes in Coh(X),

(FV e €N i=0,1,....p =1 j=1,...,me;}/=

is finite. In this case, the pair (X, L) is said to have globally finite F-representation
type (GFFRT).

The following proposition generalizes [SVdB, Example 3.1.7].

Proposition 1.4. Let C' be a smooth projective curve over k of genus g(C') > 1 and
let L be an ample invertible sheaf on C. Then the section ring R = R(C, L) does
not have FFRT.

Proof. In view of Proposition 1.3, it is sufficient to show that there appear infinitely
many isomorphism classes of indecomposable direct summands of FfOs when e
ranges over all non-negative integers. This is verified case by case as follows:

Case 1: ¢(C) = 1. If C is an ordinary elliptic curve, then FfQO¢ splits into p°
distinct p°-torsion line bundles. If C' is supersingular, then FfO¢ is isomorphic to
Atiyah’s indecomposable vector bundle Fe; see [A].

Case 2: ¢g(C) > 2. In this case, the vector bundle FfO¢ is stable and so is
indecomposable for all e > 0 (Sun [Sul, see also Kitadai-Sumihiro [KS], Mehta-
Pauly [MP]). O

2. FFRT PROPERTY OF TWO-DIMENSIONAL GRADED RINGS

In this section, we consider the condition for two-dimensional normal graded rings
to have FFRT. Specifically, we will answer the following question:

Question (H. Brenner). Does the ring R = k[z,y, 2]/(2? + v + 27) have FFRT?

It is known that two-dimensional F-regular rings have FFRT. On the other hand,
due to Proposition 1.4 we could expect that a two-dimensional normal graded ring
R has FFRT only if Proj R = P!; see Theorem 2.1. So, Brenner’s question is in
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a critical case, because the ring R = k[z,vy, 2]/(2? + y> + 27) is not F-regular and
Proj R = P!, In this case, however, it is known that R has FFRT if p < 7, since it
is a Frobenius sandwich in characteristic p = 2, 3,7 (Shibuta [Sh]).

Pinkham-Demazure construction ([P], [D]). Let R be a two-dimensional nor-
mal graded ring over Ry = k. Then there exists an ample Q-Cartier divisor D on
C' = Proj R such that

R R(C,D) =@ H’(C,Oc(|nD]))t".

n>0

Let g(C) denote the genus of the smooth projective curve C. We write
m si
D=|D —P;
D] + ;_1 -

with closed points P; of C' and coprime integers r; > 2 and s;. We then put

m

D,:ZTZT_l_PZ

=1

and call it the fractional part of D.
We now state the main results of Hara-Ohkawa [HO]. Let the notation be as
above.

Theorem 2.1 ([HO)). If g(C) > 1, then R = R(C, D) does not have FFRT.
Proposition 2.2 ([HO)). If deg(K¢ + D’) <0, then R = R(C, D) has FFRT.

Remark 2.2.1. Note that deg(Kc + D’) < 0 if and only if C = P! and m < 2
orm =3 and (ry,7m9,73) = (2,2,7),(2,3,3),(2,3,4),(2,3,5). These are exactly the
cases where R(C, D) has a log terminal singularity.

Theorem 2.3 ([HOJ). Suppose C = P!, deg(K¢ + D’) >0 and ry,...,7, are not
divisible by p. Then R = R(P', D) does not have FFRT.

Idea of proof. In what follows, we briefly sketch the idea of the proof of the
theorems. When D is an integral divisor, then R is the section ring associated to
the line bundle L = O¢(D), and we have the correspondence between the direct
summands (RY?);/, moa z of RY? and the vector bundles F¢(L?) on C as described
in Section 1. The obstruction is that we do not have this correspondence in the case
where D is not an integral divisor.

To overcome the above difficulty, we import notions from the theory of algebraic
stacks [B], [Ol]. What we will use is the orbifold curve

¢c=C[VP,..., %/P,] = C.

This is not a scheme (if D is not integral) but is a one-dimensional root stack of
weight (r1,...,7y) over Py, ..., P, € C. The orbifold curve € is something like the
“minimal covering” of C' on which D becomes integral. We summarize properties of
¢ in the following lemma.
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Lemma 2.4. For eachi =1,...,m, there is a “stacky point” Q); on € lying over P,
satisfying the following properties.
(1) m: € = C is an isomorphism away from Q; and P;.
(2) Q; is a Cartier divisor on € and 7 P; = r;Q;.
(3) If E is a Q-divisor on C such that ™ E is integral, then
1,.0¢(m*E) 2 Oc(| E]) and R'7,O¢(7*E) = 0.
(4) € has a dualizing sheaf
We = 7T*U.)C X O@(Z(T’Z — 1)@1)
i=1
It follows from the lemma that 7*D is an integral Cartier divisor on € and if we
denote £ = O¢(m*D), then
HY(e, L) = H°(C,0c(|nD)))
for all n € Z. Thus
R=R(C,D)= R(€,L)
is the section ring associated to the line bundle £ on €.

Corollary 2.5. R = R(C, D) has FFRT if and only if (€, L) has GFFRT in the
same sense as in Proposition-Definition 1.5.

Now let ¢ = degwe. Then d¢ = deg(K¢ + D’) by Lemma 2.4 (4). If §¢ < 0, then
(€, £) has GFFRT by [CB, Theorem 1], from which Proposition 2.2 follows.

To prove that R does not have FFRT in Theorems 2.1 and 2.3, it is sufficient
to show that infinitely many indecomposable summands appear in FfO¢, when e
ranges over all non-negative integers. In case g(C) > 1 (Theorem 2.1), this follows
as in the proof of Proposition 1.4, since 1, FO¢ = F¢O¢ by Lemma 2.4 (3).

The proof of our Main Theorem 2.3 is again due to case-by-case verification.

Case Jz = 0. In this case, it follows that m = 3 or 4 and the weight (r1,...,7,)
ordered as ry < -+ <, = r is either one of the following: (2, 3,6),(2,4,4), (3,3, 3),
(2,2,2,2). We have a separable r-fold covering f: E — C' = P! from an elliptic
curve F with assigned ramification indexes (71,...,7y,). It factors through € as

f-ES e 50
with ¢ unramified. We can use the unramified morphism ¢: £ — € to prove the
following; see [HO] for details.

(1) If E is supersingular, then ¢*FfQO¢ is isomorphic to the Atiyah’s indecom-
posable bundle Fj. of rank p® and degree zero [A]. Hence FfOg itself is
indecomposable.

(2) If E is ordinary, then p =1 (mod r) and there are exactly s = 2= equiva-

lence classes of non-trivial p®-torsion line bundles on E with respect to the
action of Gal(E/C). If Ly,..., Ly are complete representatives thereof, then

FiO¢ Z O @ L1 @& -+ - @ pilLs,

where ¢, L1, --- ,p.Ls are non-isomorphic indecomposable r-bundles on €.
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Case §¢ > 0. In this case, we have the following theorem, which follows similarly
as in the case of smooth projective curves of genus g > 2 [Su, Theorem 2.2].

Theorem 2.6. If ¢ > 0 and ry,...,r, are not divisible by p, then F¢Og is stable
and so indecomposable for all e > 0.

Example 2.7. Let R = k[z,y,z]/(z* + v* + 27), the ring in Brenner’s question.
This is not a rational singularity but Proj R = P! and R = R(P!, D) for a Q-divisor

D = (00)—5(0)—2(1) on P'. By Theorem 2.3, R does not have FFRT if p # 2,3, 7.

Example 2.8. Let R = R(P*, D) for a Q-divisor D = £(oc0) + 3(0) — 1(1) on P.
This is a rational log canonical singularity but not log terminal. The ring R does not
have FFRT if and only if p # 3. In the exceptional case when p = 3, the weighted

projective line € of weight (3,3, 3) is a Frobenius sandwich.

3. THE ANTICANONICAL RING OF THE QUINTIC DEL PEZZO SURFACE

The FFRT problem for graded rings is wide open yet in higher dimension (i.e.,
dim R > 3). We do not know even the answer to the following question.

Question. Let X be the smooth quintic del Pezzo surface in characteristic p > 0
with anticanonical bundle L = wy'. Does the section ring R(X, —Kx) = R(X, L)
have FFRT?

The setup in the question above is considered one of the simplest non-trivial cases
because of the following reasons:

(1) Del Pezzo surfaces of degree K? > 6 are toric surfaces. In this case, the
Frobenius push-forward of any line bundle splits into line bundles [Tol, and
it is easy to see that the anticanonical ring has FFRT.

(2) In order to prove that R(X, L) is FFRT, one has to know the decomposition
of F¢(LY) for all i with 0 < i < p°—1. However, when L = wy', it is enough to
consider 0 < i < -1 since FE(L7) is dual to F(wy ” @ L™%) = Fe(LP' 1),

In this section, we will study the structure of F¢(L*) mainly in the extremal cases
1 =0and i = 1%. Since the quintic del Pezzo surface X is obtained by blowing
up the projective plane P? at four points in general position, we work under the

following notation throughout this section.

Notation. Let 7: X — P? be the blow-up at four points P, P, P3, Py € P? in
general position. Let H be a line in P? and E; = 7~ !(P;) the exceptional curve over
P;. Also let E = Fy + Ey + E3+ Ey.

Theorem 3.1 (case i = 0 [H]). Any indecomposable direct summand of FfOx
(e =1,2,...) coincides with one of the following vector bundles of rank < 3.

(1) line bundles Ox, Ly = Ox(E—21*H) and L; = Ox(E;—7n*H),i=1,2,3,4;
(2) an indecomposable rank two bundle G given by a unique non-trivial extension
0— Ox(—m"H) - G — Ly — 0;
(3) an indecomposable rank three bundle B given by a non-trivial extension
0= L1 ®Ly—B—Ox(Es+ Ey—7n"H) — 0.
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Furthermore, for any power q = p° of p with e > 1 one has

4
FOx =2 0x® @L?(q—m DB g@%;q_g)

i=0
Case 1 = 1%. Let L = w)_(l and assume that the characteristic p is an odd prime.
We consider the decomposition of F¢(L?) in the other extremal case, i.e., i = i

2
Let ¢ = p¢ for e = 0,1,2,... Note that the vector bundle Ff(Lq;Ql) is self-dual.
We begin with constructing the L-stable bundle F of rank three which is supposed

to be a unique non-trivial indecomposable summand of Ff(L%). We require F to
sit in an exact sequence

0—-G2rm"H—FE)—F - Ox(E—7"H) — 0,

where G is the rank two bundle given in Theorem 3.1 (2). To identify the isomor-
phism class of F, we also need the following splitting condition: For i = 1,2, 3,4,
the restriction of F to U; = X \ F; splits into line bundles as

(%) Flo, =2 Op,(n*H — E) @ Oy, ® Oy, (E — n*H).
We fix an open covering X = U UV with U = X \ Ey, V = X \ E; and let
Fu=0y(n"H —E)® Oy ® Oy(E —7n*H),
Fv =Oy(r"H — E)® Oy © Oy(E — " H).

Then F is given by gluing Fy; and Fy via an isomorphism ¢py : Fulvnvy — Fvluav
corresponding to a transition matrix

1 o v
Topy=10 1 f
0 0 1

with o, 8,v € k.
Proposition 3.2. Let F, . denote the vector bundle given by gluing Fy and Fv
with the transition matriz T, 5 .
(1) Fap~ satisfies condition (x) for i =1,2,3,4 if and only if aff = 2.
(2) If F is an indecomposable bundle satisfying condition (x) for i = 1,2,3,4,
then F= ]:1’171/2.
Conjecture 3.3. Assume that p is an odd prime and let ¢ = p° for e =0,1,2, ...

(1) The rank of the maximal free summand of Ff(L%) is hO(Lq%l) = —5(1?3.
. B
(2) FE(LT) 2 OY F & (Friape)®

Proposition 3.4. Conjecture 3.3 (1) implies Conjecture 3.3 (2).

q2

-1
8 .

54243

Proof. 1f Conjecture 3.3 (1) is true, then Ff(Lq;'zl) = Oi ® @& for a vector bundle
& of rank 3n, where n = (¢*> — 1)/8. It follows that £ is obtained by gluing

Er = Oy(r*H — E)*" & 0" & Oy(E — 7" H)®",
Ev = Ov(n"H — E)®" & OF" & Oy (E — 7" H)®"
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with the transition matrix

I, A T
O I, B
o 0 1I,

Here we note that £|y, splits into line bundles for each i = 1,2, 3,4, since U; = X \ E;
is isomorphic to an open set of the sextic del Pezzo surface, which is toric. As in
Proposition 3.2, this splitting condition implies that AB = 2I". On the other hand,
we see that the line bundles Ox (E—n*H) and Ox (7" H—E) are not direct summands
of Ff(qu;l) (and hence of £). This implies that rank A = rank B = n. Then the
transition matrix is transformed under elementary transformations within row and
column blocks to

L, I, i,
O L, L, | =T,
o o0 1,
It follows that & = (fl’l’l/g)@n. OJ

Remark 3.4.1. Conjecture 3.3 (1) holds if and only if the natural pairing

Hom(Ox, L%) X Hom(L%, Ox) — Hom(Ox, Ox)
is a perfect paring. Choosing appropriate affine coordinates x,y on P2, we can
identify Hom(Oy, Lq%l) &~ Hom(L%7 Ox) = HY(X, L%l) with a subspace of V' =
<:L’"yj |0<4,7<qg—1and q;—l <i+j< %> Then the pairing above is identified
with the pairing

(,): HYX,L'T) x HY(X,L'T ) — k

given by

(¢,1)) = the coefficient of the product ¢1) in (xy)?*

for ¢,v € HY(X, Lq%l) C V. Taking this into account, we can rephrase Conjecture

3.3 (1) into the assertion that a certain ‘fT_l X q:%l matrix is invertible mod p.
M. Tano has implemented a computer program to examine this assertion and verified

that it is true up to p® < 100.

Finally, we shall take a look at examples which we hope illustrate the behavior of
the single Frobenius push-forwards F,(L?) for all ¢ in the range 0 < i < p%l. In the
following, we put M, ; = Ox(E; + E; —n*H) for 1 <i < j <4.

Example 3.5 (p = 5).

4
F.Ox=0xo@P LY &BoG*,

=0

4
FL=0Fe@ox(-B)e H  M,;eB%

i=1 (4,5)=(1,2),(1,3),(1,4),
(2,3),(2,4),(3,4)

F*(LZ) o~ O??l(i D JT_‘EBZ')
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Example 3.6 (p = 7).

4
F.Ox=0xae@PLPeBa g™

1=0

4 4
FL=0YePLrfe@ox-E)e P  M;eB™,
1=0 =1

(4,5)=(1,2),(1,3),(1,4),
(2,3),(2,4),(3,4)

4
F(L*) =09 e P Ox(—-E)* b vFaes
=1

(4,7)=(1,2),(1,3),(1,4),
(2,3),(2,4),(3,4)

F(L%) = O3 @ F°
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