VARIATIONAL PRINCIPLE FOR MEAN DIMENSION WITH
POTENTIAL OF RY“ACTIONS: I

MASAKI TSUKAMOTO

ABSTRACT. We develop a variational principle for mean dimension with potential of
R?-actions. We prove that mean dimension with potential is bounded from above by
the supremum of the sum of rate distortion dimension and a potential term. A basic
strategy of the proof is the same as the case of Z-actions. However measure theoretic
details are more involved because R? is a continuous group. We also establish several
basic properties of metric mean dimension with potential and mean Hausdorff dimension

with potential for R%-actions.

1. INTRODUCTION

1.1. Background: the case of Z-actions. The purpose of this paper is to develop a
theory of variational principle for mean dimension with potential of R%-actions. First we
review the theory already established in the case of Z-actions.

Mean dimension is a topological invariant of dynamical systems introduced by Gro-
mov [Gro99] at the end of the last century. It is the number of parameters per unit
time for describing given dynamical systems. Mean dimension has several applications
to topological dynamics, most notably in the embedding problem of dynamical systems
[LWO00, Lin99, GT20, GQT19].

Lindenstrauss and the author [LT18, LT19, Tsu20] began to develop the variational
principle in mean dimension theory. Let X be a compact metrizable space, and let
T: X — X be a homeomorphism of X. The classical variational principle [Goodw69,
Din70, GoodmT71] states that the topological entropy hiop(7) is equal to the supremum
of the Kolmogorov-Sinai entropy h,(T") over all invariant probability measures p:

(1) hiop(T) = sup_ hu(T),
peAT(X)

where .7 (X) denotes the set of all T-invariant Borel probability measures on X. Ruelle
[Rue73] and then Walters [Wal75] generalized (1-1) to pressure: Let ¢: X — R be a
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continuous function, and we denote by Pr(p) the topological pressure of (X, T, ). Then

(12) Pr(g) = sup )(hu<T>+ [ van).

ueMT (X

In the classical variational principles (1-1) and (1-2), the quantities hyop(T") and Pr(g)
in the left-hand sides are topological invariants of dynamical systems. The Kolomogorov—
Sinai entropy in the right-hand side is an information theoretic quantity. Therefore (1-1)
and (1-2) connect topological dynamics to information theory. Lindenstrauss and the
author tried to find an analogous structure in mean dimension theory. (See also the paper
of Gutman-Spiewak [GS20] for a connection between mean dimension and information
theory.) In the papers [LT18, LT19] they found that rate distortion theory provides a
fruitful framework for the problem. This is a branch of information theory studying lossy
data compression method under a distortion constraint.

Let T : X — X be a homeomorphism on a compact metrizable space X as in the above.
We denote the mean dimension of (X, 7") by mdim(&X', 7). We would like to connect it to
some information theoretic quantity. We define Z(X’) as the set of all metrics (distance
functions) on X compatible with the given topology. Let d € Z2(X) and u € MT(X).
We randomly choose a point x € X according to the distribution p and consider the orbit
{T"z}ez. For e > 0, we define the rate distortion function R(d,p,e) as the minimum
number of bits per unit time for describing {T"x},cz with average distortion bounded
by ¢ with respect to d. See §2.3 for the precise definition of R(d, u,¢) in the case of
R%-actions.

We define the upper and lower rate distortion dimensions by

rdim (&, T,d, p) = lim sup M, rdim(X, 7', d, ) = liminf M.
0 log(1/e) =0 log(1/e)
Rate distortion dimension was first introduced by Kawabata-Dembo [KD94].

Lindenstrauss and the author [LT19, Corollary 3.13] proved that

(1-3) mdim(X,7) < sup rdim(X,7,d, p)

HEMT(X)
for any metric d on X compatible with the given topology. Moreover they proved that if
(X,T) is a free minimal dynamical system then [LT19, Theorem 1.1]

dim(X.T) = mi dim(X. T, d
mdim (X, T) in (ﬂeizlg(x)w( T, w))

(1-4)

= min sup rdim(X,7T,d, .
deg(X) (uEMT(X) ( M)

They called this “double variational principle” because it involves a minimax problem with
respect to the two variables d and p. We conjecture that (1-4) holds for all dynamical

systems without any additional assumption.
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The author [Tsu20] generalized (1-3) and (1-4) to mean dimension with potential, which
is a mean dimension analogue of topological pressure. Let ¢: X — R be a continuous
function. The paper [Tsu20| introduced mean dimension with potential (denoted by
mdim(X, T, ¢)) and proved that [Tsu20, Corollary 1.7]

(1-5) mdim(X, T, ) < sup <rdim(X,T,d,u)—|—/ gpdu).
ueAMT(X) X

Moreover, if (X, T) is a free minimal dynamical system then [Tsu20, Theorem 1.1]

mdim(X, 7T, ¢) = min { sup (rdim(X,T,d,u)—l—/gpdu)}
X

de2(Xx) peAT(X)

= min su rdim(X, 7T, d, —l—/ d) .
de@(x){ue//ﬂp(m( ( ) XSO a }

We also conjecture that this holds for all dynamical systems.

(1-6)

The main purpose of this paper is to generalize the above (1-5) to R-actions. We
think that we can also generalize the double variational principle (1-6) to free minimal
R?-actions. However it requires a technically heavy work. We postpone it to Part II of
this series of papers. In this paper we concentrate on the inequality (1-5).

The motivation to generalize (1-5) and (1-6) to R-actions comes from the fact that
many natural examples of mean dimension theory are rooted in geometric analysis [Gro99,
MT15, Tsul8]. In geometric analysis we usually consider actions of groups more compli-
cated than Z. Maybe R%actions are the most basic case. We plan to apply the results of
this paper to geometric examples of [Gro99, MT15, Tsul8| in a future paper.

Since R? is a continuous group, several new technical difficulties appear. Especially
measure theoretic details are more complicated in the case of R%actions than in the case
of Z-actions. A main task of this paper is to establish such details.

We would like to mention the paper of Huo—Yuan [HY]. They develop the variational
principle for mean dimension of Z-actions. In §4 and §5 we also touch the case of Z9-
actions. Some results in these sections were already studied in [HY].

1.2. Mean dimension with potential of R%actions. In this subsection we introduce
mean dimension with potential for R%-actions. Let P be a finite simplicial complex. (Here
“finite” means that the number of faces is finite. In this paper we do not consider infinite
simplicial complexes. Simplicial complexes are always finite.) For a point a € P we define
dim, P as the maximum of dim A where A runs over all simplices of P containing a. We
call dim, P the local dimension of P at a. See Figure 1. (This is the same as [Tsu20,
Fig. 1].)

Let (X,d) be a compact metric space. Let ) be a topological space and f: X —

Y a continuous map. For a positive number ¢ we call f an e-embedding if we have



4 MASAKI TSUKAMOTO

FIGURE 1. Here P has four vertexes (denoted by dots), four 1-dimensional
simplexes and one 2-dimensional simplex. The points b and d are vertexes
of P whereas a and ¢ are not. We have dim, P = dimy P = 2 and dim, P =
dimy P = 1.

Diamf~1(y) < e forally € Y. Let ¢ : X — R be a continuous function. We define the
e-width dimension with potential by

Widim, (&X', d, )
(1-7) P is a finite simplicial complex and }

= inf dim ¢, P
- {glea)?(( e £+ gp(x)) f: X — Pis an e-embedding

Let d be a natural number. We consider that R? is equipped with the Euclidean topol-
ogy and standard additive group structure. We denote the standard Lebesgue measure
on RY by m. Let T: RY x X — X be a continuous action of R on a compact metrizable
space X. Let d be a metric on X compatible with the topology, and let ¢: X — R be a
continuous function. For a bounded Borel subset A C R? we define a new metric d4 and
a new function ¢4: X — R by

da(z,y) =supd(T 'z, T"y), pa(z)= /Agp(T“x) dm(u).

ucA
If o(x) > 0 for all z € X then we have:
(1) Subadditivity: For bounded Borel subsets A, B C R¢

Widim, (X, daup, paus) < Widim, (X, da, p4) + Widim, (X, dp, ¢B) .
(2) Monotonicity: If A C B then
0 < Widim. (X, d, p4) < Widim, (X, dp, o).
(3) Invariance: For a € R? and a bounded Borel subset A C R?
Widim, (X, dgsa, ara) = Widim, (X, da, va),

where a + A= {a+u|ue A}
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Notice that we need to assume the nonnegativity of ¢ for the properties (1) and (2).
For a positive number L we denote djy 1y« and ¢jg)e by dy, and ¢y, respectively for
simplicity. We define the mean dimension with potential of (X, T, ¢) by

i (X
(1-8) mdim (X, T, ¢) = lir% ( lim Widim, (X, d;, SOL)) |
e—

L—oo Ld

This is a topological invariant, namely its value is independent of the choice of the metric
d. Notice that we do not assume the nonnegativity of ¢ in the definition (1-8).

We need to check that the limits in the definition (1-8) exist. The limit with respect to
¢ exists because Widim, (X, dy, ¢r) is monotone in €. We prove the existence of the limit

with respect to L in the next lemma.

Lemma 1.1. The limit lim Widim.(X,dy, pr)/L? exists in the definition (1-8).

L—oo

Proof. Let ¢ be the minimum of ¢(z) over € X and set ¥(z) = ¢(x) — ¢. Then ¢ is a

nonnegative function with
Widim, (X, da, %) = Widim, (X, d4, pa) — cm(A).

Set h(A) = Widim, (X, d,14). It is enough to prove that the limit hm h([0,L)") /L
exists. For 0 < L < R, let n = |R/L] be the integer part of R/L. We have

0.Rc |J (Lu+(0,L)).
u€ZN[0,n]?

Since v is nonnegative, h(A) satisfies the subadditivity, monotonicity and invariance.

Hence
h([0,R)?) < (n+1)"-h([0,L)").
Dividing this by R¢ and letting R — oo, we get

_h(0.R)Y) _ R ([0, L))
L T

Then letting L — oo we get

. h([0,R)?) h ([0, L))
hRm sup y h{n inf y :
Therefore the limit lim & ([0, L)?) /L? exists. O

L—oo

Remark 1.2. By the Ornstein—Weiss quasi-tiling argument ([OS87], [Gro99, §1.3.1]) we
can also prove that for any Fglner sequence Ay, Ay, As, ... of R? the limit

. WidimE(X,dAn,gDAn)
lim
n—00 m(A,)
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exists and that its value is independent of the choice of a Fglner sequence. In particular,
we can define the mean dimension with potential by

mdlm (X’ T’ (p) — llm llm WldlmE( 9 dBR7 ()OBR) :
e—0 \ R—oo m(BR)

where B = {u € R?| |u| < R}.

1.3. Main result. Let X be a compact metrizable space. Recall that we have denoted by
9(X) the set of metrics d on X compatible with the given topology. Let T: RT x X — X
be a continuous action. A Borel probability measure p on X is said to be T-invariant if
w(T=*A) = u(A) for all u € R? and all Borel subsets A C X. We define .7 (X) as the
set of all T-invariant Borel probability measures p on X.

Take a metric d € 2(X) and a measure u € .#7(X). We randomly choose a point
x € X according to the distribution p and consider the orbit {T"z},cra. For a positive
number € we define the rate distortion function R(d, i, €) as the minimum bits per unit
volume for describing {T"x},cre with average distortion bounded by & with respect to d.
The precise definition of R(d, p,¢) is given in §2.3.

We define the upper and lower rate distortion dimensions by

rdim(X, T, d, p) = lim sup M, rdim(X, 7T, d, ) = liminf M
-0 log(1/e) =0 log(1/¢)

The following is the main result of this paper.

Theorem 1.3 (Main theorem). Let T: RY x X — X be a continuous action of R on
a compact metrizable space X. Let ¢: X — R be a continuous function. Then for any
metricd € 2(X)

mdim (X, T, ¢) < sup (rdim(X,T,d,;L)+/ gpdﬂ).
neAT(X) X

We propose a conjecture:

Conjecture 1.4. In the setting of Theorem 1.5 we have

mdim(X,7T,¢) = min sup rdim(X,T,d,/L)—i—/ odup
de2(X) | pe.a™(x) X

= min su rdim (X, 7T, d, +/ d) .
de@(x){uewp(x)< ( | e du }

We think that probably we can prove this conjecture if 7: R x X — X is a free minimal
action. The proof will be rather lengthy and technically heavy. We postpone it to Part
IT of this series of papers.

Along the way to prove Theorem 1.3, we will introduce mean Hausdorff dimension with
potential and metric mean dimension with potential for R%actions and establish their

basic properties. In particular we prove:
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(1) Mean Hausdorff dimension with potential bounds mdim (X', 7', ¢) from above (The-
orem 3.4).

(2) We can construct invariant probability measures which capture the complexity
of dynamics expressed by mean Hausdorff dimension with potential (Dynamical

Frostman’s lemma; Theorem 3.7).
(3) Metric mean dimension with potential bounds rdim(X,7T,d, u) + / wdp from
x

above (Proposition 3.5).
(4) Metric mean dimension with potential can be calculated by using only “local”
information (Theorem 7.1).

The results (1) and (2) will be used in the proof of Theorem 1.3. The results (3) and
(4) are not used in the proof of Theorem 1.3. We plan to use (3) in Part II of this
series of papers. The result (4) may be useful when we study geometric examples of
[Gro99, MT15, Tsul§] in a future.

1.4. Organization of the paper. In §2 we prepare basic definitions and results on mu-
tual information and rate distortion theory. In §3 we introduce mean Hausdorff dimension
with potential and metric mean dimension with potential for R?-actions. We also state
their fundamental properties in §3. The proofs will be given in §5 and §6. Theorem 1.3
(Main Theorem) follows from the properties of mean Hausdorff dimension with potential
stated in §3. In §4 we prepare some basic results on mean dimension theory of Z?-actions.
They will be used in §5. In §5 we prove that mdim(X, T, ¢) is bounded from above by
mean Hausdorff dimension with potential. In §6 we prove dynamical Frostman’s lemma.
In §7 we prove that metric mean dimension with potential can be calculated by using

certain local information. §7 is independent of the proof of Theorem 1.3.

2. MUTUAL INFORMATION AND RATE DISTORTION THEORY

We prepare basics of rate distortion theory in this section. Throughout this paper log x
denotes the logarithm of base two. The natural logarithm is denoted by In z:

logz =logyz, Inz =log, x.

This section is rather long. This is partly because we have to be careful of measure
theoretic details. Hopefully this section will become a useful reference in a future study
of mean dimension of R%actions. At the first reading, readers may skip the whole of
Subsection 2.1 and most of Subsection 2.2. The crucial parts of this section are only the
definition of mutual information in §2.2 and the definition of rate distortion function in
§2.3. All the rest of this section are technical details.

2.1. Measure theoretic preparations. We need to prepare some basic results on mea-
sure theory. A measurable space is a pair (X, A) of a set X and its o-algebra A. Two
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measurable spaces (X,.A) and (Y, B) are said to be isomorphic if there exists a bijection
f: X — Y such that both f and f~! are measurable (i.e. f(A) = B).

For a topological space X, its Borel g-algebra By is the minimum o-algebra containing
all open subsets of X. A Polish space is a topological space X admitting a metric d for
which (X, d) is a complete separable metric space.

A measurable space (X,.A) is said to be a standard Borel space if there exists a
Polish space Y for which (X, .A) is isomorphic to (Y, By) as measurable spaces. It is
known that any two uncountable standard Borel spaces are isomorphic to each other (the
Borel isomorphism theorem [Sri98, Theorem 3.3.13]). Therefore every standard Borel
space is isomorphic to one of the following measurable spaces:

e A finite set A with its discrete o-algebra 24 := {subset of A}.

e The set of natural numbers N with its discrete o-algebra 2% := {subset of N}.

e The Cantor set C = {0, 1}" with its Borel o-algebra Be. (Here {0,1} is endowed
with the discrete topology and the topology of C is the product topology.)

An importance of standard Borel spaces is that we can prove the existence of regular
conditional distribution under the assumption of “standard Borel”. Let (X, A) and (), B)
be measurable spaces. A transition probability on X x ) isamap v: X x B — [0, 1]
such that

e for every x € X, the map B > B +— v(x,B) € [0,1] is a probability measure on

(¥, B),
e for every B € B, the map X > = — v(x, B) € [0, 1] is measurable.

We often denote v(z, B) by v(B|z).

For two measurable spaces (X, .A) and (), B) we denote their product by (X x Y, A®B)
where A®B is the minimum o-algebra containing all the rectangles AxB (A € A, B € B).
For any £ € A® B, it is known that the section E, := {y € YV | (z,y) € E} belongs to
B for every x € X. (This fact is a part of the Fubini theorem. It can be easily proved
by using Dynkin’s -\ theorem [Durl0, p.402 Theorem A.1.4].) Moreover, if (), B) is a
standard Borel space, then for any transition probability ¥ on X x Y and any £ € A® B
the map X 3 z — v(E,|z) € [0, 1] is measurable [Sri98, Proposition 3.4.24].

A probability space is a triplet (Q, F,P) where ({2, F) is a measurable space and
P is a probability measure defined on it. Let X: 2 — & be a measurable map from a
probability space (€2, F,P) to a Borel space (X, .4). We denote the push-forward measure
X.P by LawX and call it the law of X or the distribution of X. (Here X,P(A) =
P(X €A =P(X A)) for Ae A)

The next theorem is a fundamental result. It guarantees the existence of regular condi-
tional probability. For the proof, see [[W81, p.15 Theorem 3.3 and its Corollary] or Gray
[Gra09, p. 182 Corollary 6.2].
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Theorem 2.1 (Existence of regular conditional distribution). Let (Q2, F,P) be a probabil-
ity space, and (X, A) and (Y, B) standard Borel spaces. Let X : Q — X andY : Q — Y
be measurable maps, and set p := LawX. Then there exists a transition probability v on
X x Y such that for any E € A® B we have

P((X,Y) € B) = [ viBila) duto)

If a transition probability v' on X XY satisfies the same property then there exists a p-null
set N € A such that v(B|x) = V'(B|x) for allz € X \ N and B € B.

The transition probability v(:|z) in this theorem is called the regular conditional
distribution of Y given X = z. We sometimes denote v(B|x) by P(Y € B|X = z) for
r € X and B € B. If X and ) are finite sets, then this coincides with the elementary
notion of conditional probability:

P(X =z,YeB) .
- fP(X = 0).
e (TP =) £0)

In this case we usually denote v ({y}|z) by v(y|z) (z € X,y € V) and call it a conditional

P(Y € B|X = 1) =

probability mass function'.

By using the notion of regular conditional distribution, we can introduce the definition
of conditional independence of random variables. Let (€2,P) be a probability space and
(X, A),(Y,B),(Z,C) standard Borel spaces. Let X: Q > X V: Q= Yand Z: Q — Z
be measurable maps. We say that X and Y are conditionally independent given 2

if we have
(2-1) P(X,)Y)€eAXB|Z=2)=P(Xe€AlZ=2)-P(Y € B|Z=xz)

for Z,P-a.e. z € Z and all A € A and B € B. Here Z,P is the push-forward measure of
P by Z. The left-hand side of (2-1) is the conditional regular distribution of (X,Y): Q —
X x Y given Z = z. The right-hand side is the multiple of the conditional distribution of
X given Z = z and the conditional distribution of Y given Z = 2.

At the end of this subsection we explain the log-sum inequality. This will be used in
the next subsection.

Lemma 2.2 (Log-sum inequality). Let (X, .A) be a measurable space. Let pu be a measure
on it with 0 < u(X) < co. Let f and g be nonnegative measurable functions defined on
X. Suppose that g is p-integrable and g(x ) >0 for p-a.e. v € X. Then

([ 16 auto) g LB < [ ptayion B8 o)

In particular, if the left-hand side is mﬁmte then the mght—hcmd szde is also infinite.

IFor convenience in the sequel, we define this notion more precisely. Let X and ) be finite sets. A
map X' x Y 3 (z,y) — v(y|z) € [0,1] is called a conditional probability mass function if 3 ., v(ylz) =1
for every z € X.
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Here we assume Olog% =0 for all a > 0.

Proof. Set ¢(t) = tlogt for t > 0. Since ¢"(t) = loge/t > 0 for ¢ > 0, this is a convex
function. We define a probability measure w on X by

~ Jagdu
W) = (Ac )

The Radon-Nikodim derivative of w by pu is given by

dw_ g
dp  [ygdu

By Jensen’s inequality

(1)< foG) o

Here, if the left-hand side is infinite, then the right-hand side is also infinite. We have
f _ Jo fdp fxfdﬂ Jo fdp
o\ [ Zdw)=¢ log
X9 Jvgdp)  [ygdn 7 [ygdp
The right-hand side of (2-2) is
f 1 f 1 f
<b<— dw = go | =) dp= flog = dp.
/X 9 Jrgdu Jx™" \yg JrgduJx™ g

Therefore (2-2) provides
fdu _
(/f@)logf" /flg dp.
x

The following is the finitary version of the log-sum inequality:

Corollary 2.3. Let aq,...,a, be nonnegative numbers and by, ..., b, positive numbers.

Then
& Zz 1"
(E al>logzllbz< E azlogb

i=1

7

Proof. Apply Lemma 2.2 to the finite set X = {1,2,...,n} with the discrete o-algebra
and the counting measure. 0

2.2. Mutual information. Let (2, F,P) be a probability space. We assume that all
random variables in this subsection are defined on (€2, F,P). In this paper a finite set is
always assumed to be endowed with the discrete topology and the discrete o-algebra (i.e.
the set of all subsets). The purpose of this subsection is to define and study mutual in-
formation. A basic reference of mutual information is the book of Cover-Thomas [CT06].
A mathematically sophisticated presentation is given in the book of Gray [Grall].
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First we define the Shannon entropy. Let (X,.A) be a finite set with the discrete o-
algebra, and let X : Q2 — X be a measurable map. We define the Shannon entropy of
X by

H(X)=-> P(X =z)logP(X = x).
zeX
Here we assume 0log0 = 0 as usual.

Next we define the mutual information. Let (X, A) and (), B) be two measurable
spaces and let X: Q — X and Y: Q2 — ) be measurable maps. We want to define
the mutual information 7(X;Y"). Intuitively /(X;Y) measure the amount of information

shared by the random variables X and Y.

e Case I: Suppose (X,.A) and (), B) are finite sets with the discrete o-algebras.
Then we define

(2:3) I(X;Y) = H(X)+ HY) - HX,Y),

where H(X,Y) is the Shannon entropy of the measurable map (X,Y) : Q —
X x Y. Since H(X,Y) < H(X)+ H(Y), the mutual information I(X;Y) is
always nonnegative. The explicit formula is given by

P(X =z,Y =y)

P(X = 2)B(Y = )

I(X;Y)= Y PX=zY=y)log
reX yey
Here we assume Ologg = 0 for any a > 0. The mutual information I(X;Y)
satisfies the following natural monotonicity”: Let X’ and )’ be finite sets (endowed
with the discrete o-algebras), and let f: X — & and g: ) — )’ be any maps.
Then it follows from the log-sum inequality (Corollary 2.3) that

(2-4) I(f(X);9(Y)) <I(X;Y).

e Case II: Here we define /(X;Y") for general random variables X and Y. (Namely
X and Y may be infinite sets.) Let X’ and )’ be arbitrary finite sets, and let
f: X > X and g: Y — ) be any measurable maps. Then we can consider
I(f(X);9(Y)) by Case I. We define I(X;Y) as the supremum of I (f(X);g(Y))
over all finite sets X’,)’ and measurable maps f: X — X’ and g: Y — ). The
mutual information I(X,Y’) is always nonnegative and symmetric: I(X;Y) =
I(Y;X)>0.

If f: X - X' and ¢g: Y — ) are measurable maps to some other mea-
surable spaces (X’; A") and ()’,B’) (not necessarily finite sets) then we have
I(f(X);9(Y)) <T(X;Y).

If X and Y are finite sets, then the definition of Case II is compatible with Case
I by the monotonicity (2-4).

2This is a special case of the data-processing inequality [CT06, Theorem 2.8.1].
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If (X, A) and (), B) are standard Borel spaces, then we can consider the regular con-

ditional distribution of Y given X = x. We denote
v(Blr)=P(Y €e B X =x) (xe€X,B¢€B).

Let p = X.PP be the push-forward measure of P by X. The distribution of (X,Y) is
determined by g and v. Hence the mutual information I(X;Y') is also determined by
p and v. Therefore we sometimes denote I(X;Y) by I(u,v). An importance of this
description comes from the fact that I(u,v) is a concave function in p and a convex
function in v (Proposition 2.10 below).

In the rest of this subsection we prepare several basic properties of mutual information.
They are rather heavy. Readers may skip to the next subsection at the first reading.

If (X,.A) is a standard Borel space and if Y is a finite set, then we can express I(X;Y)
in another convenient way. For z € X we set

HY|X =2)==) P(Y =y|X =1)logP (Y =y|X =x).

yey

We define the conditional entropy of Y given X by
HY|X) = / HY|X =z)du(z) (n:=X,P).
X
The next theorem is given in the book of Gray [Grall, p. 213, Lemma 7.20].

Theorem 2.4. Let X and Y be random variables taking values in a standard Borel space
(X, A) and a finite set Y respectively. Then we have

I(X;Y)=H(Y) - HY|X).

When both X and ) are finite sets, this theorem is a very well-known result. A point
of the theorem is that we do not need to assume that X" is a finite set.
The following is also a basic result. This is given in [Grall, p. 211, Lemma 7.18].

Theorem 2.5. Let (X, A) and (Y, B) be standard Borel spaces. Then there exist sequences
of measurable maps f,: X — X, and g,: Y — Y, to some finite sets X,, and Y,, (n > 1)

for which the following statement holds: If X and Y are random variables taking values
in (X, A) and (Y, B) respectively, then

I(X:;Y) = lim I (fo(X);9a(Y)).

n—oo

Sketch of the proof. Standard Borel spaces are isomorphic to either countable sets or the
Cantor sets. The case of countable sets is easier. So we assume that both X and ) are the
Cantor set {0,1}N. Let f,,: X — {0,1}" and g,,: Y — {0,1}" be the natural projections
to the first n coordinates. Then we can check that f,, and g, satisfy the statement. [
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Lemma 2.6. Let X, and Y, (n > 1) be sequences of random variables taking values in
finite sets X and Y respectively. Suppose (X,,Y,) converges to (X,Y) in law. (Namely
PX,=zY,=y) = P(X =2, =y) asn — oo for all (x,y) € X xY.) Then
I(X,;Y,) converges to I1(X;Y) as n — oo.

Proof. This immediately follows from the definition (2-3) in Case I above. O

Lemma 2.7 (Subadditivity of mutual information). Let X,Y,Z be random wvariables
taking values in standard Borel spaces (X, A), (Y, B),(Z,C) respectively. Suppose that X
and Y are conditionally independent given Z. Then

I(X,Y;2) < I(X;2) + I(Y; Z),
where [ (X,Y: 7)) =1((X,Y); Z) is the mutual information between the random variables
(X,Y) and Z.

Proof. Let f: X — X’ and g: Y — )’ be measurable maps to some finite sets X’ and ).
Then by Theorem 2.4

L(f(X),9(Y); Z2) = H (f(X),9(Y)) = H (f(X),9(Y)]|2).
We have [CT06, Theorem 2.6.6]
H(f(X),9(Y)) < H (f(X))+ H (9(Y)).

The random variables f(X) and ¢g(Y") are conditionally independent given Z. Hence
H(f(X),9(Y)|Z2) = H (f(X)|Z) + H (9(Y)|Z).

Therefore
L(f(X),9(Y); 2) < {H (f(X)) = H(f(X)|Z)} + {H (9(Y)) = H (9(Y)|2)}
=I(f(X);2)+1(9(Y); Z).

We have [ (X,Y;7) = sup;, I (f(X),9(Y); Z) where f: X — X" and g: ) — )’ run
over all measurable maps to some finite sets. This follows from the fact that A ® B is
generated by rectangles A x B (A € A, B € B) [Grall, p.175 Lemma 7.3]. Therefore we
get

[(X,Y:2) < I(X;2)+ (Y Z).
0

As we briefly mentioned above, the mutual information I(u, ) is a concave function in
a probability measure ; and a convex function in a transition probability v. Next we are
going to establish this fact. We need some preparations.

For a finite set ), a probability mass function p on ) is a nonnegative function on
Y satistying Zyey p(y) = 1. For a probability mass function p on ) we define

=—> p(y)logp(y

yeY
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Lemma 2.8 (Concavity of the Shannon entropy). Let Y be a finite set and let (Z,C,m)
be a probability space. Suppose that we are given a probability mass function p, on Y for
each z € Z and that the map Z 3 z — p.(y) € [0,1] is measurable for each y € Y. We
define a probability mass function p on Y by

p@%iémwwm@-

mzLH@mma

Proof. From the log-sum inequality (Lemma 2.2),

w@bw@Z—Lm@waMMd

Summing this over y € ), we get the statement. ]

Then

Lemma 2.9. Let X and Y be finite sets and (Z,C,m) a probability space. Let p be a
probability mass function on X. Suppose that, for each z € Z, we are given a conditional

probability mass function v,(ylx) in x € X and y € Y such that the map Z > z
v,(y|z) € [0,1] is measurable for each (z,y) € X x Y. We define

wwwzé%wmmma (reX,yed)
Then
Hpr) < [ 1avs) dm(e)

Proof. For y € Y we set

= p@)va(yle), ply) =Y ul@)viyle).

reX zeX

We have

u(@)v(yle) ") ) 1o M@= ()
Eij‘i v(yla)log - Woply) - L 25:“ Ale)los S )

Here we assume Olog § = 0 for all a > 0.
We estimate each summand of I(u,v) and I(u,v,). We fix (z,y) € X x Y with
w(x)p(y) > 0. We define a subset Z' C Z by

Z'={z|p:(y) > 0} > {z | va(ylz) > 0}.

Since p(x)p(y) > 0, we have m (2’) > 0. We have

(ol = [ pawtole) dmie). p@ol) = [ walp.) dm(e)
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By the log-sum inequality (Lemma 2.2)
M) < [ (ol log

1(2)p(y)
I R CCOLACI P
_/ZM Wiy log w(@)p.(y) =)

Taking sums over (z,y) € X x ), we get the statement. O

p(z)v(y|r) log

Proposition 2.10 (I(p,v) is concaive in p and convex in v). Let (X, A) and (Y, B) be
standard Borel spaces, and let (Z,C,m) be a probability space.

(1) Let v be a transition probability on X x ). Suppose that we are given a probability
measure [, on X for each z € Z such that the map Z > z — p,(A) € [0,1] s
measurable for every A € A. We define a probability measure p on (X, A) by

AWUZLWMMW@ (Ac A)
Then we have
(2:5) WMOELHWWMW@-

(2) Let v be a probability measure on X. Suppose that we are given a transition
probability v, on X x Y for each z € Z such that the map X x Z > (z,z) —
v,(Blz) € [0, 1] is measurable with respect to A® C for each B € B. We define a
transition probability v on X X Y by

v(Blz) = /ZVZ(B|x)dm(z) (x € X,B € B).

Then we have

MMOSLHM%MW@-

Proof. (1) By Theorem 2.5, there exists a sequence of measurable maps g¢,: Y — Y, to
finite sets Y, such that

I(pzyv) = W T (s, (gn)ev) s I v) = T T (g, (gn)ev) -
Here (g,)«V is a transition probability on X x ), defined by
(gn)v(Blz) = v ((92) "' Blz) (B C Ya).

It is enough to prove that for each n we have
Fpn(g)0) = [ 1 (pes(g2)0) dm2)
z

If this is proved then we get the above (2-5) by Fatou’s lemma. Therefore we can assume
that Y itself is a finite set from the beginning.



16 MASAKI TSUKAMOTO

We define probability mass functions p(y) and p,(y) (z € Z) on Y by

mwzﬁwwwmm M@=LWWMM@-

We have p(y) = [, p-(y) dm(z). Then by Theorem 2.4

o) = H) = [ ) dule), 1) = Hp) = [ H (1) dia)

Here H (v(-[x)) = — >,y v(ylz)logr(y|z). Notice that in particular this shows that
I (p,v) is a measurable function in the variable z € Z. By Lemma 2.8, we have H(p) >
[z H(p.) dm(z). We also have

et i = [ ([ #000) dotw) an)

H000) 2 [ 1Guew) dm(2)
z
(2) Let f: X - X" and g: Y — Y’ be measurable maps to finite sets X’ and ). We
define a probability mass function p' on X’ by
W) = (f ) @ e ).
We also define conditional probability mass functions v/ and v (z € Z) on X’ x )’ by

oo Sy @ @) dute) [y v (97 (W) |) dp(x)
V(y'la') = (@) . V(|2 = L)

where ' € X’ and ¢ € J'. We have

w@%vzéawhwmw.

Thus

Then by Lemma 2.9
10/ < [ 1) dm(e).
z

It follows from the definition of mutual information that we have I(y/,v)) < I(u,v,) for
all z € Z. Hence

I(W',v) g/zl(u,yz)dm(z).

(It follows from Theorem 2.5 that I(u,v,) is measurable in z € Z.) Taking the supremum
over f and g, we get

I, v) < / (1, v.) dm(2).
z
O
Next we will establish a method to prove a lower bound on mutual information (Propo-

sition 2.13 below). We need to use the following integral representation of I(X;Y"). This
is given in [Grall, p. 176 Lemma 7.4, p. 206 Equation (7.31)].
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Theorem 2.11. Let (Q, F,P) be a probability space, and let (X, A) and (V,B) be mea-
surable spaces. Let X: Q) — X and Y: Q) — Y be measurable maps with distributions
= Law(X) = X,P and v = Law(Y") = Y,P respectively. Let p = Law(X,Y) = (X,Y).P
be the distribution of (X,Y): Q@ — X x Y. Suppose that the mutual information I(X;Y)
s finite. Then p is absolutely continuous with respect to the product measure p & v.
Moreover, letting f = dp/d(p ® v) be the Radon—Nikodim derivative, we have

I(X;Y):/Xylogfdpz/)(yflogfd(ﬂ@y).

We learnt the next result from [KD94, Lemma A.1]. This is a kind of duality of convex

programming.

Proposition 2.12. Let ¢ > 0 and a > 0 be real numbers. Let (X, A) and (Y,B) be
measurable spaces and p: X x Y — [0,400) a measurable map. Let j be a probability

measure on X. Suppose a measurable map \: X — [0, +00) satisfies
Vye): / Mx)27 @) dp(z) < 1.
X

If X and Y are random wvariables taking values in X and Y respectively and satisfying
Law(X) = pu and Ep(X,Y') < € then we have

(2:6) I(X;Y) > —ae + /Xlog AMz) du(x).

Proof. Let v = Law(Y') and p = Law(X,Y’) be the distributions of ¥ and (X,Y’) respec-
tively. If 7(X;Y) is infinite then the statement is trivial. So we assume I(X;Y) < oc.
Then by Theorem 2.11 the measure p is absolutely continuous with respect to p ® v. Let
f =dp/d(u ®v) be the Radon-Nikodim derivative. We have

[(X;Y):/ log f dp.
X XY
Set g(z,y) = M(x)27%@¥). Since —¢ < —Ep(X,Y) = — Lewy P(x,y)dp(2,y), we have

/ log g(z,y) dp(x,y) > —ae +/ log A\(z) dp(x, y)
XY

XxY
:—aa—i-/ log A(z) du(x).
Therefore
15 +az = [ logdw)dptx) > [ (g f ~logg)dp= [ floa(s/g) dp(aiviy)
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Since Int <t — 1, we have In(1/t) > 1 —t and hence fIn(f/g) > f —g. Then

(In2) flog(f/g) du(x)dv(y) = fIn(f/g) du(z)dv(y)

XxXY XY

> / (F(z,9) — g(z, ) du(z)dv(y)
XxY

=1 —/y </X 9(x,y) du(l’)) dv(y) > 0.

In the last inequality we have used the assumption [, g(,y)du(z) < 1. O

The next proposition is a key result. We will use it for connecting geometric measure
theory to rate distortion theory. This result is essentially due to Kawabata—Dembo [KD94,
Proposition 3.2]. Recall that, for a metric space (X, d), we use the notation

DiamF = sup{d(z,y) | z,y € E} (E C X).

Proposition 2.13 (Kawabata-Dembo estimate). Let € and § be positive numbers with
2elog(l/e) < 6. Let s be a nonnegative real number. Let (X,d) be a separable metric

space with a Borel probability measure p satisfying
(2:7) wu(E) < (DiamkE)®  for all Borel sets E C X with DiamFE < 4.

Let X and Y be random wvariables taking values in X and satisfying LawX = pu and
Ed(X,Y) <e. Then

I(X;Y) > slog(1l/e) — K(s+1).

Here K is a universal positive constant independent of the given data (i.e. ,0,s,(X,d), ).

Proof. The proof is almost identical with [LT19, Lemma 2.10]. But we repeat it for
completeness. If s = 0 then the statement is trivial. So we can assume s > 0. We use
Proposition 2.12. Set a = s/¢ and we estimate [, 27*@¥)dy(z) for each y € X. By the
Fubini theorem (see [Mat95, 1.15 Theorem])

1
X 0

Changing the variable u = 27%, we have du = —a(In2)27*"dv and hence

1 o)
/ pf{z | 2709V > ) duy = / p{z | d(z,y) <vla(In2)27% dov
0 0

6/2 0o
=aln2 / +/ p{x | d(z,y) <v}27*dv.
0 5/2
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By using (2:7)

5/2 5/2
aln2/ p{x | d(z,y) <v}2 % dv < aln2/ (20)°27%" dv
0 0

adln2

2 2t \°
= dt (t=a(ln2
[ (o) et t=atmop)
< ( 2 ) / tsetdt
aln?2 0

_ <1i_52) ST +1) (a=2).

On the other hand

aln2/ pw{z | d(z,y) <v}27dv < aln2/ 27" dv
5/2 5/2
— 270,5/2
= (2799 (a _ f) _
£

Since § > 2elog(1/e), we have —2 < loge. Hence 27%/(%) < ¢.

Summing the above estimates, we get

2 S
27 dp(z) <14+ (=) sTT(s+1)¢.
/X u(r) <e { + <ln2> s°T(s+ )}

Using the Stirling formula s—*T'(s+1) ~ e~*v/27s, we can find a constant ¢ > 1 such that
the term {- - -} is bounded by ¢**! from above and hence

/ 2fad(z,y)dlu($) < CSJrlgs'
X

We set A\(z) = ¢717%¢* for x € X. (This is a constant function.) Then for all y € X

/ AMx)279 @Y () < 1.
x

We apply Proposition 2.12 and get

I(X;Y) > —a£+/ log A dp
X
S

= —s+log A (a = g)
= slog(1/e) — (1 +logc)s — logc.

Then the constant K := 1 + log ¢ satisfies the statement. 0
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2.3. Rate distortion theory. In this subsection we introduce a rate distortion function.
A basic of rate distortion theory can be found in the book of Cover-Thomas [CT06,
Chapter 10]. The rate distortion theory for continuous-time stochastic processes are
presented in the paper of Pursley—Gray [PG77].

Recall that we have denoted the Lebesgue measure on R? by m. For a measurable

function f(u) on RY we usually denote its integral with respect to m by
f(u)du
R4

Let (X,d) be a compact metric space. Let A be a Borel subset of R? of finite measure
m(A) < co. We define L'(A, X) as the space of all measurable maps f: A — X. We
identify two maps if they coincide m-almost everywhere. We define a metric on L'(A, X)
by

D(f.q) = / d(f(u),g(w)du  (f.g € LA, X)),

We need to check the following technical fact.

Lemma 2.14. (L'(A, X), D) is a complete separable metric space. Hence it is a standard
Borel space with respect to the Borel o-algebra.

Proof. First we need to understand what happens if we change the metric d on X. Let
d’ be another metric on X compatible with the given topology. We define a metric D’ on
L'(A, X) by

D’(f,g):/Ad’ (f(u), g(u)) du.

Let € be a positive number. There exists 6 > 0 such that d(z,y) < 0 = d'(z,y) < ¢
Suppose f,g € L'(A, X) satisfy D(f,g) < &d. Then

m{u € A[d(f(u),g(u)) >0} < %Ad(f(u)7g(u))du <e.
We have d’ (f(u),g(u)) <eon{ue A|d(f(u),g(u)) <d}. Hence
D'(f,g9) < e (Diam(X,d") + m(A)).

So the identity map id: (L'(A, X),D) — (L*(A,X),D’) is uniformly continuous. The
same is true if we exchange D and D’. Therefore if (L'(A,X),D’) is complete and
separable then so is (L'(A, X), D).

Every compact metric space topologically embeds into the Hilbert cube [0, 1]N. We
define a metric d’ on [0, 1]N by

= 22_n|xn = Ynl-

Let L' (A, [0,1]V) be the space of measurable maps from A to [0, 1]N. We define a metric
D' on L' (A,[ 1] ) as above. The space L'(A,X) is identified with a closed subspace
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of L' (A,[0,1]V). So it is enough to show that (L' (4, [0,1]"), D’) is a complete separa-
ble metric space. This follows from the standard fact that L'(A, [0,1]) is complete and
separable with respect to the L!'-norm. O

In the following we always assume that L'(A4, X) is endowed with the Borel o-algebra
(and hence it is a standard Borel space).

Let (X, d) be a compact metric space, and let T: RY x X — X be a continuous action
of R%. Let u be a T-invariant Borel probability measure on X.

Let € > 0 and let A be a bounded Borel subset of R? with m(A) > 0. We define R(e, A)
as the infimum of the mutual information 7(X;Y") where X and Y are random variables
defined on some probability space (€2, F,P) such that

e X takes values in X and its distribution is given by u,
e Y takes values in L'(A, X) and satisfies

E (ﬁ//ld(T“X,Yu) du) <e.

Here Y, = Y, (w) (w € Q) is the value of Y(w) € L'(A, X) at u € A. We set R(g, A) =0
if m(A) =0.

Remark 2.15. In the above definition of R(e, A), we can assume that Y takes only
finitely many values. Indeed let X and Y be random variables satisfying the conditions
in the definition of R(e, A). We take a positive number 7 satisfying

E (ﬁ /A d(T"X,Y,) du) ce—or

Since L'(A,X) is separable, it contains a dense countable subsets {fi, fo, f3,...}. We
define a map F: L'(A,X) — {fi, f2, f3,...} by F(f) = f, where n is the smallest
natural number satisfying D(f, f,) < 7-m(A). Set Y’ = F(Y). Then we have

E (ﬁ /A d(T"X,Y?) du> <e-1

Define p, = P(Y' = f,,). We choose ng such that

Z ppDiam(X,d) < 7.

n>ngo

We define G: {f1, fo, f3,--- } = {f1, f2s -+ fao} DY

f iffE{flanP"afno}'

fno otherwise

G(f) =
Set Y = G(Y'). Then Y takes only finitely many values (i.e. fi,..., fn,) and we have

E (ﬁ /A d(T"X,Y!) du> <e,
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IGY") < I(X;Y') < I(X;Y).
Therefore, when we consider the infimum in the definition of R(e, A), we only need to

take into account such random variables Y.

For a bounded Borel subset A C R? and r > 0 we define N,(A) as the r-neighborhood
of A with respect to the (*-norm, i.e. N,(A)={u+v|u€ Av e (—r,r)¢}.

Lemma 2.16. We have:
(1) R(é, A) < 1Og # (Xu dAa 5) <m (NI/Z(A)) 1Og #(Xa d(—l,l)dv 8)'
(2) R(e,a+ A) = R(e, A) for any a € R?.
(3) If AN B =0 then R(e,AUB) < R(e, A) + R(e, B).

Proof. (1) Let X = Uy UUs U ---U U, be an open cover with n = # (X,d4,¢) and
Diam(Uy,dy4) < € for all 1 < k < n. Take a point x € Uy for each k and define a map
f: X = {x,...,x,} by f(x) ={zx} for z € Uy \ (U1 U---UU;_1). Let X be a random
variable taking values in X according to p. We set Y, = T f(X) for v € A. Then X and
Y satisfy the conditions of the definition of R(e, A). We have

R(e,A) < I(X;Y) < H(Y) <logn = log # (X,da,¢).

We estimate log # (X,d4,¢). Let {uy,...,u,} be a maximal 1-separated subset of A
where “l-separated” means ||u; — u;|| > 1fori # j. Then A C J_; (u; + (—1,1)%) and
hence
log # (X,da,e) < alog# (X,d(_l’l)d,g) .

The sets u; + (—1/2,1/2)* (1 < i < a) are mutually disjoint and contained in Nj;(A).
Therefore a < m (Ny/2(4)).

(2) Let X and Y be random variables satisfying the conditions of the definition of
R(e, A) (i.e. X is distributed according to p and the average distance between {T%X },ec4
and Y is bounded by ¢). We define new random variables X’ and Y’ by

X' =TX, Y/ =Y,. (vea+A).

Since pu is T-invariant, we have LawX’ = LawX = p. The random variable Y’ takes
values in L'(a + A, X) and

/ d(T°X',Y!) dv = / d(T" "X, Y, o) dv
a+A a+A

- / A(T“X,Y,)du, (u=v—a).
A

We have I(X";Y') = I(X;Y). Therefore R(e,a+ A) = R(e, A).

(3) Let X and Y be random variables satisfying the conditions of the definition of
R(e, A) as above, and let X’ and Y’ be random variables satisfying the conditions of the
definition of R(e, B). We denote by P(Y € E | X = z) (E C L'(A, X)) the regular
conditional distribution of Y given X = x. Similarly for P(Y' € F' | X' = z).
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We naturally identify L'(A U B, X) with L'(A, X) x L'(B, X). We define a transition
probability v on X x L'(AU B, X) by

VEXFlz)=P(Y €E|X =2)P(Y' € F| X' =2),

for Ex F C LY(A,X) x LY(B,X) = L'(AU B, X) and z € X. We define a probability
measure () on X x L'(AU B, X) by

QG) = /XV(GI|3:) du(z), (G CXxL'(AUB,X)),

where G, = {f € L}(AUB, X) | (z, f) € G}. Let (X", Y") be the random variable taking
values in X x L'(AU B, X) according to Q. Then LawX” = p and

E (/AUB AT X", Y!") du) —F (/A d(T"X,Y,) du) +E (/B d(r X', Y!) du>

<em(A)+em(B) =em(AU B).

The random variables Y|4 and Y”|p is conditionally independent given X”. Therefore

by Lemma 2.7

I(X"Y") =1 X" Y" A4, Y"5) < I(X"Y"|A) + I(X";Y"5) =1(X;Y) + (X', Y').

The statement (3) follows from this. O
. R(g[0,L)%) | . ‘
Lemma 2.17. The limit of — 4% L — oo exists and is equal to the infimum
R (e, [0, L)4
of (%)) over L > 0.

Proof. Let 0 < £ < L. We divide L by ¢ and let L = g/ + r where g is a natural number
and 0 <r < /4. Set

F={(ny,....0ng) |n €Z,0<n; <q(l1<i<d)}.

The cubes u + [0,£)¢ (u € ') are disjoint and contained in [0, L)?. Let A be the comple-

ment:

A=[0,L)"\ | (u+[0,07).

uel

The volume of the 1/2-neighborhood of A is O(L™):
m (Nyj2(A)) < d(r+1)(L+ )7
By Lemma 2.16

R(z,[0,L)%) <) R(e,u+[0,0)") + R(e, A)

uel

<¢"'R(£,0,0)%) + C(L+1)"".
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By dividing this by L¢ and letting L — oo, we get
R (e,[0,L)") - R (e,[0,0)%)

lim sup

L—o0o Ld o gd
e ( Y) (=, [0,0)%) (=, [0,0)")
. R g, [OaL) . R €, [076) . R g, [076)
AW )~ AW T~ A\t g
oy == S Sl

O

Recall that T: R? x X — X is a continuous action of R? on a compact metric space
(X,d) with an invariant probability measure p. For € > 0 we define the rate distortion
function R(d, u1,¢) (¢ > 0) by

R (5, 0, L)d) R (5, [0, L)d)

idypoe) = Ji =2 = =S

We define the upper/lower rate distortion dimensions of (X, T,d, i) by
— R(d R(d
rdim(X, T, d, ) = limsup M, rdim(X, T, d, 1) = lim inf M
co - log(1/e) =0 log(1/e)
Remark 2.18. A tiling argument similar to the proof of Lemma 2.17 shows that if

A1, A, As, ... are a sequence of rectangles of R? such that the minimum side length of

A,, diverges to infinity then we have

R(e, B,)
R(d =1 d
(d, p,€) = lim m(B,)
where B, is the Euclidean r-ball of R? centered at the origin. But we are not sure whether,
for any Fglner sequence Ay, Ay, As, ... of R%, the limit of % exists or not. (Maybe

not.) Probably we need to modify the definition of rate distortion function when we study
the rate distortion theory for actions of general amenable groups.

3. METRIC MEAN DIMENSION WITH POTENTIAL AND MEAN HAUSDORFF DIMENSION
WITH POTENTIAL

The purpose of this section is to introduce metric mean dimension with potential and
mean Hausdorff dimension with potential for R%-actions. These are dynamical versions of
Minkowski dimension and Hausdorff dimension. Mean Hausdorff dimension with potential
is a main ingredient of the proof of Theorem 1.3. Metric mean dimension with potential
is not used in the proof of Theorem 1.3. But it is also an indispensable tool of mean
dimension theory. Therefore we develop its basic theory. We plan to use it in Part II of

this series of papers.
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Let (X,d) be a compact metric space and ¢: X — R a continuous function. Let ¢ be
a positive number. We define covering number with potential by

n

#(X,d,p,e) = inf {Z(l/g)supUi<P

i=1

X =U;U---UU, is an open cover with
DiamU; < e forall1 <i<n ’

Let s be a real number larger than the maximum value of . We define

o0

H(X,d, o) = inf {Z (Diam ) ~"En ¢

n=1

X =FEUE,UF3U... with DiamF, <s}.
Here we assume that the empty set has diameter zero. We define Hausdorff dimension
with potential at the scale ¢ by

dimp(X,d, p,e) =inf{s | H(X,d,p) < 1, s > max p}.

When the function ¢ is identically zero (¢ = 0), we denote # (X, d, p,¢), HI(X,d, )
and dimg (X, d, @, ) by # (X,d,e), H3(X,d) and dimg (X, d, ) respectively:

DiamU; <eforall1<i<mn

#(X,d,e) :min{n

X =U,U---UU, is an open cover with }

o0

H(X,d) = inf {Z (DiamFE,)”

n=1

X=F UEUE;U... withDiamEn<5},

dimp(X,d,e) = inf{s | H(X,d) < 1, s > 0}.

We assume that dimg (&X', d,e) = —oo if X is the empty set.

1 X, d
Lemma 3.1. For 0 < e < 1, we have dimy(X,d, p, &) < g #(X.d, ¢, ¢)
log(1/¢)

1 X,d
Proof. Suppose og#(X,d, ¢.2) < s. We have s > maxp. There is an open cover

log(1/¢)
X =U,U---UU, with DiamU; < ¢ and

n

D (/e < (1/e),

=1

Then

n

n
Z(DiamUi)s_S“pUﬂ < Zes_supUi“” <L
i=1 i=1

Hence H?(X,d,e) < 1 and we have dimg (X, d, p,¢) < s. O

Let T: RY x X — X be a continuous action of the group R?. For a bounded Borel
subset A of R, as in §1.2, we define a metric d4 and a function ¢4 on X by

ucA

da(z,y) =supd(T"z, T"y), @a(z)= / o(T"x) du.
A
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In particular, for a positive number L, we set d, = d 1)« and ¢, = ¢jo ye. We define

upper/lower metric mean dimension with potential by

‘ o . log# (X,d,pr,€)
'mdlmM(X,T,d,so)—h?jglp (LIEEO Llog(1/e) ’

. o ' log#(.)(,dL,(PLag)
mdimy, (X, T,d, ) = hgglglf (ngrolo Lilog(1/e) '

Here the limit with respect to L exists. The proof is similar to the proof of Lemma 1.1.

(3.1)

(The quantity log # (X, da, pa,¢€) satisfies the natural subadditivity, monotonicity and
invariance if ¢(z) is a nonnegative function.)
We define upper/lower mean Hausdorff dimension with potential by

di X,d
mdimg (X, 7T,d, ) = lim (limsup imy (X, ds, 90L,5)) 7
€0 L—oo Ld

' X
mdimy (X, 7, d, ) = lim (lim inf dimy (X, dp, @L,a)) .

e—0 \ Lo Ld

Remark 3.2. We are not sure whether or not these definitions of the upper and lower

mean Hausdorff dimensions with potential coincide with the following:
dimy (X, d dimy (X, d
lim ( lim sup — 2 (X,ds,, ¢85, ¢) _ lim [ lim inf S22 (X,dp,, B, €) '
e— r—00 m(BT) e— r—o0 m(BT)

(Maybe not in general.) Here B, is the Euclidean r-ball of R? centered at the origin.

The next lemma is a dynamical version of the fact that Hausdorff dimension is smaller
than or equal to Minkowski dimension.

Lemma 3.3. mdimy(X,7,d, ¢) < mdimy (X, T,d, ¢).
Proof. This follows from Lemma 3.1. O

For the proof of Theorem 1.3 we need another version of mean Hausdorff dimension.
For a positive number L we define a metric d; on X by
d(z,y) = i/ d(T"z, T"y) du.
L Jio,1)a
This is also compatible with the given topology of X. We define upper/lower L'-mean
Hausdorff dimension with potential by

dimy (X, d
mdimy, 1 (X, T,d, ) = lim <lim sup iy (¥, do, ¢L’5)> ’
, e—0 L—o00 Ld

(3-2)

e—~0 \ L—ooo L

dimy (X,d
mdimy ;1 (X, 7,d, ) = lim (hm inf (. dy, ¢L76)> .

We have d;(z,y) < dr(z,y) and hence
mdimy, ;1 (X, T, d, p) < mdimg(X,T,d,¢), mdimg (X, 7T,d,¢) < mdimg(X,T,d, ¢).
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It is well-known that topological dimension is smaller than or equal to Hausdorff di-

mension. The next result is its dynamical version. The proof will be given in §5.
Theorem 3.4. mdim(X, T, p) < mdimy ;. (X, T, d, ¢).

Notice that this also implies mdim (X, T, ¢) < mdimy (X, T,d, ).
Metric mean dimension with potential is related to rate distortion dimension by the

following result.
Proposition 3.5. For any T-invariant Borel probability measure p on X we have

rdim(X, T, d, p) +/ e dp < mdimy (X, T,d, ),
x

rdim(X,T,d,p)—l—/ edp < mdimy (X, 7, d, p).
X

Proof. We will use the following well-known inequality. For the proof see [Wal75, §9.3,

Lemma 9.9].

Lemma 3.6. Let ay,...,a, be real numbers and (pi,...,p,) a probability vector. For a

positive number € we have

n

Z (—pi logpi + pia; log(l/e)) < log Z(l/e)ai.

i=1 1=1
Let L and ¢ be positive numbers. Let X = U; U --- U U, be an open cover with
Diam(U;,d;) < e. Take a point x; € U; for each 1 <i <n. Set E; = U; \ (U1 U---UU;_4)
and p; = u(E;). We define f: X — {z1,...,2,} by f(E;) = {x;}. Let X be a random
variable taking values in X’ according to u. Set Y, = T*f(X) for u € [0, L)?. Then almost
surely we have d(T*X,Y,,) < ¢ for all u € [0, L)?. Therefore

R(e,[0,0)") < H(Y) = H(f(X)) = =) pilogp;.
i=1
On the other hand
P IS
/Xso = | padns Ld;p SUp
By Lemma 3.6

R (5, [0, L)d) + L* 10%(1/5)/ pdp < Z (—pz’ log p; + pisup ¢, 10g(1/€)>
X i—1 U;

n

<log Z(l/e)s“p% vr
i=1

Therefore

R<€7 [OaL)d> log#(‘xadngpLag)
Tilog(1/2) +/X¢d"§ Lilog(l/e)
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Letting L — oo

R(d,,u,e) / ] lOg#(X,dL,QOL,5>
=) du < 1
log(1/2) S ¥ =BT Dilog(1/e)

Letting ¢ — 0 we get the statement. 0

L'-mean Hausdorff dimension with potential is related to rate distortion dimension by
the next theorem. We call this result “dynamical Frostman’s lemma” because the classical
Frostman’s lemma [Mat95, Sections 8.14-8.17] plays an essential role in its proof. Recall

that we have denoted by .#7(X) the set of T-invariant Borel probability measures on X'

Theorem 3.7 (Dynamical Frostman’s lemma).

mdimyg 1 (X, T,d,p) < sup (rdim()(,T,d,,u) +/ gad,u) .
ueAT(X) X
The proof of this theorem is the most important step of the proof of Theorem 1.3. It
will be given in §6.
By combining Theorems 3.4 and 3.7, we get

mdim(X, 7T, ) <  sup (rdim(X,T,d,u) —|—/ gpdu) .
ueAT(X) X

This is the statement of Theorem 1.3. Therefore the proof of Theorem 1.3 is reduced to

the proofs of Theorems 3.4 and 3.7.

Conjecture 3.8. Let T: R x X — X be a continuous action of R on a compact metriz-
able space X. For any continuous function @: X — R there exists a metric d on X
compatible with the given topology satisfying

(3-3) mdim (X, T, ¢) = mdimy (X, T, d, ).

Suppose that this conjecture is true and let d be a metric satisfying (3-3). Then by
Proposition 3.5

mdim(X, T, ) = sup (rdim(X,T,d,u)+/<pdu>
peHT(X) X

= sup (rdim(X,T,d,,u) +/ gpd,u) :
pesT(X) X

Namely Conjecture 3.8 implies Conjecture 1.4 in §1.3. Conjecture 3.8 is widely open in

general. We plan to prove it for free minimal R%-actions in Part II of this series of papers.

At the end of this section we present a small technical result on L'-mean Hausdorff

dimension with potential. This will be used in §4.
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Lemma 3.9. In the definition (3-2) we can restrict the parameter L to natural numbers.

Namely we have

S dimy (X, dy, on,
mdimyg 71 (X, T, d, ¢) = lim | limsup n dN o)
’ e—0 ]\]]VEN N
—00

mdimy ;1(X, T, d,p) = llir(l) (hrj\rfg&ﬁ

N—oo

dln,lH (XaaNa(pNag)
Nd '

Here the parameter N runs over natural numbers. A similar result also holds for upper

and lower mean Hausdorff dimensions with potential.

Proof. We prove the lower case. The upper case is similar. By adding a positive constant
to ¢, we can assume that ¢ is a nonnegative function. Set

dlrnH (XaaNaSON75))

Nd

e—0

. /R T . .
mdimy ;. (X, 7T, d, )" = lim (hr]\lflelgllf

N—o00
It is obvious that mdimg ;. (X, T, d,¢) < mdimy ;.(X,7T,d, ). We prove the reverse
inequality. Let L be a positive real number. We assume that it is sufficiently large so that

L d
— ] <2
=

Let N := | L] be the natural number not greater than L. Then for any z,y € X we have
dy(z,y) < 2dg(z,y). We also have py(z) < or(z).
Let 0 < € < 1/2. We prove that for any s > max ¢y,

(34) HEEE (X, on) < Moy (X, dpir)
Indeed let E be a subset of X with Diam(FE,dy) < /2. Then
Diam(E,dy) < 2Diam(FE,dy) < e.
Moreover
Diam(E, dy)* ®es SPEY < Diam(E, dy)* e PECE (by oy < ¢r)

< (2 Diam(E,aL))#ﬁfSllpE%
< g s (2 Diam(E,aL))SisuPE or
=27°(2 Diam(E,aL))S_supE or
< Diam(E,dp) "= (by ¢ > 0).

Therefore we have (3-4) and hence

1

dimH(XaaN790N7€) S 1—— ChrnH (XaaLa(pLa E) .
loge 2
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We divide this by L? and let L — co and € — 0. Then we get mdimy ;1 (X, 7, d, ¢) <
mdimy 7. (X, 7T, d, p). O

Remark 3.10. In the definitions (1-8) and (3-1) of mean dimension with potential and
(upper /lower) metric mean dimension with potential, the limits with respect to L exist.
Therefore we can also restrict the parameter L to natural numbers when we take the

limits.

4. MEAN DIMENSION OF Z%-ACTIONS

In this section we prepare some basic results on mean dimension theory of Z?actions.
We need it in the proof of Theorem 3.4. This is a rather technical and indirect approach.
It is desirable to find a more direct proof of Theorem 3.4. However we have not found it
so far®.

The paper of Huo—Yuan [HY] studies the variational principle for mean dimension of
Z%-actions. Proposition 4.3 and Theorem 5.4 below were already mentioned in their paper
[HY, Lemma 2.12 and Lemma 2.15] in the case that the potential function is zero.

4.1. Definitions of various mean dimensions for Z%-actions. For a natural number
N we set

[N]* ={0,1,2,...,N —1}%.

Let T: Z% x X — X be a continuous action of the group Z¢ on a compact metrizable
space X. Let d be a metric on X and ¢: X — R a continuous function. For a natural

number N we define metrics dy and dy and a function oy on X by

— 1
dy(z,y) = rg[%d(Tux,T“y), dy(z,y) = i Z d(T"z, T"),
“ u€[N]4

on(r) = Y p(T"z).
u€[N]d
In the sequel we will sometimes consider Z%actions and R%actions simultaneously. In
. —Z o L.
that case we use the notations d%,dy, % for clarifying that these quantities are d?Rﬁned
with respect to Z%-actions. (On the other hand, we will use the notations d%,dy, ¢~
when they are defined with respect to R-actions.)
We define mean dimension with potential by

—0 \ N—oo Nd

idim, (. dy,
mdim(X, T, ¢) = lim ( lim Widim, ( N QON)) |

3The difficulty lies in Proposition 4.3 below. It is unclear for the author how to formulate and prove

an analogous result for R%-actions.
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This is a topological invariant (i.e. independent of the choice of d). We define upper/lower

mean Hausdorff dimension with potential by

- dimg(X. d
mdimy (X, 7, d, ¢) = lim <hmsup g (X, N’“ON’g)),
e—

N—o0 Nd
. T .. dimH(X7dN7Q0N76)
mdimy (X, 7T, d, ¢) = }:1_1}(1) <hNHE£f N )

We define upper/lower L'-mean Hausdorff dimension with potential by

mdim dimy (X, d
mdlmH 1 (.)C',jﬂgd7 gp) = lim (hmsup lmH( ’ N?%DN7€>> ,
7 e—0 N—oo Nd

imy (X, d
mdimy ;. (X, T, d, p) = lim (liminfdlmH( ; N’SON’g)).
’ e—

N=o0 Nd
Since dy(z,y) < dy(z,y), we have
mdimy 1 (X, T, d, ) < mdimp (X, T,d, ¢), mdimy (X, T,d,p) < mdimg(X,T,d,p).
We can also consider upper/lower metric mean dimension with potential for Z?-actions.

But we do not need them in this paper.

4.2. Tame growth of covering numbers. The purpose of this subsection is to establish
a convenient sufficient condition under which mean Hausdorff dimension with potential
and L'-mean Hausdorff dimension with potential coincide.

The following is a key definition [LT18, Condition 3].

Definition 4.1. A compact metric space (X, d) is said to have tame growth of covering

numbers if for any positive number § we have
lim e’ log # (X,d, ) = 0.
e—0
Recall that # (X, d, ¢) is the minimum number n such that there is an open cover X' =

U, UUsU---UU, with DiamU; < ¢ for all 1 <17 < n. Notice that this is purely a condition

on metric geometry. It does not involve dynamics.

For example, every compact subset of the Euclidean space R™ has the tame growth of
covering numbers with respect to the Euclidean metric. The Hilbert cube [0, 1] has the
tame growth of covering numbers with respect to the metric

d ((xn)nGNv (yn>n€N> = Z 27”"%71 - yn|
n=1

The next lemma shows that every compact metrizable space admits a metric having

the tame growth of covering numbers [LT19, Lemma 3.10].

Lemma 4.2. For any compact metric space (X,d) there exists a metric d’ on X com-
patible with the given topology satisfying the following two conditions.



32 MASAKI TSUKAMOTO

o Forall z,y € X we have d'(z,y) < d(z,y).

e The space (X,d’) has the tame growth of covering numbers.

Proof. Take a countable dense subset {z1, xo,x3,...} of X. We define a metric d’ by

d(z,y) =) 27" |d(w, 2,) — d(y. 2,)]

It is easy to check that this satisfies the statement. 0

Proposition 4.3. Let (X,d) be a compact metric space having the tame growth of cov-
ering numbers. Let T: Z% x X — X be a continuous action of the group Z*. For any

continuous function ¢: X — R we have

mdimy 1 (X, 7, d, ¢) = mdimg(X, 7T, d, ),
mdimy ;. (X, T, d, p) = mdimy (X, T, d, p).

Proof. The case of d = 1 was proved in [Tsu20, Lemma 4.3]. The following argument is
its simple generalization. We prove the lower case. The upper case is similar.

It is obvious that mdimy ;. (X, 7T, d, ) < mdimy(X,T,d,p). We prove the reverse
inequality. By adding a positive constant to ¢, we can assume that ¢ is a nonnegative
function. For a finite subset A of Z¢ we define a metric d4 on X by

da(z,y) = maxd(T"z, T"y).

u€A

Let s be an arbitrary positive number with mdimy ;. (X, 7,d, ) <s. Let 0 <46 < 1/2
be arbitrary. For each positive number 7 we take an open cover X = Wy U--- U W]\T/[(T)
with M (1) = # (X,d,7) and Diam(W/,d) < 7 for all 1 <7 < M (7). From the condition
of tame growth of covering numbers, we can find 0 < g9 < 1 satisfying

(4-1) M(r)™ <2 forall 0 <7 < e,
(4-2) 92+(1+26)s 835(1—25) <1

Let 0 < & < g9. We have dimp(X,dy, on,c) < sN¢ for infinitely many N. Pick up
such an N. Then there is a covering X = |JO | E,, with 7, := Diam(FE,,dy) < ¢ for all
n > 1 and

> S d—Sll
(13) S e ey

n=1

Set L, = 7.°. Pick z, € E, for each n. Every x € E, satisfies dy(z,2,) < 7, and hence

Nd
[{u € [N]* | d(T"x, T"x,) > Lo7y}| < 7

n
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Namely there is A C [N]? (depending on x) such that [A| < N9/L, and djyja\a(z, 2,) <
L., 7,. Therefore

E, C U Bz (T, dinjay 4).

AC[N]¢
|AI<N?/Ln

Here By, -, (Tn, djyja\4) is the ball of radius L, 7, with respect to djyja 4 centered at z,.
For A={ay,...,a,} C[N]¢and 1 <iy,... i, < M(7,) we set

WAt o) = T (oo 107

We have
X = U WI(A, Tp,11,...,4,), (here A and 7, are fixed),
1<81yeenyir <M (1)
and hence
BLnTn(xTLjd[N]d\A) = U BLnTn<xn7d[N}d\A) mW(A,Tn,il,...,ir).
1<i1,oeyin <M ()
Then
o0
X = U U U Ey O Bz, (Tn, divjaya) VWA, 701, ).
n=1 AC[N]® 1<i,eeyir <M (Tp)

r:=|A|<N%/Ly,

The diameter of E, N By, -, (Tn, djyjaa) N W(A, 7,41, . . ., 7,) with respect to dy is less
than or equal to 2L, 7, = 27'71*5 < 279 Hence

2¢1-9

s S d*Su
H(1+26)5N‘i (X, dy, on) < ZQNd M(Tn>Nd/Ln (275*5)(”26) N¢—supg,, e
n=1

Here the factor 2V* comes from the choice of A C [N]%. By L, = 7% and (4-1)

d

N
M)V = (M(m)*) " <2

Since ¢ is a nonnegative function,

2(1+26)5N’1—supEn PN < 2(1+25)3Nd

Hence

o

sNd o\ V¢ _s\ (1428)sN%—su
HLE (X, i) < 3 (20 (o) (RO e
n=1

We have

1—8\ (14+28)sN%—supp, oN —5{(1+25)5Nd—SUPEn <PN} (1+28)sNe—supp, ¢N
(Tn ) == T’I’L ° Tn

5{(1—26)5Nd+supEn <pn} sNd—supEn ©N
= TTL . Tn .



34 MASAKI TSUKAMOTO

Since ¢ is nonnegative and 7, < e <¢gp < 1

6{(1—26)5Nd+supEn @n} < 7_6(1—25)5Nd
= In

§(1-26)sN¢
Tn .

< g

Therefore

- Nd S d—su
HIZDN (X, dy o) < ) (2200 ) T

n=1 ~

<1by (42)
[e%s) d_g
<N TIEIN <1 by (43).
n=1

Thus
dimp (X, dy, @n, 267 70) < (1 + 26)sN<.
This holds for infinitely many N. Hence

. fdime,dN,soN,zal—%
N N

< (14 20)s.
Letting e — 0
mdimy (X, T, d, ) < (1 +20)s.
Letting § — 0 and s — mdimy ;. (X, 7', d, ¢), we get
mdimy (X, 7,d, p) < mH,Ll(XaTa d, p).
O

4.3. R-actions and Z?actions. We naturally consider Z¢ as a subgroup of R?. Let
T:R? x X — X be a continuous action of R? on a compact metrizable space X. We
denote by T|z4: Z% x X — X the restriction of T to the subgroup Z?. In this subsection
we study relations between various mean dimensions of 7" and 7'|za.

Let d be a metric on X and ¢: X — R a continuous function.

Lemma 4.4. We have:
mdim(X, T, ¢) = mdim (X, T'|4, ©5),
MH,Ll(X, T,d,¢) = mdimy 11 (X, T|Zdaa]§7 o1,
mdimy 1 (X, T, d, ) = mdimy ;1 (X, Tz, dy o).

Here HIF and o are a metric and a function on X defined by

=R

' (a,y) = / A(T"e, T") du, ¢ (z) = / o(T"2) du.
[0,1)d [0,1)d

We also have a similar result for mean Hausdorff dimension with potential by replacing
—R
dl (l’, y) by d?(ﬂf, y) = SUPyge(0,1)d d(Tu.CL’, Tuy)
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Proof. Set p = HR and w = . For a natural number N we have

pZ x y d Z %,Tu _ d Z / TU+UZL‘,TU+Uy) dv

ue[Nd ue[N]d ve[0,1)¢
1

v v R
= m 0N d(T ZL‘,T y) dv = dN(xay)

Similarly
) = 3wt = [ o= g
’U,E[N}d [OvN)d

By using Lemma 3.9

dimyg (X,a]i, @%,5)
mdimy (X, T,d, ) = }jlir(l) lljffj\lllelélf i
—00

di X, % L
= lim (lim inf il ( 7pN’wN’€>)

e—0 NeN Nd
N—oo

= MH7L1(X7T‘Z‘17P7¢>‘

We can prove the case of upper L!-mean Hausdorff dimension with potential in the same

way. The case of (topological) mean dimension with potential can be also proved similarly
by using (d]F)JZV =dy. 0

5. MEAN DIMENSION IS BOUNDED BY MEAN HAUSDORFF DIMENSION: PROOF OF
THEOREM 3.4

In this section we prove Theorem 3.4.

5.1. A variation of the definition of mean dimension with potential. This sub-
section is a simple generalization of [Tsu20, §3.2]. Here we introduce a variation of the
definition of mean dimension with potential. Let P be a finite simplicial complex and
a € P. We define small local dimension dim/, P as the minimum of dim A where A is
a simplex of P containing a. See Figure 2. (This is the same as [Tsu20, Figure 2].)

Let (X,d) be a compact metric space and ¢: X — R a continuous function. For ¢ > 0
we set

Widim. (X, d, ¢)

= inf {sup (dim’y,y P + ()

P is a finite simplicial complex and
zeX f X — Pis an e-embedding

We also set
vare (¢, d) = sup{|e(z) — ¢(y)||d(z,y) <e}.

The following lemma is given in [Tsu20, Lemma 3.4].
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FIGURE 2. Here P has four vertexes (denoted by dots), four 1-dimensional
simplexes and one 2-dimensional simplex. The points b and d are vertexes
of P whereas a and ¢ are not. We have dim, P = 2, dimy P = 0, dim, P =1
and dim/, P = 0. Recall dim, P = dimj, P = 2 and dim, P = dimy P = 1.

Lemma 5.1.
Widim’ (X, d, p) < Widim. (X, d, ¢) < Widim’ (X, d, ¢) + var.(p, d).

The next lemma shows that we can use Widim’ (X, d, ¢) instead of Widim, (X, d, ¢) in

the definition of mean dimension with potential.

Lemma 5.2. Let T: 7% x X — X be a continuous action of Z* on a compact metrizable
space X. Let d be a metric on X and ¢: X — R a continuous function. Then

(5-1) mdim(X, T, ¢) = }:1_1% (]\}Lmoo N :

Here the limit in the right-hand side exists as in §1.2.

Proof. By Lemma 5.1, for any natural number N, we have
Widim (X, dy, on) < Widim (X, dy, on) < Widim! (X, dy, pn) + var(pn, dy).

We have
var: (pn,dy) < Ndvara(ap,d).

Then
c(pn,d :
lim (lim sup w) < lim var.(¢,d) = 0.
Nd e—0

e—0 N—oo

O

5.2. Case of Zactions. In this subsection we prove that, for Z?-actions, mean di-
mension with potential is bounded from above by lower mean Hausdorff dimension with
potential. A key ingredient of the proof is the following result on metric geometry. This

was proved in [Tsu20, Lemma 3.8].
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Lemma 5.3. Let (X,d) be a compact metric space and p: X — R a continuous function.
Let € and L be positive numbers, and let s be a real number with s > maxy ¢. Suppose
there exists a map f: X — [0,1]Y such that

o [l/(@) = fWll < Ld(z,y) forall z,y € X,
o ifd(z,y) > e then || f(z) = [(y)llo = 1.

Here ||-|| is the £*-norm. Moreover we assume
AN(L 4+ 1) Pl (X d, ) < 1,
where ||¢||,, = maxyex |¢(z)|. Then we conclude that
Widim (X, d, ¢) < s+ 1.
The following theorem is the main result of this subsection.

Theorem 5.4. Let T: Z¢x X — X be a continuous action of Z¢ on a compact metrizable
space X. Let d be a metric on X and ¢: X — R a continuous function. Then

mdim(X, 7T, ¢) < mdimy (X, T, d, ¢).

Proof. If mdimy (X, T, d, ¢) is infinite then the statement is trivial. So we assume that
it is finite. Let s be an arbitrary number larger than mdimy (X, T, d, ¢). We prove that
mdim(X, T, ¢) < s.

Let ¢ be a positive number. There is a Lipschitz map f: X — [0,1]* such that® if
d(z,y) > e then || f(z) — f(y)||,, = 1. Let L be a Lipschitz constant of f. Namely we have
1f(z) = f(y)|l < Ld(z,y). For each natural number N we define fy: X — ([0, 1]M)[N]d
by

fn(z) = (f(TuﬂC))ug[N}d-

Then we have

hd ”fN(aj) - fN(y)Hoo S LdN(xay) for all T,y € X?
o if dy(r,y) > € then | f(z) — fu(y)ll. = 1

Let 7 be an arbitrary positive number. We choose a positive number § < 1 satisfying
(5-2) AM(L 4 1)trstrtlelo 57 < 1.

From mdimy (X, 7, d, @) < s, there is a sequence of natural numbers N; < Ny < N3 < ...
such that
dimg (X, dy,, on,,0) < sN forall n > 1.

sN¢
Then H; " (X,dn,,¢n,) < 1 and hence
H((Ss—&-T)fo (.)C', dNna SONn) < 5TN;{/H§N3 (X, dNn; @Nn) < 571\/5‘

4The construction of f is as follows. Take a Lipschitz function ¢: [0,00) — [0, 1] such that t(t) = 1
for 0 <t <e/4and (t) =0 for t > e/2. Let {x1,...,2p} be a (¢/4)-spanning set of X'. Then we set
f(x) = W(d(z, 1)), P(d(, x2)), . . ., (d(x, 2ar)))-
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Therefore
d
4MNEL (L + 1)1-i-(s-&-'r)Nﬁ—§—||goNn||Oo ngerT)NTdL (X, dNna SONn) < {4M(L + 1)1+s+T+Hgo||oo 57}Nn
<1 (by (5-2)).

Here we have used |lon, ||, < NZ|p||, in the first inequality. Now we can use Lemma
5.3 and conclude

Widim’ (X, dy,, on,) < (s +7)NE+ 1.
Therefore

. Widim!. (X, dy, pn) . Widim] (X, dn,, ¢n,)
lim = lim - -

<s+4T.
N—o0 Nd n—00 Ng S5+

Since 7 > 0 is arbitrary, we have

£ ) ) <
N N =7

Thus, letting ¢ — 0, we have mdim(X, T, ¢) < s by Lemma 5.2. O

5.3. Proof of Theorem 3.4. Now we can prove Theorem 3.4. We write the statement
again.

Theorem 5.5 (= Theorem 3.4). Let T: R* x X — X be a continuous action of R¢ on
a compact metrizable space X. Let d be a metric on X and ¢: X — R a continuous

function. Then we have
mdim(X, T, p) < mdimy ;. (X,T,d, ).

Proof. We use the notations in Lemma 4.4. Namely, we denote by T'|za: Z¢ x X — X the
restriction of T to the subgroup Z¢. We define a metric H]F and a function ¢F on X by

=R u u u
3 (ey) = / d(T*e, T) du, o%(z) = / o(T"x) du.
[0,1)4 [0,1)4

By Lemma 4.4
mdim(X, T, ¢) = mdim (X, T|za, go]fe‘)

MH,L1 (‘)(7 T> d> (10> = rnd&H,L1 (X? T‘Zdaalfa @%{) :

By Lemma 4.2 there exists a metric d’ on X such that d'(z,y) < a]f(x, y) forallz,y € X
and that (X,d’) has the tame growth of covering numbers. By d'(z,y) < alf(x,y) we
have

mdimy ;. (X>T|Zdad/>90]$) < mdimy ;. (XaT’Zd»a?»SD]F) .

Since (X, d’) has the tame growth of covering numbers, we can apply Proposition 4.3 to
it and get
MHJA (Xa T|Zd7 dl) SO]F) = MH (Xa T|Zd7 d/a QO]F) .
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By Theorem 5.4
mdim (X, 7|z, gallR{) < mdimy (X, Tz, d’, QOIE) .
Combining all the above inequalities, we conclude

mdim(X, T, p) < mdimy ;. (X,7,d, ).

Remark 5.6. Since mdimy ;. (X,7,d, ¢) < mdimyg (X, 7, d, ), we also have
mdim(X, 7T, ¢) < mdimy (X, 7,d, ).

We can directly prove this inequality (for Ré-actions) without using Z%-actions. The proof
is almost the identical with the proof of Theorem 5.4. However we have not found a direct
proof Theorem 3.4 (the L! version) so far.

6. MEAN HAUSDORFF DIMENSION IS BOUNDED BY RATE DISTORTION DIMENSION:
PROOF OF THEOREM 3.7

In this section we prove Theorem 3.7 (dynamical Frostman’s lemma). The proof is
based on results on mutual information prepared in §2.2. Another key ingredient is the

following version of Frostman’s lemma. This was proved in [LT19, Corollary 4.4].

Lemma 6.1. For any 0 < ¢ < 1 there exists dg = do(c) € (0,1) such that for any compact
metric space (X,d) and any 0 < & < g there exists a Borel probability measure v on X
satisfying

-dim . . 5
v(E) < (Diam E)*™5X49 g0 ol Borel sets E C X with Diam E < 5
We also need the following elementary lemma. This was proved in [LT18, Appendix].

Lemma 6.2. Let A be a finite set and {u,} a sequence of probability measures on A.
Suppose that p, converges to some probability measure p in the weak™ topology (i.e.
tn(a) — p(a) for every a € A). Then there exists a sequence of probability measures
T, on A x A such that

o 7, is a coupling between p, and i, i.e. the first and second marginals of m, are
Ly and p respectively,
e 7, converges to (id X id).pu in the weak® topology, namely

ua) (ifa=1)

mn(a,b) — :

0 (if a # b)

We write the statement of Theorem 3.7 again.
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Theorem 6.3 (= Theorem 3.7). Let T: R? x X — X be a continuous action of R¢ on
a compact metrizable space X. Let d be a metric on X and p: X — R a continuous

function. Then we have
mdimy ;1 (X,7.d,¢) < sup (rdim(z”(,T,d,,u) —I—/ cpd,u) .
neAT(X) X

Here recall that .4 (X) is the set of all T-invariant Borel probability measures on X.

Proof. Let c and s be arbitrary real numbers with 0 < ¢ < 1 and s < mdimy ;1 (X, T,d, ¢).
We will construct p € .#7(X) satisfying

(61) Wi, T ) + [ gz es = (1= 0) el
X

If this is proved then we get the claim of the theorem by letting ¢ — 1 and s —
mdimy 71 (X, T,d, ¢).

Take > 0 with mdimg 71 (X, T,d, ) > s+ 2n. Let § = do(c) € (0,1) be the constant
introduced in Lemma 6.1. There are 6 € (0,d9) and a sequence of positive numbers
Ly < Ly < Ly < --- — oo satisfying

dimyg (X,aLn, ©Lns 5) > (S + 277)[1%

for all n > 1.

For a real number ¢t we set

-1
X, (t) = (‘i@) [t,t+n) = {a; € X‘tﬁ “zc(f’:) §t+n}.

Claim 6.4. We can choose t € [— |||, l¢llo] such that for infinitely many n we have
dimy (X, (t),dy,,0) > (s —t)LL.

Notice that, in particular, this inequality implies that X, (t) is not empty because we as-

sumed that dimy(-) is —oo for the empty set.

Proof. We have” H(S+2’7 " (X,dp,.¢r,) > 1. Set m = [2]|¢||.. /n]. We have

m—1
X = X (= lloll + en)
=0
Then there exists t € {— |||, +¢n|{=0,1,...,m — 1} such that

i - 1 : .
/H((s +2n) L (X.(t),dL,,¢r,) = — for infinitely many n.
m

5The quantity "H(S+2n (X d, L, ) is defined only when (s + 21)L% > max ;. Therefore the
following argument is problematic if we have (s+2n)L% < maxpy,, for all but finitely many n. However,

in this case, there is t € [— [l¢|| . ; [|¢]loo] such that ¢t > s + 7 and X, (t) # @ for infinitely many n. Then
we have dimp (X, (t),dz,,d) > 0> c(s —t)L2 for infinitely many n for this choice of ¢.
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On the set X, (t) we have
(s+20)L5 —pr, = (s+2n)L5 — (t+n) Ly = (s =t + )Ly,
Hence
(2,0, dL ) < M (X0, dL)
< SMEAPETI (X, (1), d L) -

Therefore for infinitely many n we have

5L

HETE (x,(1),d,) > 00 (n— o).

Thus dimy (X, (¢),dr,,d) > (s — t)L2 for infinitely many n. O

We fix t € [— ¢l ll¢ll.] satisfying the statement of this claim. By choosing a
subsequence (also denoted by L,,) we can assume that

dimy (X, (t),dr,.0) > (s —t)L¢  for all n.

By a version of Frostman’s lemma (Lemma 6.1), there is a Borel probability measure
vp, on X, (t) such that
(6-2)
- c(s—t)LE -
vno(E) < (Diam (E,d.,)) =D for all Borel sets E C X with Diam (E,dg,) <

[opR 0]

We define a Borel probability measure p,, on X by

!
— T v, du.
L5, Jio,p.2

By choosing a subsequence (also denoted by p,) we can assume that p, converges to
pu € AT(X) in the weak* topology. We have

2 PL,
gpd,un:/—dun:/ —dy, >t.
/x x L X LE

Here we have used that v, is supported in &, (¢) in the second inequality and that

Hn =

o1, /LE >t on X,(t) in the last inequality. Since p, — p, we have

/@duzt-
X

If t > s then (6-1) trivially holds (recalling 0 < ¢ < 1):

r@maz¢m+/¢m2t2w—a—mwm-
X

Therefore we assume s > t.
We will prove that for sufficiently small € > 0

(6-3) R(d, p,e) > c(s —t)log(l/e) — Ke(s — t),
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where R(d, i, ) is the rate distortion function and K is the universal positive constant

introduced in Proposition 2.13. Once this is proved, we have

rdim(X, 7T, d, 1) = lim inf R(d,—,u,g)

it e (1/2) > (s —t).

Then we get (6-1) by

rdim(X,T,d,u)—i—/ pdp>c(s—t)+t=cs+(1—c)t>cs—(1—c) el -
X

Here we have used 0 < ¢ <1 and t > — [|¢|| . So the task is to prove (6-3).
Let € be a positive number with 2¢log(1/e) < §/6. Let M be a positive number, and
let X and Y be random variables such that

e X takes values in X with Law X = p,
o Y takes values in L'([0, M)?, X) with E ( Siopys A(TX.Y,) dv) < e MY

We want to prove

%I(X;Y) > c(s —t)log(l/e) — Kc(s —t).
If this is proved then we get (6-3) and the proof is done. We can assume that Y takes
only finitely many values (Remark 2.15). We denote the set of values of Y by ). This is
a finite subset of L([0, M)¢, X).
Take a positive number 7 satisfying E (f[o,M)d d(T"X,Y,) dv) < (e — 31)M?. We take
a measurable partition

X=PUPU---UP, (disjoint union)

such that Diam(P;,dy;) < 7 and u(0P;) = 0 for all 1 <4 < a. We pick a point z; € P;
for each i and set A = {x1,...,24}. We define a map P: X — A by P(P,) = {x;}. Then

we have
1
(6-4) E (W / d(T*P(X),Y,) dv) ce_or
[0,M)4

We consider the push-forward measures P,u,, on A. They converge to P, as n — oo in
the weak* topology by u(0P;) = 0.

By Lemma 6.2, we can construct random variables X (n) coupled to P(X) such that
X (n) take values in A with Law X (n) = P.u, and

P(X(n) =z, P(X) =x;) = 6P (P(X) =2;) (n— o).



MEAN DIMENSION WITH POTENTIAL OF RY%ACTIONS: I 43

Then Edy; (X (n), P(X)) — 0 as n — oo. We consider® that X (n) is coupled to Y with
the conditional distribution

P(X(n) =2, Y = y|P(X) = ;) = P(X(n) = ;| P(X) = ;) - P(Y = y| P(X) = ;)

for z;,z; € Aand y € Y. Namely X (n) and Y are conditionally independent given P (X).
Then

P(X(n) =2, Y =y) :ZP(X(H) =2, P(X) = z;) - P(Y = y| P(X) = ;)

—-PPX)=z,Y=y) (n—o0).

By (6-4)

1

(6-5) E —/ d(T"X(n),Y,)du | <e—27 for large n.
Md [O,M)’i

Notice that (X (n),Y) take values in a fixed finite set A x ) and that their distributions
converge to that of (P(X),Y). Hence by Lemma 2.6

I(X(n);Y)—=I1(P(X);Y) (n— o).

We want to estimate I (X (n);Y) from below.
Fix a point zg € X'. We will also denote by xg any constant function whose value is zg.
For z € A and y € L'([0, M)?, X) we define a conditional probability mass function by

pn(ylz) =P (Y =y| X(n) =x).

This is nonzero only for y € ). (Here p,(-|x) may be an arbitrary probability measure on
Vit P(X(n)=z)=0)
We define A C R? by

A= {(Mml,Mmg,...,Mmd)

Ly
mkGZ,OgmkSM—Q(lngd)}.

Let v € [0, M)¢. We have

U (v + X +10,00)%) o, L)

6This sentence is not rigorous. Strictly speaking, we can construct random variables X (n), X', Y’
defined on a common probability space such that Law (X', Y") = Law (P(X),Y),

P(X(n):SUZ',X/:.IJ‘)—)(SZ‘J‘P(XI:,%]‘) (n—>oo),

and
P(X(n)=2;,Y =y| X' =2;) =P(X(n) = ;| X' = 2;) - P(Y = y| X' = ;).

For simplicity we identify X’ and Y’ with P(X) and Y respectively.
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Notice that the left-hand side is a disjoint union. Here v+ A+ [0, M)? = {v+A+w |w €
[0, M)4}. Set

E,=[0,L,)"\ |J (v+ A+ [0,M)).

See Figure 3.

A

\

FIGURE 3. The big square is [0, L, )? and small squares are v + A + [0, M)?
(A € A). The shadowed region is E,.

0

For z € X and f € L' ([0, L,)%, X) we define a conditional probability mass function
onw(flz) by
Un,v(f|ﬂ7) = 0ay (flE,) - H Pn (f|v+/\+[0,M)d| P(TH%)) .

AEA
Here f|g, is the restriction of f to E, and J,, is the delta probability measure concen-

trated at the constant function zo € L'(E,, X). We naturally consider f|,,y;panq (the
restriction of f to v+ A+ [0, M)?) as an element of L* ([0, M), X).

We define a transition probability o, on X x L([0, L, )¢, X) by

on(B | 2) = % /[0 LBl

for € X and Borel subsets B C L([0, L,)¢ X). Here 0,,(B | ) = > ren Ono(fl2).
(Notice that for each x € X’ the function o, ,(f|z) is nonzero only for finitely many f.)

Take random variables Z and W such that Z takes values in X with LawZ = v,, and
that W takes values in L'([0, L,,)%, X) with

P(WeB|Z=x)=o0,B|z) (zeX,BcLY0,L,%X)).

Notice that Z and W depend on n. Rigorously speaking, we should denote them by Z™
and W™ . However we suppress their dependence on n in the notations for simplicity.
We estimate E (Lid f[o Loy d(TZ,W,) du) and I(Z;W).

Claim 6.5. For all sufficiently large n we have

7/ )
E(— d(T"Z, W,)du | < e.
(L‘fz [0,Ln)4 ( )
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Proof. For each v € [0, M)? we take a random variable W (v) coupled to Z such that
W (v) takes values in L'([0, L,)¢, X) with P(W(v) = f | Z =12) = onu(f|z) for z € X
and f € L'([0,L,)% X). Then

1
E / AT 2 W,)du= / E ( / d(T"Z, W (v),) du) dv.
[0,Ly)4 [0,M)d [0,Ly,)4

For each v € [0, M)? we have
E / d(T"Z, W (v),) du
[0,Ln)4

_E / A(T"Z, W (v).) du+ S E / d(TZ, W (v),) du
Y FA+[0,M)

A€A

<CLI'+) E / d(T"Z, W (v)y) du,

)\EA U+/\+[0,M)d

where C' is a positive constant independent of v, L,,. In the last inequality we have used
m(FE,) < const - L4~1. Since dy(x, P(z)) < 7 for every x € X, we have

E / d(T"Z, W (v),) du
FAT[0,M)d

< Mir+E / d (T"P(T"Z), W (0)psrtu) du
[0,M)¢

<M+ /0 oy ( /X d(T"z, f.)pn(flz)d (P*Tf“un(x))> du.

fey [7

We sum up these estimates over A € A. Noting M4|A| < L%, we have
E / d(T"Z, W (v).) du
[0,Ln)

< COLS 708 + Z/ (/ “x, fu)pn(flz)d (P*T:“un(x))) du.

AEA
fey

We integrate this over v € [0, M)?. Note that’

P.T v, | dv = / P.T v, dv
/[OM <Z ) Z A+[0,M)d

AEA AEA

< / P.T v, dv = LEP, i,
[0,Ly,)d

"For two measures m; and my on X we write m; < my if we have m; (B) < my(B) for all Borel
subsets B C X.
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Hence we have

1
— E / d(T“Z, W (v), du) dv
M Jio,arya ( [0,L) ( (0)u)

Ld
<COLI' 4Lt 4 / </dT“x,u n de*nx>du
i oy AT, f)pn(fle)dPupn ()

fey
Ld
=CLI ' + 7Ll + =K (/ d(T"X (n),Y,) du) :
M [0,0)

In the last equality we have used Law X (n) = Py, and p,(flz) =P(Y = f | X(n) = x).
Therefore

1 C 1
E —/ d(17Z, W, du)§—+T+E<—/ d(T"X(n),Y, du).
(LZ [0,L)d ( ) Ly M Jio,arya (T X(n), ¥.)

The third term in the right-hand side is smaller than € — 27 for large n by (6-5). Therefore

1
E (-d/ d(T"Z,W,) du> <e
Ln [Oan)d

for all sufficiently large n. O

we have

Claim 6.6.
1 1
ﬁI(Z W) < WI(X( n);Y).
Proof. We have I(Z;W) = I(v,,0,). Since o, = (1/M?) f[o Myt Onw dv, We use Proposi-
tion 2.10 (2) (the convexity of mutual information in transition probability):

1
I(Vna Un) S g

I(vy, 00) dv.
Md [07M)d

By Lemma 2.7 (subadditivity of mutual information)®

I(Vp,00n0) < ZI (P*T:+)‘Vn,pn) )
AEA

8Let W (v) be the random variable introduced in Claim 6.5. Then I(v,,0,.) = I(Z; W (v)). Consider
the restrictions W (v)|y4x40,a1)2 (A € A) and W (v)|g,. From the definition of the measure o, ,,, they are
conditionally independent given Z. By Lemma 2.7

H(Z;W) < T(Z;W©)ls,) + > T(Z;W(0)uparoans) -
AEA

I1(Z;W(v)|g,) =0 because W (v)|g, is constantly equal to zo. We have

I(Z;W(0)losasoane) =1 (PTZ); W (0) |yt onna) =T (P v, pn) -



MEAN DIMENSION WITH POTENTIAL OF RY%ACTIONS: I 47

Hence

1
IV, 00) < — / I (P.TM v, pn) dv
MdAeZA 0.00)¢ ( )

1
Md U,\EA(/\-i-[O,M)d)

< 1
- Md [O,Ln)d

I (P.TYvn, pr) dv

I (PuT v, pn) dv

By Proposition 2.10 (1) (the concavity of mutual information in probability measure)

1 1
— I (P.T vy, pr)do < T (—/ P.I v, dv,pn)
7 Jos " VI i

= 1 (Putin; pn)

=I1(X(n);Y).

Therefore we conclude

d

Ln .
I(Z5W) = I(vn, 00) < 51X (0);Y),

We define a metric D,, on L* ([0, L,,)?, X) by

Dn(f,9) = %/[OL )dd(f(u),g(u))du.

Then the map

F.: (X.dg,) 32— (T'z) . € (LM ([0, Ly)", X) , Dy,)

te[0,Ly)
is an isometric embedding. Consider the push-forward measure F,,,v,, on L! ([0, L)% X )
It follows from (6-2) that

Fp.v (E) < (Diam(E, D,,)) 95

for all Borel subsets E C L' ([0, L,)%, X) with Diam(E, D,,) < §/6.
We have LawF,(Z) = F,,v,, and by Claim 6.5

E (D, (F.(Z),W)) <e for large n.

Since 2elog(1l/e) < §/6, we apply Proposition 2.13 (Kawabata—Dembo estimate) to
(Fn(Z),W) and get

I(Z;W) =1(F,(Z);W) > c(s — t)Lelog(1/e) — K (c(s — t)LL 4+ 1)

for large n. Here K is a universal positive constant. By Claim 6.6

1

W[ (X(n)Y) > Ligl (Z; W) > ce(s—t)log(l/e) — K (c(s —t)+ %)

n
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for large n. Since I (X (n);Y) = I (P(X);Y) as n — oo, we get
1
WI(P(X);Y) >c(s —t)log(l/e) — Ke(s —t).

Then we have

%z(x;n > %f (P(X):Y) > e(s — t)log(1/2) — Ke(s — 1),

This is what we want to prove. O

Now we have proved Theorems 3.4 and 3.7. These two theorems implies Theorem 1.3
(Main theorem) as we already explained in §3. Therefore we have completed the proof of
Theorem 1.3.

7. LOCAL NATURE OF METRIC MEAN DIMENSION WITH POTENTIAL

This section is independent of the proof of Theorem 1.3 (Main Theorem). It can be
read independently of Sections 2, 4, 5 and 6. Here we present a formula expressing metric
mean dimension with potential by using a certain local quantity. We plan to use it in a

future study of geometric examples of dynamical systems [Gro99, Tsul8].

7.1. A formula of metric mean dimension with potential. Let 7: R x X — X be
a continuous action of R? on a compact metrizable space X. Let d be a metric on X and
p: X — R a continuous function. For a subset £ C X and € > 0 we set

1 FE.d
Pr(E,d,p,e) = liminf og # (E,dy, @L’g).
L—o0o Ld

Here recall that

n

# (E, dL, YL, 8) = inf {Z(l/g)SupUi ¥

=1

of X with Diam(U;,dy) < e.

EcU,U---UU,. Each U; is an open set}

Also recall that the upper and lower metric mean dimensions with potential are defined
by

T . PT(X7d790)5)
d P AN | =1 _
m lmM( s Ly 790) Hzlj(])“lp log(l/a)
PT(Xa da 2 5)

MM(‘X7T’ d, 90) = hIEn_)lélf log<1/€)

For a (not necessarily bounded) subset A of R? we define a metric d4 on X by

da(z,y) =supd (T%z, T) .
acA

(If A is unbounded, this metric is not compatible with the given topology of X in general.)
For x € X and 0 > 0 we define Bs(z,dga) as the closed d-ball with respect to dga:
Bs(z,dga) = {y € X | dga(z,y) <0} = {y € X | d(T"z, T"y) < 6 (Vu € R%)}.

The following is the main result of this section.
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Theorem 7.1. For any § > 0 we have

T P, d
mdimy (X, T, d, ¢) = limsup SUPgex I'T (Bs(z,dga),d, ¢, €) 7
e—0 log(1/¢)

SUP,ecx PT (B5($7 de)v da P, 5)
log(1/¢)

Notice that Bs(z,dga) is not a neighborhood of x with respect to the original metric

mdim,, (X, 7T, d, ¢) = liminf
e—0

d in general. Nevertheless we can calculate the metric mean dimension with potential by
gathering such information.

In the case that ¢ is identically zero, Theorem 7.1 was proved in [Tsu22]. The proof
of Theorem 7.1 follows the argument of [Tsu22|, which is in turn based on the paper of
Bowen [BowT72].

7.2. Tiling argument. Here we prepare a technical lemma (Lemma 7.2 below). For
= (z1,...,24) € R we set ||z]| = maxj<i<q|r;|. A cube of R? is a set A of the form
A=u+[0,L]={u+v]|velo, L]},

where u € R? and L > 0. We set /(A) = L. For r > 0 and A C R? we define
A r)={zeR|yeATeR\A: |z -yl <rand |z —z| <r},

B.(A)=AUI(Ar)={reR|Tyc A: |z —y|  <r}
For a finite set C = {Ay,...,A,} of cubes of R? we set

lin(C) = min £(A;), lmax(C) = max ((A;).

1<i<n 1<i<n

The following lemma was proved in [Tsu22, Proposition 3.4].

Lemma 7.2. For any n > 0 there exists a natural number ko = ko(n) > 0 for which the
following statement holds. Let A be a bounded Borel subset of R%. Let C, (1 < k < ko) be
finite sets of cubes of R? such that

(1) liax(C1) > 1 and iin(Cra1) > ko« bmax(Cr) for all 1 < k < ky — 1,

(2) m (a(A7 gmax(C’co))) < (77/3) ’ m(A):

(3) AC UAeck A for every 1 < k < ky.
Then there is a disjoint subfamily C' C Cy U ---UCy, satisfying

JAaca m<B1 <A\ UA)) <n-m(A).

Ael’ Ael!

Here “disjoint” means that for any two distinct Ay, Ay € C' we have Ay N Ay = ().

This is a rather technical statement. The assumption (1) means that some cube of C; is
not so small and that every cube in Cj; is much larger than cubes in C;. The assumption

(2) means that A is much larger than all the given cubes. The assumption (3) means that
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each Cj, covers A. The conclusion means that we can find a disjoint subfamily C’ which

covers a substantial portion of A.

7.3. The case that ¢ is nonnegative. This subsection is also a preparation for the
proof of Theorem 7.1. Let T: RY x X — X be a continuous action of R? on a compact
metrizable space X'. Let d be a metric on X and ¢: X — R a continuous function.
Throughout this subsection, we assume that ¢ is a nonnegative function.

Recall that for a bounded Borel subset A C R? a new function p4: X — R is defined
by

@A(z):/Agp(T“x) du.

Lemma 7.3. Let 0 <e <1 and E C X. Let A, A1, Ay, ..., A, be bounded Borel subsets
of RE IfAC AiUAU---U A, then

# (E>dA7§0Aa5) S H# (EvdAmSOAkvE) :
k=1
Proof. Suppose we are given an open cover £ C Uy U- - - U Uy, with Diam(Uy;,da,) < €
for each 1 < k < n. Then
ECU{UulﬂUszﬂ'“ﬂUnjnU <gi<my, 1 <o <mg, ..., 1 < g, <my}.
From A C A, U---U A, the diameter of Uyj, N Usj, N --- N U,j, is smaller than ¢ with
respect to the metric d4. Since ¢ is nonnegative (here we use this assumption), we have
YA < pa, +pa, -+ pa,

and hence

n
sup wa < E Sup @4, -
Uljlﬂ"'mUnjn =1 Ukjk

Therefore we have

Z (é)snpUlnm”“Unjn va < ﬁ (ik: (g)snpukj SOAk> |

1<j1<m
1<jn<mn

This proves the claim of the lemma. 0
Lemma 7.4. For 0 < e < 1 and a bounded Borel subset A C R?, we have
# (X, da, pa,8) < {# (X, d 1, Ploye,€) PP
Notice that # (X, djo,17¢, P01 8) > 1 because 0 < e < 1 and ¢ is nonnegative.
Proof. Let Q be the set of u € Z% with (u + [0,1]?) N A # 0. We have
Ac | (u+0,1]%) cBi(A).

u€es)
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In particular the cardinality of €2 is bounded from above by m (B;(A)). Then by Lemma
7.3

i (Xa da, pa, 5) < H # (X) du+[0,1}da Put[0,1]4> 5)

u€ef)

= H # (X, do,114, 0,14, 5)

u€eN

<{# (X, d[O,l]d7 ¥l0,1]¢5 5) }m(Bl(A))-
[

The following is the main result of this subsection. This is a modification of a classical
result of Bowen [Bow72, Proposition 2.2]. Here recall that we have assumed that ¢ is
nonnegative.

Proposition 7.5. For positive numbers 6,3 and 0 < € < 1 there is a positive number
D = D(6, 5,¢) for which the following statement holds. Set

_ SUPgex Pr (B(S(:Ea de)a da P, 5)
log(1/€) ‘

Then for all sufficiently large L we have

1 (a+B) LY
sup # (B6<x>d[—D,L+D]d)adLa90L75) < (—) .

TEX £
Here Bs(z,d_p r4pje) ={y € X | di_p rypja(z,y) < 0}
Proof. Choose a positive number 7 satisfying

8
(7-1) (#(X, do e, pppges€))" < (l) -

£

Let ko = ko(n) be the natural number introduced in Lemma 7.2.
We will construct the following data inductively on &k = 1,2,..., ko.

e A finite set Y, C X.
e Positive numbers Li(y) and My (y) for each y € Y;.
e Open neighborhoods Vi (y) and Uy (y) of y in X with Vi (y) C Ux(y) for each y € Y.
We assume the following conditions.
(1) Ll( ) > 1forall y € Y.
Li(y )>k0Lk 1(z )forallyEYk,zeYk 1and2<k<ko

# ( de(y) PLi(y) € ) (1/5) atg)Lily * for all Yy €Y.
Bs(v, d{Zag, (), M (9))2) € Ur(y ) for all y € Y, and v € Vi(y).
X = Uerk Vi(y) for every 1 < k < k.
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The construction of these data go as follows. Suppose that the data of (k — 1)-th step
(ie. Yi1, Li—1(y), Mg—1(y), Vi—1(y), Ux—1(y)) have been constructed. We consider the
k-th step. (The case of k = 1 is similar.)

Take an arbitrary y € X'. Since we have

Pr (Bs(y,dga),d, ¢, ¢)
log(1/e)

there is a positive number Lj(y) larger than ko max,ey, , Ly—1(z) (we assume Ly(y) > 1

§a<a+§,

in the case of k = 1) satisfying

= B

Then there is an open set Ug(y) D Bs(y, dgae) such that

1
W log # (Uk(y), de(y), SOLk(y),é?) < (CL + g) log(1/e).

Namely we have
NG
# (V) diyw): Praw):€) < (g) :

Since Bs(y, dga) = (V3721 Bs(y, di_asane) C Uk(y), there is a positive number My (y) with
Bs(y, di—ai (o), v w)12) € Ur(w). There is an open neighborhood Vi (y) of y such that for
every v € Vi(y) we have Bs(v, d{_ g, (), M (w))2) € Ur(y). Since X' is compact we can find a
finite set Vi C X satisfying X = |J, .y, Vik(y). The construction of the k-th step has been
finished.

Take D > 1 with D > max{My(y) | 1 < k < ko,y € Yi}. Let L be a sufficiently large
number so that the cube A := [0, L]? satisfies m (a(A, maxyey;, L (y))) < 214 We will
(%)(aJrﬁ)L‘i‘

yEYy

show that sup . # (36(93 di_p,r+pje); dr, oL, ) <
Take an arbitrary point z € X. For each 1 < k < ko and t € AN Z? we pick y € Y,

with Tz € Vi(y). Set Ag; =t + [0, Li.(y)]?. Tt follows from the choice of D that

Tt (B(S(x’d[fD’L+D}d)) C B(;(T xZ, d y), My (y) ) C Uk(y)
Hence
1 (a+5) L (y)?
# (Bs(x,di_pripj), Ay, Pa€) < # (Un(y), di,)s €L €) < (g) :

Set C, = {Ax: | t € ANZ?}. This is a finite family of cubes covering A = [0, L]%. Notice
that C; depends on the choice of x; we suppress its dependence on x in the notation for
simplicity.

By Lemma 7.2 there is a disjoint subfamily C’ C C; U - - - U Cy, such that

Jaca, m<B1 (A\ U A)) < nm(A).
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Set

A=A\ JA

Aec!
For every A € C' we have

i (B5(xad[—D,L+D]'i),dA,QOA,€) < (E
By Lemma 7.4
# (Bs(z,di_p rpp), dar, par,e) < # (X, du, pa,€)
< {# (X, dp1ye, w170, €) }m(Bl(A/))

< {# (X, djp 134, Y110, €) }nm(A)
5

ol
< | - .
£

In the last inequality we have used (7-1). From Lemma 7.3

# (B(;(l’, d[—D,L+D]d)> dAa PA, 6)
<# (36(957 d[—D,L—f—D}d)a da, par, 5) H # (B(S(% d[—D,L+D]d)7 dj, SOA,5)

Aec’
( 1 ) (a+B)m(A)
< | - .
)

This holds for every point x € X'. Thus we have proved the claim of the proposition.
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7.4. Proof of Theorem 7.1. Here we prove Theorem 7.1. Let T: R x X — X be a
continuous action of R? on a compact metrizable space X'. Let d be a metric on X and

p: X — R a continuous function. We do not assume that ¢ is nonnegative.

The next proposition looks the same as Proposition 7.5. The point is that we do not

assume the nonnegativity of ¢ here whereas we assumed it in Proposition 7.5.

Proposition 7.6. Let 9, 5, & be positive numbers with 0 < e < 1. Set
. PT (Bﬁ<x7de>7d7@7€)
a = sup
zeX 1Og<1/€)
Then for all sufficiently large L we have

1 (a+B)L?
sup # (Bs(x,d_p rype),dr, ¢r,€) < (—) :

zeX £

Here D = D(6, 8,¢) is the positive constant’ introduced in Proposition 7.5.

9Strictly speaking, the constant D depends on not only 4, 8,e but also (X,T,d,v) where ¢ := p —

miny ¢.
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Proof. Set ¢ = mingex ¢(x) and ¢¥(z) = ¢(x) —c. We have ¢(x) > 0. For any positive
number L we have

Yr(x) = pp(r) — L.
For any subset £ C X

# (E7 dL7 wL,é‘) = (1/€>70Ld# (E7dL7 YL, 6) .

Hence
Pr(E,d,v,e) = Pr(E,d, p,e) — clog(1/e),
Pr (Bts(:[;? d]Rd)a d, v, 5) _
sup =a—c.
zeX 10g(1/5)
Since v is a nonnegative function, we apply Proposition 7.5 and get

zeX

1 (a—c+B)L?
sup # (Bs(2,d_p r4pja), dr, ¥, €) < <E)
for sufficiently large L. We have

1 —cL?
# (Bs(x,dj_p r+pja),dr, ¥, €) = (g) # (Bs(z,di_p r1pp),dr, 1, €) -

Therefore

1 (a+B)L4
SUE# (Bs(z,d(_p,r+pja).dr, pr,€) < (E) -
S

Now we prove Theorem 7.1. We write the statement again.

Theorem 7.7 (= Theorem 7.1). For any positive number 0

mdimy (X, T, d, @) = limsup SWPsex Pr (Bs(w, dpa), d, ¢, ¢) ,
c—0 log(1/¢)
sup,cx Pr (Bs(z,dra), d, ¢, )
log(1/e) '
Proof. 1t is obvious that the left-hand sides of (7-2) are greater than or equal to the right-
hand sides. So it is enough to prove the reverse inequalities. Let § and € be arbitrary

(7-2)

mdimy, (X, 7,d, ) = lirsn_jglf

positive numbers with 0 < e < 1. Let D = D(4, 8, ) be the positive constant introduced

in Proposition 7.5. Set
PT (B(;(l', d]lW)? d7 ‘2 5)

t TR log(1/¢)
For any positive number L we can take points x1,..., 2y € X such that
M
X = | Bs(@m. di_p1pp),
m=1

M < # (X7 d[—D,L+D}d7 5) - # (X7 d[O,L+2D]d7 5) :
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Then we have
M
#(X.dp,or,€) <Y # (Bs(@m,di_p ripja). dr, 91, €)
m=1

< M sup# (Bs(z,d_p ripj),dr, @1, )

zeX

1 (a+B)L?
)™
9

The last inequality holds for all sufficiently large L by Proposition 7.6. Therefore
log # (Xv dLv PL, 5) S log # (Xv dL+2D7 5) + (CL + 6>Ld 1Og(]‘/€)
Dividing this by L? and letting L — oo, we have

s FIL AL | (0t B toa(1/e)

< log # (X, d1,8) + (a + B) log(1/2).

Pr(X,d,p,e) < lim
L—oo

We can let § — 0 and get

Pr(X,d, p,e) <log# (X,di,0) + alog(l/e)
= lOg# (X7d175) + sup PT (Bg(CU,de),d,QO,&T) .

reX
We divide this by log(1/¢) and let ¢ — 0. Then we conclude that the left-hand sides of
(7-2) are less than or equal to the right-hand sides. 0J
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