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An extended Steinberg group
A tool to detect non-singular closed 1-forms which are
non-isotopic
Carlos MORAGA FERRÁNDIZ (The University of Tokyo)∗

1. Motivation:
The isotopy problem of non-singular closed 1-forms
The problem we are concerned with is the next one. Consider M n+1 a connected
compact smooth manifold without boundary, of dimension n + 1. Pick a de Rham
cohomology class 0 6= u ∈ H 1 (M ; R) and denote by Ωu the topological space of closed
1-forms α in the class u with the C ∞ -topology. We suppose that u contains non-singular
representatives; in other terms, that the space
ΩuN S := {α ∈ Ωu | The set of zeroes Z(α) is empty}
is non-empty. Such an u can always be chosen if we suppose that M fibres over the
circle, as it is shown in the brief paper [23]. We want to study ΩuN S up to isotopy.
Two closed 1-forms α0 , α1 ∈ Ωu are isotopic within the class u if there exists an
isotopy (ϕt )t∈[0,1] of M preserving the class u such that ϕ∗1 (α0 ) = α1 . If α0 , α1 ∈ Ωu
are isotopic, they are clearly homotopic. The converse is also true if we restrict the
attention to non-singular elements of Ωu : we can integrate the homotopy to an isotopy
by using a Moser type argument – see [20] – as it is done in [11, App. I]. We are so
interested in π0 (ΩuN S ).
This π0 is in general poorly understood. The more significant result is maybe that of
[11]: ΩuN S is always connected in dimension 3. This is a very strong statement which
has the difficult theorem of Cerf [4] about the nullity of Γ4 as a corollary. However,
Laudenbach proved in [12, Th.1] that π0 (ΩuN S ) is infinite in the case of rational cohomology classes on the torus Tm , m ≥ 6; also in those dimensions and for rational
classes, [9] gave a collection of three obstructions to isotopy. Both papers deal only
with rational classes u so that they can represent it by the homotopy class of a subp
mersion M −→ S1 ; the dimensional constraint arises because those papers make use of
the crucial work of Hatcher and Wagoner [6] applied to the so called pseudo-isotopy
group of F := p−1 ({∗}). We sometimes refer to the work of [6] as the exact context.
The pseudo-isotopy group of a compact manifold F is in bijection with the set of connected components of EF , the subspace of FF := C ∞ (F × [0, 1], [0, 1]) consisting on
functions with no critical points. Remark the analogy between the pairs (Ωu , ΩuN S )
and (FF , EF ). The set π0 (EF ) carries indeed a group structure; Hatcher and Wagoner
proved that there exists an exact sequence of abelian groups
j

Σ

Wh+
1 (π1 F ; Z2 × π2 F ) −→ π0 (EF ) −−−→ Wh2 (π1 F ) −→ 0 ,

(1)
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if dim(F ) is 6 at least. The outward part of the sequence (1) are groups related to
the K-theory of the group ring Z[π1 F ]. This sequence is indeed presented as in [8,
Th. 8.a.1], where an error on the initial proof – involved with the map j of (1) – was
corrected. The result of Hatcher and Wagoner is remarkably profound: if we suppose
F simply-connected, we retrieve the pseudo-isotopy theorem of Cerf [3].
Despite we cannot employ the theorem of [6] to our subject of study, we adapt their
Σu
approach to define a map π0 (ΩuN S ) −→
Wh2 (u) similar to the map Σ on (1); this is done
on [16] for every pair (M, u) as before – u rational or not – when n ≥ 6. We perform
this under the same index assumptions that appear on theorem 3.1. As in the exact
context, Wh2 (u) comes from a Steinberg-type group St(u) that we call the u-extended
Steinberg group (see definition 3.1). The purpose of this note is to present it and to
explain the geometric reasons that lead to St(u) by means of theorem 3.1.
1.1. Approach to define Σu
The more natural algebraic object
 we can associate with a closed 1-form α is the
Morse-Novikov complex C∗ (α), ∂ξ which is defined when α is regular enough, namely
of Morse type. The modules C∗ (α) are freely generated by – a bijective lifting to the
f of M of – the zeroes of α over the ring Λu , which is the Novikov
universal cover M
completion of the group ring Λ := Z[π1 M ] by the morphism π1 M → R induced by
u ∈ H 1 (M ; R) ≈ Hom(π1 M, R); the map ∂ξ depends on a contractible choice of an
α-Lyapunov vector field ξ, that we call equipment. If ξ is regular enough, say MorseSmale, the stable and unstable manifolds of ξ relative to the zeroes of ξ – which coincide
with Z(α) – intersect transversally. We denote by X the whole set of α-equipments,
and by XM S the subset of Morse-Smale ones. By choosing orientations of the unstable
manifolds, we obtain the map ∂ξ which assigns coefficients in Λu to any pair of zeroes of
consecutive index. This map results to be a differential, and the associated homology
is independent of the choices we made. The unfamiliar reader can consult the source
reference [21] or [5], [22] for further information on Morse-Novikov theory.
Fix α0 ∈ ΩuN S from now on. Since Ωu is convex, so contractible, we have a bijection
∼

π1 (Ωu , ΩuN S ; α0 ) −−−→ π0 (ΩuN S )
which associates the connected component of α1 with paths (αt )t∈[0,1] based on α0 .
Morally, if π0 (ΩuN S ) was trivial, we could deform any path to another one where there
is no significant modification along time. In order to follow the evolution of a path, we
provide it with an equipment (ξt )t∈[0,1] . Roughly speaking, Σu reads bifurcations that
occur in (αt , ξt )t∈[0,1] , consistently up to homotopy of the path; we are so led to study
generic 2-parameter equipped families on Ωu .
The generic property concerning (αt )t∈[0,1] is similar to that of a generic path of functions on F × [0, 1]: as in the exact context, the path is made up of Morse closed 1-forms
except for a finite amount of death/birth times, where the 1-form presents a cubicaltype zero and the Morse-Novikov complex de/stabilises with a pair of Morse zeroes of
consecutive index.
The main difference with the exact context resides on the equipment part since the
property for (ξt )t∈[0,1] of being Morse-Smale everywhere but in a finite amount of times
– which holds on the exact context – is not generic at all for (αt )-equipments: the set
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∆ ⊂ [0, 1] of bifurcation times where (ξt )t∈[0,1] is not Morse-Smale is infinite in general.
The reason for that is the same that makes ∂ξ to have coefficients on the “series-like”
ring Λu rather than on the “polynomial-like” ring Λ: the orbits of an α-equipment ξ
tend to wrap around themselves. In order to elude this problem, we introduced the
L-transversality condition (L > 0) in [17, §2.1.5]. This condition is a truncated version
of the Morse-Smale one:
By fixing a base point on M and a path to each zero of α, we can determine an
element g ∈ π1 M each time we find a ξ-orbit between zeroes of α. The L-transversality
condition asks that every ξ-orbit inducing such a g ∈ π1 M and verifying u(g) >
−L, comes from a transversal intersection of the un/stable manifolds concerned with
the orbit. We denote the set of L-transverse equipments by X0L . Clearly we have
∩L>0 X0L = XM S . An L-incidence matrix can be still defined for these vector fields:
their coefficients belong to the L-truncation of the Novikov ring ΛLu := trL (Λu ) (see
subsection 2.1). An equipment (ξt )t∈[0,1] is generically L-transversal everywhere but in
a finite amount of bifurcation times, where we say that the equipment is L-handle-slide;
these vector fields verify the condition of X0L except for a single orbit – between zeroes
of same index – whose coefficient also verifies u(g) > −L. We denote them by X1L .
The generic (αt )-equipments just described are so paths in X0L ∪ X1L , and are called
L-generic.
Bifurcation times are called L-handle-slide because they have an homological effect
similar to that of the operation described on [14, Th. 7.6]: if we denote by A±
∗ the
L-incidence matrices respectively before/after crossing such an accident concerning a
couple of points of index i, there exists an u-extended elementary matrix E – as in
subsection 2.2 – involved with the coefficient g ∈ π1 M associated with the orbit such
that:

= A−
, if j 6= i, i + 1
 A+
j
j
−
(2)
A+
=
EA
i
 +i
−
−1
Ai+1 = Ai+1 E
up to L-truncation, as it is shown on [17, Prop. 2.2.36]. The map Σu counts handleslide bifurcations in a convenient way.
A second complication not happening on the exact context, is a special type of
handle-slide that we call self-sliding: an orbit from a Morse zero to itself appears.
These bifurcations accidents were mentioned in Latour’s paper [10], where he found
an algebraic characterisation of classes 0 6= u ∈ H 1 (M ; R) such that ΩuN S 6= ∅. We
interpret his theorem as a sort of s-cobordism theorem (consult the short note [19]),
where the vanishing of a torsion τ (M, u) appears as an obstruction for ΩuN S being nonempty. This torsion lives in a Whitehead-type group: employing the notations of our
K1 (Λu )
. Unfortunately, Latour omitted the
section 2, this group is Wh1 (u) := h±π1 M,
1+(u<0)i
analysis of self-slidings: “. . . This replaces a long study of homoclinic bifurcations
in an earlier version which had the advantage of indicating the geometric reason to
divide K1 (Λu ) by trivial units. . . ” 1 . In fact, the equalities (2) explain Latour’s words:
in the case of self-slidings, the matrix E is an u-elementary matrix as in our definition
u)
2.1. These matrices are elements of GL(Λu ) r E(Λu ) and survive on K1 (Λu ) := GL(Λ
.
E(Λu )
To calculate the torsion, one needs to choose a Morse-Smale equipment ξ. Near a
self-sliding accident, we can find two different such choices ξ0 , ξ1 such that the related
K1 (Λu )
torsions would differ by τ (E), and would not coincide on h±π
. Latour needed hence
1M i
1

This is a translation of a comment on the third page of [10].
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to mod out by the trivial units 1 + u < 0 . These accidents deeply enrich the theory
and play a fundamental role on the geometry of the extended Steinberg group.

2. The algebraic framework of the (non-exact) isotopy problem
We recall the definition of the standard Steinberg group St(R) associated with an
associative and unitary ring R. For more details, consult [13, §5].
For n any positive integer, let GLn (R) denote the set of n × n invertible matrices
with coefficients on R. We denote the direct limit induced by the natural sequence of
inclusions GLn (R) ,→ GL
(R) by GL(R). The subgroup of elementary matrices E(R)
 n+1
r
is generated by the set eij i 6= j ∈ N∗ , r ∈ R where erij = Id +trij and trij denotes the
matrix whose only non-necessarily zero term is r on the (i, j) component. We define
the Steinberg
group associated with R by presentation. The generators are given by
 r
the set xij i 6= j ∈ N∗ , r ∈ R and the relations are the so-called Steinberg relations:

r+s
 (RS1 ) ≡ xrij xsij = xij
r
s
(RS2 ) ≡ [xij , xkl ] = 1
, if i 6= l, j 6= k
(3)

rs
s
r
(RS3 ) ≡ [xij , xjl ] = xil , if i 6= l.
Sometimes they are also called the trivial relations of elementary matrices: one can
easily verify that they hold true if we replace the symbol x•·· by e•·· . Thus the map
ϕ : St(R) → E(R) given by xrij 7→ erij is a surjective group morphism and the Steinberg group becomes a relevant actor on low algebraic K-theory due to the next exact
sequence:
/ K2 (R)
/ St(R) ϕ / GL(R)
/ K1 (R)
/0
0
(4)

where the second and first K-groups of R are seen respectively as the kernel and
cokernel of ϕ. The group Wh2 (π1 F ) appearing in (1) is in fact a quotient of K2 (R)
for R = Z[π1 F ]; at each bifurcation time t = t0 of a generic equipment (ξt )t∈[0,1] of a
generic path of functions (ft : F × [0, 1] → [0, 1])t∈[0,1] , we find an orbit of ξt0 from pi
to pj , two Morse critical points of ft0 of same index ; a signed element ±g ∈ π1 F –
the bifurcation coefficient2 – can be associated with this orbit in a similarway to that
one explained in subsection 1.1 and hence a generator x±g
ij of St Z[π1 F ] ; the magic
fact is that, in the absence of birth/death singularities (functions only having r ≥ 3
critical points of same index), the relative homotopy of generic paths (ft , ξt )t∈[0,1] is
governed by the Steinberg group. More precisely, if A represents the mentioned set of
functions f provided with an equipment ξ, and B denotes the subset of A such that ξ
is Morse-Smale, for every fixed (f0 , ξ0 ) ∈ B we have:

π1 A, B; (f0 , ξ0 ) ≈ St(r, Z[π1 F ]).
(5)
The reader can find the isomorphism (5) in [6, Ch.II, §1] and is aimed to compare
it to theorem 3.1 of this document.
In simpler terms, when a deformation of (ft , ξt )t∈[0,1] permutes the order in time of bifurcation accidents, we see the Steinberg relations appear. The map Σ on the sequence
(1) is just a wise combination of the x±g
ij associated with bifurcations in order to have a
well-defined map up to a homotopy of (ft , ξt )t∈[0,1] . But our work is naturally involved
with Novikov rings. . .
2

As a remark and by following [15, §9], a self-indexing Morse function f on F × [0, 1] allows to
determine the torsion of the cobordism F × [0, 1] – thus trivial in this case – by means of a free
Z[π1 F ]-complex C ∗ , ∂f induced by f . The modification suffered by this complex when crossing
a bifurcation time is exactly described by equations (2), where E = ϕ(x±g
ij ).
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2.1. Searching an u-extension of the Steinberg group
We will denote π the fundamental group
P of our manifold M , as well as Λ := Z[π] for
π
the sequel. A series λ ∈ Z is written g∈π λg g where λg = λ(g) ∈ Z. The support of
such an element is given by supp(λ) := {g ∈ π | λg 6= 0}. Recall that the Novikov ring
associated with u is given by:


Λu := λ ∈ Zπ supp(λ) ∩ u−1 [L, +∞) is finite for every L ∈ R .
P
Each L ∈ R defines a truncation map, trL : Λu → Λu given by λ 7→ g∈u−1 ([L,∞)) λg g,
which clearly factors through the inclusion Λ ,→ Λu . Denote ΛLu := Im (trL ) the LΛu
truncation of the Novikov ring. Indeed, ΛLu and the quotient (u<L)
are isomorphic as
3
L
abelian groups . However, Λu does not inherit the ring product structure from Λu :
the set u < L is clearly not ideal of Λu . In other terms, the map trL is not a ring
morphism, as we easily see by taking any L > 0 and g ∈ π such that −L < u(g) < − L2 ;
clearly tr−L (g 2 ) = 0 6= g 2 = tr−L (g) tr−L (g). We can still define a product operation L∗
on ΛLu by setting λ L∗ µ := trL (λµ).
Knowing Hatcher and Wagoner’s theory, and having L-transversality at hand, one is
tempted to define a map ΣLu by employing St(ΛLu ), the L-truncated version of the
Steinberg group, and verbatim copying the definition of the map Σ on sequence (1);
then trying to prove that this hypothetical ΣLu results on a well defined map, up to
homotopy of (αt , ξt )t∈[0,1] . This approach results to be catastrophic for many reasons:

• The main headache of this tentative is that the L-truncation ring ΛLu , +, L∗ has
a bad behaviour due to the fact that trL is not a ring morphism: suppose π ≈ Z
generated multiplicatively by hti; take the morphism u given by u(t) = −2 and
L = −3. Remark that trL (t2 ) = 0. In this example, Λu are Laurent series on t
with bounded negative exponents and ΛLu are Laurent polynomials on t having
exponents lower or equal to 1. Consider the products:


(1 + t) L∗ tL∗ t−1 = (1 + t) L∗ 1 = 1 + t
.
(1 + t) L∗ t L∗ t−1 = t L∗ t−1 = 1
We observe that the ring ΛLu is not associative 4 in general! And St(ΛLu ) is even
not defined since the Steinberg group makes sense only for unitary associative
rings.

• We encounter an even deeper problem if we pretend to mimic the strategy of [6]
to define Σu . We need to associate a symbol with each bifurcation, say of an
L-generic equipped path (αt , ξt )t∈[0,1] . Keeping the notations of the explanation
just before the beginning of this subsection, the subscript part of the Steinberg
element in the case of functions depended on the numbering of the critical points
of ft0 . The subscripts related with the bifurcation were always different because
the f -Lyapunov condition implies ft0 (pi ) > ft0 (pj ); returning to the context of
closed 1-forms, the αt0 -Lyapunov condition implies that ξt0 -orbits are transverse
to the foliation induced by αt0 ; typically, these orbits will revisit the leaves of
the foliation. A generic one-parameter family (ξt )t∈[0,1] will thus contain selfsliding bifurcations, and the subscripts of an hypothetical Steinberg symbol x±g
ij
representing it should verify i = j. There is so no reasonable symbol to represent
self-slindings on any standard Steinberg group!

The notation u < L refers to the subgroup of elements whose support is included in u−1 (−∞, L).
4
Even worse, also non-unitary if L > 0 because u(1π ) = 0.

3
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Remember that we are trying to distinguish equipped paths (αt , ξt )t∈[0,1] up to
homotopy. A new dilemma arises now: there is no a priori reason to think that selfslidings should vanish up to homotopy; in other words, there is no a priori reason to
positively answer the question:
Can we deform a generic (αt , ξt )t∈[0,1] , fixing its extremities, into
a generic (αt0 , ξt0 )t∈[0,1] containing no self-sliding?
The author has been working on giving a positive answer when the generic condition is
L-genericness. The best we obtain is that self-slidings of (αt , ξt )t∈[0,1] can be replaced
by self-slidings whose bifurcation coefficients have a lower u-value5 , until we obtain
a path with no L-self-sliding. Even after this effort, a map Σu well-defined up to
homotopy, should be invariant up to raising the value of L as much as we want; however,
by choosing higher values L0 we would have to push again L0 -self-slidings, and this
procedure may not end into a trivial operation up to homotopy. The more reasonable
attitude to take is trying to construct an algebraic model bearing the existence of
self-slidings: this is the aim of the u-extended Steinberg group.
2.2. The group of u-extended elementary matrices.


The subset
u
<
0
⊂
Λ
is
multiplicative.
For
any
λ
∈
u
<
0
, the series of powers
u
P
i
+
λ
belongs
therefore
to
Λ
and
1
+
λ
turns
to
be
the inverse of 1 − λ.
λ+ := ∞
u
i=1
−
+
For every such a λ, we denote λ := −λ so that 1 + λ and 1 + λ− are mutually
±
inverse. For every i ∈ N∗ , denote by tλii the matrix having λ± on the (i, i) entry as
λ±
λ±
only non-zero term. As Λ×
u = GL1 (Λu ), the mutually inverse matrices eii := Id +tii
belong to GL(Λu ); we call them u-elementary matrices. The matrix eλii denotes either
+
−
eλii or eλii .
Definition 2.1. We denote by E(u) the subgroup of GL(Λu ) generated by the matrices


i, j ∈ N∗ , i 6= j
λ
θ
eii , eij
.
(6)
λ ∈ u < 0 , θ ∈ Λu
We call E(u) the group of u-extended elementary matrices.

Clearly, usual elementary matrices E(Λu ) form a subgroup of E(u).
Lemma 2.1. The following relations are verified on E(u):

(RSi )i=1,2,3 ≡ As in (3)




(RSu1 )
≡ eλii eµii = eλ+µ+λµ

ii


µ
u
λ

(RS
)
≡
[e
,
e
]
=
1
, if i 6= j

2,a
ii
jj


λ
θ
 (RSu2,b )
≡ [eii , ejk ] = 1
, if i 6= j =
6 k 6= i
u
λ± θ
λ± θ
(RS3,a )
≡ [eii , eij ] = eij
, if i 6= j



u
λ± θ
θλ∓

(RS3,b )
≡ [eii , eji ] = eji
, if i 6= j




(λµ)+ −λ µ  (µλ)−
µ −λ
u


(RS4,a )
≡ eii
eij eji ejj
= eji eij , if i 6= j and λµ ∈ u < 0




(µλ)− −λ µ  (λµ)+
(RSu4,b )
≡ ejj
eij eji eii
= eµji e−λ
, if i 6= j and λµ ∈ u < 0 .
ij
5

This self-sliding replacement is somewhat elaborate geometrically: a self-sliding with bifurcation
coefficient g entails the gain/loss of a periodic closed orbit on the conjugacy class of g as [7,
Rem. 3.12] mentioned (consult [1, §5.6.12 and Fig. 5.6-7]). The extremities of two self-sliding
paths starting from (α0 , ξ0 ) and creating closed orbits of respective class g and g 2 , can be joint
by a generic path of equipments containing an Andronov-Hopf (period-doubling) bifurcation, where
the orbit related to g doubles its period to become the orbit related to g 2 ; this bifurcation is
outstandingly well explained on [2, §34.C and Fig. 141].
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Proof. We concentrate on the new (RSu• )-relations concerning u-elementary matrices.
The first one is trivial, as well as the relations of second type (2 ∈ •) since non-trivial
coefficients are on the diagonal and they do not interact when computing the products
thanks to i 6= j. We can safely suppose than i = 1, j = 2 from now on; relation
(RSu3,b ) is an straightforward calculation, but a slight subtlety is needed for (RSu3,a ):






±
±
∓
1+λ± θ+λ± θ
1+λ∓ −θ−λ∓ θ . After
=
we have [eλii , eθij ] = 1+λ 1 1 1θ 1+λ 1 1 −θ
1
1
1
−(λ∓ +λ± λ∓ )θ

simplification, this product equals eij
.
+
−
Notice that λ and λ commute; if we consider their product:
X

λ+ λ− = λ− λ+ = −
λi = − λ+ + λ− ,

(7)

i≥2

we conclude that the superscript on the elementary matrix we just found equals λ± θ.
The fourth-type relations are of new nature since there were no trivial relation over
standard elementary matrices concerning the elementary generators e•ij , e•ji . These new
relations say that the just mentioned standard elementary matrices of the Novikov
ring commute up to u-elementary matrices. The (4, b)-relation can be deduced from
(4, a) just by moving the u-elementary terms to the other side of the equality and
changing the roles of the actors on the pairs (i, j) and (−λ, µ). Focusing on relation
(4, a), let us call X, Y the products inside the parentheses and on the right-side
 of
1−λµ −λ
the equality respectively. After calculation, we find the matrices X =
µ
1 ,Y =


1 −λ
µ 1−µλ . Since λµ ∈ u < 0 , the same happens to µλ and the terms different from
1 on the diagonals of X, Y are invertible. We easily see that multiplying X with the
mentioned u-elementary matrices will provide a matrix with the diagonal terms of Y .
The element µ on the(j, i) entry remains unchanged in doing so, and the (i, j) term
becomes − 1 + (λµ)+ (λ − λµλ). Remark now that:
!
!
X
X
(λµ)+ λ = λµλ +
(λµ)i λ = λµλ +
(λµ)i−1 λµλ = λµλ + (λµ)+ λµλ. (8)
i≥2

i≥2

Using (8) while expanding the product we just found, one easily ends up with −λ.
The geometric raison d’être of E(u) is, as we mentioned before, equations (2) describing how the map ∂t counting flow lines of ξt on an L-generic equipment changes
when crossing the finite set of time bifurcations. Since we are interested on paths
(αt , ξt )t∈[0,1] up to homotopy – say depending on s ∈ [0, 1] – bifurcation times may
vary their order of appearance on t for different fixed values of s; in other terms, for
some isolated values of (t, s) two orbits of L-handle-slide type appear. This situation is
unavoidable on 2-parameter families of equipments. We call L-crossing the equipments
L
concerning these isolated values and denote them by X2,c
. At L-crossing parameters,
an interaction between the involved bifurcations can take place. These interactions
are precisely described by the relations of the u-extended Steinberg group of definition
3.1. In the converse terms, the group St(u) is geometrically realized by the relative
homotopy classes of – some – generic paths (αt , ξt )t∈[0,1] : this is the content of theorem
3.1. The condition about λ on generators xλii of St(u) is explained by the fact that any
generic self-sliding bifurcation, comes with a bifurcation coefficient g ∈ π, u(g) < 0,
a sign ± and a dichotomic character (·)± . Once the coefficient g has been determined, there exist – up to sign – two geometrically non-equivalent generic bifurcation
behaviours: if we study the accident with dichotomic character (·)+ on the universal
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f, the traces after the bifurcation of a lifting of the unstable manifold concerned
cover M
f, are an iterated connected sum of
with the accident on subsequently lower levels of M
i
the (g , i ≥ 0)-translated copies of the trace before the accident, as figure 1 suggests6 .
The mentioned unstable manifold is W u (pk ; ξt ). This explains the presence of terms
(±g)± on the definition of the u-extended Steinberg group St(u).

Pk

N − (P k )
è

N + (gP k )

W u (P k ; ξet0 −ε )

gP k

W u (P k ; ξet0 +ε )

(δt )t∈[t0 −ε,t0 ]

S1
E

χ

N − (gP k )
gè

N + (g 2 P k )

g2 P k

(gδt )t∈[t0 −ε,t0 ]
S2
N − (g 2 P k )

Figure 1: Situation before/after a (g)+ -self-sliding of orbit ` and dichotomy point χ.
Moreover, when an unstable manifold slides over itself twice simultaneously at t =
t0 , say with coefficients g, h ∈ π where u(g), u(h) < 0, we cannot circumvent the
appearance of a resonance phenomenon – of coefficient gh – at the same time t = t0 .
This resonance factor is detected by relation (RSu1 ) of lemma 2.1.

3. The u-extended Steinberg group St(u) and its geometry
Definition 3.1. Let r ≥ 3, r ∈ N ∪ {∞}. If (·)± stand for the operators described at
the beginning of subsection 2.2, we define the u-extended Steinberg group of order r as
the group having a generator-relation presentation where generators are given by the
6

The interested reader may consult [17, p.51, 2nd case: k = l].
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set:

xλii , xλ+µ+λµ
, xθij
ii

i, j ∈ {1,
 . . . ,±r} , i 6= j
λ, µ ∈ (±g)
g ∈ π, u(g) < 0 ∪ {0} , θ ∈ Λu



,

and relations are as those appearing in lemma 2.1, after replacing “e” with “x”. We
denote this group by St(r, u).
Remark 3.1. As it happened in the usual Steinberg group, the elements x0ii represent the
identity element because x0ii x0ii = x0ii is verified thanks to relation (RSu1 ). The same re+
−
+ −
−
+
−
+
lation tells us that xλii and xλii are mutually inverse because xλii xλii = xλii +λ +λ λ =
x0ii , the last equality coming from (7).
We introduce and motivate the remainder necessary notions to state theorem 3.1.
Definition 3.2. For α ∈ Ωu of Morse type, denote ri (α) the
of Zi (α), its set
Pcardinal
n+1
n+2
i
of zeroes of index i. Any (r0 , . . . , rn+1 ) ∈ N
such that i=0 (−1) ri = 0 is called
admissible. For admissible (n + 2)-tuples we denote:
Ωu(r0 ,...,rn+1 ) := {α ∈ Ωu | ri (α) = ri } .
In addition, for every Y ⊂ X , we denote by Ωu,Y
(r0 ,...,rn+1 ) the space of pairs (α, ξ) such
that ξ ∈ Y is an α-equipment, with α ∈ Ωu(r0 ,...,rn+1 ) .
Remark 3.2. Of course the zero element of Nn+2 gives Ωu(0,...,0) = ΩuN S . Any nonadmissible (n + 2)-tuple of non-negative numbers provides the empty set: since ΩuN S
is non-empty, we know that the Novikov complex is acyclic. In particular, its Euler
characteristic must be zero. This is exactly the condition for admissible tuples.
We explain now the index condition (9) of theorem 3.1. The bijection of the theorem should reflect the simplest relation (RS1 ) in the geometrical side. One finds
homotopical obstructions to that relation if there are zeroes pi , pj having index or
coindex lower or equal than 2. Suppose that a path (αt , ξt )t∈[0,1] has two consecutive
f
accidents corresponding to xgij , x−g
ij ; one can construct a loop γ inside a level F of M ,
f. If we are able to push D2 into an embedded
that is nulhomotopic by a disk D2 ⊂ M
disk on the level F , we can then construct a Whitney isotopy of (αt )t∈[0,1] leading to another generic path which does not contain any more the mentioned accidents: we have
0
unknotted the product xgij x−g
ij to xij . Here, the index and dimension conditions appear:
2
in order to push D to F without introducing new accidents, we should continuously
deform D2 by following the flow lines of ξt . If there exists a q ∈ Zi (α) contradicting
the second condition appearing in (9), either the stable or the unstable manifold of q
intersects D2 by a basic general position argument7 and we cannot push our disk into
F . We further need D2 to be embedded in F to construct the Whitney isotopy; this
is not true in general, but we can suppose it for granted if 5 ≤ dim(F ) = dim(M ) − 1
thanks to the Whitney embedding theorem. Compare to [6, Ch. II, §1, Lemma 1.2’(a)].
Remark 3.3. The second condition on (9) requires the dimension of M to be at least 5.
But at this dimension there is no ri different from zero and there is nothing to prove.
Dimension 6 only allows r3 to be non-zero, which is impossible for admissible tuples of
this length. We hence require dim(M ) ≥ 7.
7

This can be summarised by saying that i∗ : π1 (X r A) → π1 (X) is an isomorphism if codX (A) ≥ 3
when A and X are smooth.
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There is another unavoidable accident on 2-parameter families of equipments, called
L-exchange, that we had not yet mentioned: ξts has, for isolated values of (t, s), a single
orbit from a zero of index i − 1 to another one of index i, whose coefficient verifies
L
u(g) > −L. We designate them by X2,e
.
Definition 3.3. A 2-parameter family (ξts ) of equipments is said to be L-generic if
there exists a finite set ∆2 ⊂ (0, 1) such that for all s ∈
/ ∆2 , the path (ξts )t∈[0,1] is
an L-generic path and for every s ∈ ∆2 , there exists an unique ts ∈ (0, 1) such that
L
L
.
∪ X2,e
ξtss ∈ X2,c
Remark 3.4. Truncations are useful to realise the analysis and to construct parameter
families (αt , ξt ); but this does not mean that an isotopy obstruction should have a
“truncated type”; even in the situation without parameters of Latour’s paper, the
torsion obstruction τ (M, u) naturally lives in a quotient of K1 (Λu ) and not in a algebraic
object based on the truncations ΛLu of the Novikov ring.
Another clue telling us that a truncated isotopy obstruction is not plausible, is the next
simple argument: after inspection, one realizes that the homotopy relations of the exact
context (the usual Steinberg relations) are still verified when considering homotopies
of paths (αt , ξt )t∈[0,1] . In particular, the relation (RS3 ) concerning the accidents xgij , xhjl
where u(g), u(h) ∈ (−L, − L2 ) holds. But ΣLu cannot detect the resulting interaction xgh
il
because u(gh) < −L.
Theorem 3.1. Let (r0 , . . . , rn+1 ) be admissible as in definition 3.2. Suppose that:

ri ≥ 3 or ri = 0 if i ∈ {3, . . . , n − 2}
(9)
ri = 0
otherwise.
MS
Fix (α0 , ξ0 ) ∈ Ωu,X
(r0 ,...,rn+1 ) . There exists a bijection:



M
'
u,XM S
St(ri , u).
χu : π1 Ωu,X
,
Ω
;
(α
,
ξ
)
−−−→
0
0
(r0 ,...,rn+1 )
(r0 ,...,rn+1 )
ri 6=0

Idea of proof. We briefly explain the proof that will appear on [16]. The property of
definition 3.3 is proved to be generic and open for 2-parameter equipments, and this
for every L > 0. The intersection for every L ∈ N∗ of L-generic 2-parameter families,
that we denote by X0,1,2 is thus a residual set in the Baire space X ; we can thus
approach the equipment of any homotopy class by a family on (X0,1,2 , XM S ), where
we understand the occurring bifurcations. The map χu collects the L-handle-sliding
bifurcations for increasing L. Accumulation of bifurcations do not create a problem
because we can rearrange bifurcations in time in such a way that accidents concerning
different subscripts (i, j) are not mutually mixed in time! This was not possible in the
context case, but here, relations (RSu4 ) allow one to do so. This ends with a well-defined
element of St(ri , u) for each critical index i.
In order to define the map Σu : π0 (ΩuN S ) → Wh2 (u) that we mentioned on section
1, we need theorem 3.1. The index hypothesis is indeed not so restrictive: the first
condition can be achieved by introducing as many trivial pairs of zeroes of consecutive
indexes as needed. For the second condition, we can always deform (αt )t∈[0,1] with
non-singular extremities to another such a path verifying r0 = 0 = rn+1 : this is the
main result of [18]. As most of the lemmas of [18] easily generalise to any critical index,
we expect being able to deform any path (αt , ξt )t∈[0,1] with no singular extremities to
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another one verifying the hypothesis of theorem 3.1; even further, the non-trivial index
rank should be shrinkable to two consecutive indexes i, i + 1, as it was the case in the
exact context.
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