MULTIPLE ZETA-STAR VALUES FOR INDICES OF INFINITE
LENGTH

MINORU HIROSE, HIDEKI MURAHARA, AND TOMOKAZU ONOZUKA

ABSTRACT. In this paper, we consider infinite-length versions of multiple zeta-star val-
ues. We give several explicit formulas for the infinite-length versions of multiple zeta-star
values. We also discuss analytic properties of the map from indices to the infinite-length
versions of multiple zeta-star values.

1. MAIN RESULTS

The multiple zeta-star value is the convergent series

1
C*(kl,...,kr) - Z kl—k

ny>>ne>1 00 T

for (ki,..., k) € Z%, with k; > 2 and has been studied variously, along with the multiple
zeta values. In this paper, we consider the infinite length version of the multiple zeta-star
values.

Definition 1.1. For (ki, ks, ...) € ZZ) with k; > 2, we define multiple zeta-star values
for indices of infinite length by

Clhka )= ) % (= lim ¢*(ki,..., k),

o o T—00
mi>ma>>1 10 T

where the summation is over the all decreasing sequence (m;)32, of positive integers such
that lim,_,.o m, = 1.

We will see later that the above sum converges except for the case where k; = 2 and
k; =1 for all j > 1 (see Section 3). First, we will show some formulas for the multiple
zeta-star values for indices of infinite length. Let {k}" denote the r times repetition of
the k, e.g., ({k}?) = (k, k, k). We use the summation symbol > " in an extended meaning
of Y7, ie., E’?;é means — Z;’;l} ifb<a,0if b=a, 2?;2 if b > a.

Theorem 1.2. We have the following equalities:
(1) For ky,... k. € Z%, with ky > 2,
<*(k'1, e ,krfl, kr + 17 {1}00) - C*(kla ceey /{77.)
(2) For ki,..., k. € Z5, with ky > 2,
C(kyy .oy by {23°°)

r ks—1

_ (_1)k1+"‘+k'r 2_9 Z Z/(_1>k1+~~-+k5_1+j<«*(k1’ . ks—l,j)

s=1 j=2
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(3) Fork > 2,
e =TI (=) - [T re-o
(4) Forn > 2, ) o
C{2 A1) = n.
(5) Formn >1,
cuer =2 11 o9
(6) Forn >0, S

cirs @y =2 I] I] re-or(1-9)"

2
se{£1} 2nt2=5
Example 1.3. We have the following equalities:
(1) ¢*({4}*) = ==,
(2) C*(3.2)°) = 20(2) - 2
(3) ¢*({3.1}*) = 2554,
(4) ¢*({21=) =2,
(5) ¢*({2,1}*) = 3.
Second, let us define Z* : [0,1] — [1, 00] by Z*(0) = 1 and

* S 1 *
Z (Zw) :C (kl—l—l,kg,kfg,...),

j=1

where ky, kg, - -+ € Z>,. For example, we have

7t (%) _ (i 2%) _ OB L) = C(2).

j=2

The function Z* contains information of all multiple zeta-star values for indices of infinite
length (see Figure 1 for the graph of Z*). Given two indices (ki, ko, ...) and (I1,ls,...),
we say that the former is lexicographically smaller than the latter if there exists j such
that k; = [; and kj <lj (ZE {1,,]—1})

Theorem 1.4. Z* is a continuous and bijective function, or equivalently, the map
(k’l,k’g,k’g, .. ) — C*(kl + 1,]{?2,]{?3, .. )
gives an order-reversing bijection between (25, <) and (1, 0o0] where < is the lexicographic

order.

Remark 1.5. The order structure for the set of multiple zeta values is studied by Kumar
[1].

Remark 1.6. Li, independently of our study, obtained the same results as Theorem 1.2
(1), (4), Theorem 1.4, and further studied related topics. For more details, see [2].

Theorem 1.7. The function Z* on z € [0,1) is not differentiable on some dense set.
More precisely, we have the followings:

(1) The map Z* is right-differentiable at z for 0 < z < 1.

(2) The map Z* is left-differentiable at = if = ¢ {1 — 5 | n > 0}.
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(g, 3¢(4))
(7,3)

3.0

FIGURE 1. The graph and some special values of Z*.

(3) The map Z* is not left-differentiable at z if z € {1 — 5= | n > 0}.
(4) The left-differential 0_Z*(z) is equal to the right-differential 0. Z*(z) if z € (0,1)\
{£]0<a<2",n>0}.
(5) The left-differential 0_Z*(z) is greater than the right differential 0.2*(2) if z €
{L£]0<a<2"—1,n>0}.
The proof of Theorem 1.7 will be given in Theorems 4.7, 4.8, 4.10, and 5.5 (see also
Remark 4.9).

2. SPECIAL VALUES

Lemma 2.1. For ky,... k., | € Z>y with ky > 1, we have

my

I
C (ko ke {137) = Z R 1 H Sls_ 1

my>e>me>1 T

Proof. 1t follows from the following calculation:

ko Ry {1F)

) 1
= lim E k
R—o0 1 l l

TPy e LA I L L B

1 1
RD D el L. SD - pover

n n
m1>-->mp>1 my mp>ny > >np>1 " L R

= Y i Y Tl ==

my>e>m,e>1 T e1temp =R s=1

o0 m
O e D DR | b
- k1 k. les
... S S
mp>--2>me>1 my my" €2,...,Cm,. =0 5=2




4 MINORU HIROSE, HIDEKI MURAHARA, AND TOMOKAZU ONOZUKA

- Y I

kv ook
my>e>me>1 10 LS —
1 g
= > ol O
my>ome>1 52

Proof of Theorem 1.2 (1). By Lemma 2.1, we have

C*<k17"'7k7‘*17k7“+1?{1}00) = Z k1

my > zme>1 M T
= > Rk
my>e>mp>1 T T

*
= (k1. k). 0

Proof of Theorem 1.2 (2). Let L(ky, ..., k) (resp. R(ki,...,k,)) be the left (resp. right)
hand side of the theorem. By Lemma 2.1, we have

1 ~m
Llky,k) = >, ———— ]
myt - -mbr m?* — 1
my>>mp>1 1 T m=2
> 1 1
- k1 krfl k‘v_l
S esm,>1 M (my +1)

Thus,
L(k’l,...,kr,a)+L(k:1,...,k;r,a—|— 1)

1 1 1 1
Z m’fl---mfr n+1 <na—1 +na)

my2--2mp2n>l

1
=2 Z k1

P P L AR LA
=2C"(k1, ..., ks, a).
On the other hand, by definition,
R(k}l, .. .Jcr,a) +R(l€1, . ,]{IT,CL—F 1) = QC*(/{Il, .. .,kr,a).

Thus we have
L(ky,...,ky,a) + L(k1,...,ky,a+1) = R(ky, ..., ky,a) + R(ky, ..., ky,a+ 1),
Furthermore, we have
Lk, .. ke 2) = Lk, ... k),
R(ky, ..., ke 2) = R(ky,... k),
and L(2) = 2 = R(2). Thus the claim follows by induction. O
Proof of Theorem 1.2 (3). We have

cum = Y =M ae =

mi>my>-->1
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Since
mb—1= H (m—c),
ck=1

we have

00 m ‘ n m

==t [T =

m=2 m=2 ck=1

o 2+ (m—2)
= |
ﬂnim gQ—ch( 2)
Using
n*n!
I(z) —
(z) n—oo x(x 4+ 1) - (x+n)

we obtain

I 2‘0 ~[Ire-o 0

m=2 ck=1 ck=1

Proof of Theorem 1.2 (4). Tt is known that ¢*({2,{1}"2}%,1) = n¢(an + 1) (see [3] and
[5]). Thus, we have

U2 A1) = lim CE2A1 %) = n. .
Proof of Theorem 1.2 (5). Using |4, Theorem 1.2|, we have

¢r({{2}", 1}d) = Z m2r L 2ntl

mi1>-->mg>1

= 2 e

(Cl Cg,...) Zoo m>1
Z”rorle Cm:d szl

where we put ¢,, = #{j : m; = m}. Then

C({{23" 139 = Z H ﬁ +2 Z H m@ntDem

(c2,c3,... ) ELZ, m=>2 (c2,c3,... ) ELZ, m>2
= cm>l o = cm21
Zm QCm_d zm:Q C'm<d
Since
9#{mi,...,ma}
lim E H = lim E
d—so0o 2n+1)cm d 00 m%n-{-l . m?ln—f—l
(c2,c3,... )€ €LZ, m>2 mi>--2>mg>2

2=z cm=d om1

mi>e>mg>2 L

d
1
< fm (Z m> = Jim (¢(20) — 1) =0

m>2
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and
dll)IEo Z H 2n+1 - Z H 2n+1)cm
(c2,c3,... )ELZ, m>2 (c2,c3,-.. )ELS, m>2
Zfr?:? cM<a em=1
we have
caer =211 e
We obtain the result by a similar calculation as in the proof of Theorem 1.2 (3). U

Proof of Theorem 1.2 (6). Using the equation [4, Theorem 4.8 (2-¢-2-1)] with ¢; = -+ =
¢ =3anda; =---=a, =0 =--- =0, =n, we have

(_ 1)m1+-~~+m2d2#{m1 ,,,,, maq}

C*({{Q}nv 3, {2}n7 1}d) - Z 2n+2 2n—+2

My >mag>1 My

27f[2 (1 +2 (5;21):21 + 77(;(12321) +))

2
1
( Ty - 1>
2

(e

X /22 00 m2nt2 4 2
2H (m2n+2+1> X H (m2n+2_ 1)

Using this equality, we have

dlggo g*({{Q}n> 3, {2}717 1}

2

2

m

I
=

3
[

Then we find

dlggo C*<{{2}n7 3, {Q}na 1}

m=2 m=2:even

m2nt2 _ 1 X m2nt2 (1/2)2n+2 2
(E=N (==

=1

2

m=

By a similar calculation as in Proof of Theorem 1.2 (3), we get

goun a goun qydy _ o Llenteot D2 — o) TT(1 - §)?
Jim CA2Y 3 211 = Thowe  T@— 0 T(1 - £)2

211 1I F(2—c)_51“<1—§)28. O

s€{£1} 2nt2=5

3. ORDER PROPERTY AND CONTINUITY OF THE ZETA-STAR MAP

In this section, we will give a proof of Theorem 1.4.
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Lemma 3.1. For positive integers a,b, A with A > 2, we have

1 1
Z 2 k1 ks < Z (ny — 1)n’f1 ok

my>e2>me>ny > 2np > A MMy -+~ MMy~ - Ty e g
> 1
m1>e2me>ng 2 2>np > A <m1 - 1)m%m2 . man’fl . nlbeb
(A + 1)“ .
< 24 .
=\"94 > S A (ny — Dynkitipks ke

Proof. We have
L.H.S. of the first equality

1
S Z k1 Ky,

iz smasm s smyza (M1~ Dmamy - omanyt -,

Z < 1 1 ) 1
o — - ' DY kl DY kb
e N1 L mi) my---mgn] n,

M1 >Me 22N>

1
- Z k1 Ky

a2 2mazm 2 2mz A (M2 — 1Mamg - -many” -y

Repeating the similar calculations, we obtain the first result. As for the second equality,
we have

L.H.S. of the second equality

A+1 1
= Z Z k1 ky
S smeoms e smyea (M1 — Dma(my + )ma -+ -meny™ -+,

A+ Z 1 ( 1 1 ) 1

A 1S ST Sy > Snp> A 2 ma (m1 — 1) mq (m1 + 1) My - - man’fl e nlgb
DY k Ky

24 s Smasmysmys A (M2 = 1)mams - -many® - -y’

By repeating the above procedure, we obtain the second result. 0

Proof that the map C* is order-reversing. Let k = (ki, ko, ...) € Z and k' = (ki, k5, ... ) €
7. Put ki = (k1 +1,ko, ks, ... ) for k and K/, in the same manner. Assume that k < k'

by the lexicographic order. Then there exists > 1 such that k; = &k for 1 < i < r and
k. < k... Then

1
g*(k-&-) = Z Fit+1 ks

ko
mi>mo > my may™msg

1
. Z FES

mi>ma>-->mp>1 my my

=(C"(k1 + 1, ko, ..., Ky)

.mk
myr

and

C*(k,-t,-) S g*(kl + ]-7 k?? sy kT—l’ ;a {]-}OO)
= C*(kl + 17 k27 R kr—la ; - 1) < g*(kl + 17k27 R k?")
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Thus, we have (*(ky) > ¢*(k',), i.e., ¢* is an order-reversing map. O

Proof that (*(k) is convergent for k # (2,{1}>°). Let k = (kq, ko, ...) € Z, with k; > 2

and k # (2,{1}*). Then there exists n > 2 such that ({2,{1}"?}>*) < k. Thus,
by Theorem 1.2 (4), ¢*(k) < ¢*({2,{1}"2}*) = n, which implies the convergence of
¢*(k). m

Proof that the map Z* is continuous. First, we show the continuity of Z*(z) at 0 < z < 1.
Let k = (k1, ko, ...) € Z, with k; > 2 and k # (2, {1}*°). We need to show that for any
e > 0, there exists 1 and 1’ with I’ < k < 1 such that
k<k'<1 = ("(k)—"(K) <e,
' <k <k = k) -k <e
Since the sequence (¢*(k1, ..., ky)),—, is bounded and monotone increasing, there exist
r > 1 such that

(ks k) > (k) — e
Thus
ks ke, by + 1,{13%°) > (M(k) — e

By taking 1 = (ky,...,k.—1, k. + 1,{1}), we obtain the first line.

Now we will show the second line. We first show the claim for indices with a finite
number of elements greater than or equal to 2. Let k = (ky,..., k., {1}*°) with k. > 2.
Since

lim C*(k’l, ceey kr—la kr - 1,& + 1, {1}00)

, 1 on 1
=lm > )
mi>->me>1 my™ My My s=1
1
< lim ((a) Z
- k kr— _
oo mi>--2>me>1 Tnl1 e mr—llmﬁr !
- C*U{:la s 7kr—17 kr - 1)
= ("(k),

there exist n > 1 such that
C(kry ooy kpony ke — Ln+ 1,{1}%°) < (*(k) +e.

Thus, the claim holds for indices with a finite number of elements greater than or equal
to 2.
Assume that there exists infinitely many j such that k; > 1.

k= (ay, {1}",as, {1}",...) (a5 >2,b; >0).
We need to show the existence of s such that

Cay, {13 ag, {1302 Jagy, {1} as — 1) < C*(k) + e
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Note that
Cay, {13 ag, {13%2, .. a1, {1}, as — 1) — C*(k)
< lan, {13, a0, {1372, yaso, {11 as — 1)
— (ag, {13 ag, {1372, .. a1, {1371, ay)
< A2, {10 ) - e {12, {12 2),
where b = b; and r = by +--- + bs_; + s — 1. Then we have
C(ar, {13, ag, {13%2, .. ag_y, {1} a, — 1) — (k)

1 1 1
= Z m2ny - - 'nbn2 Npg2 -« Nppr—1 \ Modr a n?
m>ny > >np g, >1 b+1 btr

1 1 1
o Z 2 2 )
AT - TNy 1 42 " Thor—1 \ o Ty

M2N1 2 2Ny 22

1
D DR 2
Moy - MpThy 1 Mp2 * *  Tbgr

MmNy >ny g >2

3\ 1
<= .
o <4> Z (nb—f—T - 1)ng+r

Nptr>2

Here, we used Lemma 3.1 for the last inequality. Thus, for any € > 0, there exists s such
that
Clay, {13 ag, {1322 Lagy, {1} a, — 1) < C*(k) +e.

Second, we show the continuity of Z*(z) at z = 0. Note that Z*(2'7%) = ¢*(k +
1,{1}*) = ¢*(k) — 1 as k — oo by Theorem 1.2 (1). Since ¢* is order-reversing, i.e., Z*
is order-preserving on 0 < z < 1, we have lim,_,o Z*(z) = 1, which implies the continuity
at 0.

Lastly, we show the continuity of Z*(z) at z = 1. By Theorem 1.2 (4) and the property
of order-reversing, we find that for any n > 2,

k< ({2{1}"7?}%) = (k) >n
This finishes the proof. O

Proof that the map Z* is bijective. Since the map (* is order-reversing, we see that the
map Z* is injective. Surjectivity of the map Z* follows from the intermediate value
theorem and the continuity of Z*. 0

4. ANALYTIC PROPERTIES OF THE ZETA-STAR MAP
This section investigates the differential of Z*. Hereinafter, we understand 0° = 1.

Lemma 4.1. For z =) °°, 5% with a; € {0,1}, we have

mi—ma Mma—ms3

a a
Z* ) = Z 1 2
( ) m%m2m3 .

ma>my > >1

Proof. Note that a}"~™?a3 "™ - .. vanishes except for the case m; = m;;, for all j such
that a; = 0. The case where there exists infinitely many j such that a; = 1 follows from
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the definition of Z*. The case z = 0 also follows from the definition of Z*. The other case
follows from Theorem 1.2 (1), e.g., when a; = §; 1,

1 0 0 0O 1 1
Z* — —_ — o e :Z* —_ — _ Ve :* 1()0
(z+4+8+ ) (2+4+8+ ) ¢ 3A11)
1m1*m20m27m30m37m4 .

=C@= > > ) O

mimeomMmamy - - -
1 >my > >1 12T
N 4
Lemma 4.2. For z =}~ 5+ with a; € {0,1}, we have
a mi—msz Mg—1—mq d—1
z ay gy a;
Z*(z):1+—+§ aq E 5 2% | 2 — =
2 mimsg---mgq et
d=1 mi>--2>mg>3 i=1
Proof. 1t follows from the following calculation
mi—mso _Mo—m3
a a PR
Z*(Z) — § : 1 > 2
m1m2m3 .
mi2mg>-->1
am T N a2
Z Z mamams - - - Z m3maoms - -
1<d<e mi1>-->mg>3 2>2mi>ma>--

2= iy 1 ==
1=met1=meq2="""

Here,
mi—mso _Mmo—ms3
YDIED DR S
m%m2m3 o ..
1<d<e mi1>-->mg>3
2=mqq1=""=Me
1:me+1:me+2:...
oo mi1—ma mq—1—mqg o0
_ Z Z ay gy Z QqQe
m2msy - - -my 2e—d
d=1 \mi>->mg>3 e=d
00 mi—ma mq_1—mq —1
ay Qg d a;
= aq 5 291 2 — P
m m ) m
d=1 My >mg>3 1172 d i=1
and

mip—mz2 M2—ms3

ap Q9
§ : 2

m m m P
2>m1>ma>-- 11213

—m2 m2—m3

1 a™ a
1= 1 2
2 Z M1MaoMg -« + -

2>mi>mg>--
mi1#1

mi1—ma M2—MmM3

1 oo
:1+§; Z a; Qg

m m m oo
s — e 1Mamg

l=met1=meq2=""

1ooae
— 14+ = Ze
+2 2¢
e=1
:1_|_z U
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Lemma 4.3. For s > 1, we have
1 s
Z mims---m :O<§>'
mi>e>me>3 L2 s

Proof. For x > 0, put

1 L if my >3
F.(z) = = ) mi(mi—1)(m1—2)(m1-3) )

Note that

- 1 I & 1 1
m(m—1)(m —2)(m—3) ET; <(m— D(m—2)(m—3) m(m— 1)(m—2))

e 1
~3(n—1)(n—2)(n—3)°
Then
F = ! Y 1
)= m22§ms23 m mgnz my(my = 1)(my — 2)(my = 3)

. o0 1
S M(Zml<m1—1><m1—2><m1—3>”)

mo>-->ms>3 my1=4
mo=3

1 1 1
- Z M- My ma(mg — 1)(mg — 2)(mg — 3)

1 1 1
b X (o)

Thus we have

Then we get

This finishes the proof. O
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Lemma 4.4. There exists a constant C' such that for all d >t > 1 and aq,...,aq_1 €
0,1} with >0, (1 — a;) > 2, we have

Z a71n1 mz azl_dl’lfmd s d—+t
mims -+ -my - 3d-t ) -

m12>--2mq>3

Proof. From the assumption, let a, = a, =0 (u<v <t)and a; =+ = ay_1 = Qyy1 =
) +
- = ay—1=1. Then
My —Myt1 My —My41 5 o+1 "My t2 mq—1—mMgq
L H S B au u U av v v av+1 a’d 1

2
mi>e>mg>3 1772 d

My+4+1—My42 mq—1—mgq

. Ayi1 gy
= § : 2

m1m2 ceeMyg
L 2= 1 > =1 22 m g >3

Using Lemma 3.1, we have

v —My mq—1—mq
3 al T g
+1 d—1
L.H.S. < 3 E e
Mg 1> >mg>3 vl v t2 d
By Lemma 4.3, we obtain the result. 0

Lemma 4.5. Let z = Y2 5 with a; € {0,1} and assume that St (1—a;) > 2. Then
we have

p T agnlfmg.__a;nd1—1—md . dla r_t
7 (2)=1+= — 2 — )
O=teiedal Y S (-3 o ()

mi1>--2>mg>3 =1

Proof. Since

we have

[e'¢) mi1—mo mg—1—mqg d—1
aq Qg d a;
aq 5 20 z — —
mimg:---Myg - v

d=r+1 mi>--2>mg>3

o0 avlﬂl—mg . agidl—l_md
<2 | X 2
m1m2 . e md

d*’!‘-‘rl m1>-~~>md>3
<23 o(4)
d=r+1

by Lemma 4.4. Note that in the above equality, the O-constants are independent of d.
By Lemma 4.2, we get the result. 0

Lemma 4.6. Let v = Y2 a;/2 with a; € {0,1} and y = 3772, b; /2 with b; € {0,1}.
Assume that a; = b; for j =1,...,r. Furthermore, assume that 22:1(1 —a;) > 2 with
t <r. Then

. . 1 r a71n1 ma a7d'_bdl—1—md . r ¢
7 7 — (p— . E E 2 14+0 .
(37) (y) (m y) (2 i1 d < m%mg c My ) 3r—t

mi2--2mg>3

Proof. By Lemma 4.5, the proof is clear. O
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Theorem 4.7. Let z = > 2 54 with a; € {0,1}. Assume that ) °° a; = oo and

Z;Zl(l —a;) > 2 for some t. Then

Z* _ Z* 1 0 mi—mz  Td—17T4q
0_-7Z%(z) = lim (2) (z) =5 + Zad ( Z a gy ) 9d.
d=1

2
rz—2z—0 zZ—XT m4meo -+ m
my > >mg>3 1702 d

Thus, Z* is left-differentiable at z if = ¢ {1 — 5= | n > 0}.

Proof. Take 0 < z < z and put x = 77 g—; Let p = p(x) be the minimal integer such
that (ap,b,) = (1,0). Put

LA iy 1 1
j=1 j=1
Furthermore, let r be the maximal integer such that
Apt1 = Api2 =+ = ap =0
and

bp+1 - p+-2 B —bT: 1
Then by Lemma 4.6, we have

Z*( ) Z*( )_( ) 1+Z7’: Z a?fl1—m2,..a2”_dl—1*md 2d o r_t
z Yy) =\ZF—y 2 £ aq m%mQ"'md gr—t

mi>--2mg>3

and

1 r le*mZ . b?_’i{l_md d r—t
Z* _Z* — _ _ 2 O .
(1)~ 2"(2) = (y-2) (2 2 ( 2 e, O\F=

mi>--2>mg>3

Note that, for any A, B and z,y, z with z—y > 0 and y —x > 0, there exists C' between
A and B such

(z—y)A+(y—z)B=(z—x)C.

Hence there exists a real number u(z) between

L Y
— ~ 2
2+Zad Z m2m2...md

d=1 my>>mg>3 1

and
1 r b71n1 —m2 . b:in—dl_l_md
- b 24
ean( x

d=1 mi1>-->mg>3 1
such that
r—t
Z5(2) = Z*(x) = (z — x)u(z) + O ( T ) :
Since
- 1 1 1 =1
TSy T T Ty T 27
j=r+2
1
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we have
Z*(z) — Z*(x)

zZ—XT

=u(z)+ O (r(2/3)"3").

By the condition » 77 a; = oo, we have lim,,, p(z) = oo and thus

00 mi1—mz2 mq—1—mq
: 1 ay Ay d
lim wu(x) == + 5 2¢,
z—2—0 2 mimsg---mgq

=1 mi>>ma>3

which completes the proof. 0
Theorem 4.8. Let z = 37, 3¢ with a; € {0,1} and assume that 3 37 (1 — a;) = oo.
Then
0. 7*(2) i Z*(z) — + Z Z amm a;”_dlflfmd ”
z) := lim =— a :
+ rz—z+0 Z — X d m%m2...md
m1>--2>mg>3

Thus, Z* is right-differentiable at z for any 0 < z < 1.

Proof. Take x € (z,1) and put x = > >~
that (ap,b,) = (0,1). Put

o1 2J Let p = p(z) be the minimal integer such

plb 1 1
%
Y= 2:2] +2p+1+2p+2+”.

]_

Furthermore, let r» be the maximal integer such that

pt1 = Qppo = -+ =a, = 1
and

bp+1 - p+2:"'—b7~:0.
Then by Lemma 4.6, we have

1 r b71n1—m2 ce b’gidl—l_md . r—t
Z2) = Z*(y) = (x—y) | = b 2
(2) = Z"(y) = (x—y) (2 + dz_; a ( > s +0( 5=

mi>e>mg>3

and

* * 1 . a?ﬂ e a;ndl e d r—t
AL A = (y— - 2 0 .
(v)-7"(2) @»ﬂ@+§}w( 2 Ry ) O\

mi2--2mg>3

Hence, there exists a real number u(z) between

T mi1—ms2 mg—1—mgq
1 a; gy d
5 + aq 3 2
m m “ . m
d—1 17702 d

my>-2mq>3

and
1 r b71‘n1 —m2 . bZ’idl—l—md p
- b 2
IO I o
d=1 mi>-->mg>3
such that
N N r—t
2:) = 2(0) = (2~ 2)ulo) + 0 (57 )
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Since
1 1 1 =1
R T T i PR
Jj=r+2
1
- 2r+1’
we have

Z*(2) = Z*(x)

Z—XT

=u(z)+ O (r(2/3)"3").
By the condition » 77, (1 — a;) = oo, we have lim, ., p(z) = oo and thus

e o] mi—ms2 mg—1—mgqg
ay gy d
+ aq P 2 )
mims - - My

d=1 mp>-2>mg>3

8
1
N
Jr
o
N | —

which completes the proof. O

Remark 4.9. By Theorems 4.7 and 4.8, if z admits a 2-adic expansion Zj’;l ;—g satisfying

Yo ia; =2, (1—aj;) = o0, then 0, Z*(z) = 0_Z*(z). This implies Theorem 1.7 (4).

Jj=1 Jj=1

Theorem 4.10. For z =Y, 3¢ with a; € {0,1} and a, = 1, we have

1 < al" " gt
Z7(z) = = — 2
a+ (Z> 2 +Zad Z m%m2...md
d=1 my2>-2>2mg>3
and
* * a’Tlnlim2 o aﬁ{l_mr T '
0-Z°(2) =0, 2" () + > 2(m, —2) (24 1—1/2").

2
My > >m, >3 1702 r

Proof. The first statement is just a special case of Theorem 4.8. Since

. Q; 1 1
Z_Z§+2r+1+2r+2+”"

Jj=1
we have

1 & " "M
0_7Z%(z) = = — 2
CEE R D (D D S =

my>-2>2mg>3

o0 mi1—ms2 Myp—_1—Myp

al .. .a"{'—l 1
+ 2
m1m2 “ee mT

d=r+1 \mi>->m,>3 M =M1 2::2ma 23

2d

Myy10-Mg
by Lemma 4.7. Since

or+1 mr o0 2\ ¢ or+1 mr n .
m, HZ(E) - m, Hn—2:2(mr_1>’

n=3 c=0 n=3
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if we put p =d — r — 1, the third term equals
&) mi1—ms2 Mp—_1—Myp 1

3] D S D S P
m2mg---m,  m

n DRI n
p=0 \mi>->m,>3 ez > zmp>3 L P

amlfmz . anlrfl_m'r 27’+1 my OO 2 c
- 2 - ol | DD =
- 2
mimsg - .- my, m

r n
mi1>--2>mp>3 n=3 c¢=0

— mg—1—m
r aml mz...a_dl d a cee Q.
. 1 d—1 d 1 r—1
= Qq 5 2% 4
p mims---mgq
=r

m1>-->mg>3 mi>-->mp>3

Thus the theorem is proved.

5. DIVERGENCE OF LEFT-DIFFERENTIAL

In this section, we give a proof of Theorem 1.7 (3).

Lemma 5.1. Fizr > 1. Then we have

1 1
<
Z mmy-omg — (n—1)---(n—71)rs

my>>me>n L ms

forall s > 1 and n > r+ 1. Furthermore, there exists C, € Ryq such that

1 1 C,
Z mitmg - m - n—1-(n—r)r* (n—=1-(n—r)(n—r—1)(r+1)

mi>->me>n 1
foralls>1 andn >r+ 2.

Proof. The first claim follows from

(n—1)-(n—r)rs
There exists C, € Ry such that
1 1 C

m*t ~ mm—-1)---(m—r) mm—-1)---(m—r—1)
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for all m > r 4+ 2. Then, the second claim follows from

1
Z mr—i—l

my>ezmezn L T2 s

> > !

1S >me>n ml (ml - 1) “ e (ml — T)mQ e ms
1
- C,
m12~§132n mi(my —1)---(mg —7r —1)mg---my
B 1 C,
Cn=1)-(n=r)rs (n—=1)-(n—r)n—r—1)(r+1)
Lemma 5.2. Fizr > 1. Then there exists D, € R~q such that
1 sD, 1 1
— < <
rlrs  (r+1)s — Z r+1 =

e rlrs
m1>->ms>r+1 my- s ms

for all s > 1.

Proof. We have

1 > 1
Z r+1 r+1

P T L L T B SRR
Mmip1==ms=r+1

o

vl

\Y

1 1
(’I" + 1)5—1’ Z m?“-i-l

i—1 my e zm ez L T2

and by the second claim of the previous lemma,

® 1 1 C.
= 2; = ((7“ O D)+ 1)i>
1 1 sC.,

Tl e+ DI+ 1)+ DI+ 1)

)

17

This proves the lower bound for the inequality, and the upper bound follows from the first

claim of the previous lemma.
Lemma 5.3. Fizr > 1. Then there exists E, € R.g such that

s—F 1 1 s
I < E — <
rlps = m’ rrts =

lys
mizezmzr L T2 s rr

forall s > 1.
Proof. We have

1 1 u 1
Z mrﬂmg Mg - yrs + Z Z r+1

m m “ e m
my>e>me>r L i=1 my>e>m>r4l L 2 s
My =" =Ms=T

1 1 1
- prEs + Z ps—i Z mT—H ..

i=1 my>->mi>r+1 1

U
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Here, by the previous lemma,

1 ZDT < Z 1 < 1
rlrt (r+1)F = m M my - omy T ot

my2>-2mi2r+1

1 1 s
rs=i \rlpi ) plps
—1

1=

Furthermore,

and

s

Z rsll. <(:f’"1)i) =D (M =+ 1) = (s D)(r +1)7)
< D,r (r; 1) .

i=1
Putting £, = D,r(r + 1)r!, we obtain the lemma.

By Lemmas 5.1 and 5.3, we have

1
E 1 =, (n—1)--(n—r)rs n>r
miimy - my s .

my>->me>n L

Thus we have the following:

Lemma 5.4. Fizr > 1. We have

(e}
> 2 : :
m M my - omg T e

N=T M1 2ms>n

for all s > 1.

Theorem 5.5. Fixp >0 and put z =1 — 2% Then for h = 2% with ¢ > p, we have

Z*(z) — Z*(z — h)
h
Thus, Z* 1s not left-differentiable at 1 — 2%

~
—~

Proof. We only consider the case ¢ > p + 1. Note that

o0

1 1
ZZZ? and Z_h:Zﬁ'
k=1 k=1
k#p k#p.q
By definition, we have
1
7% (z) = —_—
<Z) Z m%m2m3 ..
mi1>mo>---2>1
Mp=Mp41
and
1
7 (z—h) = —_—
(z =) Z M2 mams - -

my>my>.>1
Mp=Mp+1,Mg=Mq+1
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Then we have

1
2 -2E-h= >, e
My >ma > >1 17273
Mp=Mp1,Mgq>Mg 1
= > :
a ml(ml — 1)m2m3 LR

my>mo>-->1
Mp=TMp41,Mq>Mq+1

Z :

N my(m, — 1)Myr1Mpgo - -

mp>mpp1>-->1 p( P ) p+111p+2
Mp=Mp41,Mq>Mg41

Z 1
= - ; .
— 1)mypompz---
mpsr>>1 L (M1 JMpt2Mp i3
Mg >Mg41

Similar to the proof of Lemma 2.1, we have
Z*(2) — Z*(z — h)

= ¥ 1 > 1

 Mgp1Mgqa - -

2
me (mpy1 — 1)mprompys---m
Mpp12:-2Mg>2 p+1( ptl ) p+210p+3 9 mg>mgp1>mer2
mg—1
Z 1 [ =
mz 1 (Mmyy1 — L)mpromyys---m m—1
M1 >mg>2 p-‘rl( p+1 ) p+211p+4-3 (R

m, — 1
- ¥ : .

2 .
Mps1> e >mg>2 M1 (Mpi1 = 1)Mpamip 3

1
= > -

mp+12.“2mq22 mp+1mp+2mp+3 . e mq_l

Hence we get

Z'() ~ 2 (z—h) = Y > 3 1 Ty

Smyg_1>n 12113

1

M3IMams - - - M

I
WE
(]

I

n=2mi>-->ms>n

where s = ¢ —p — 1 > 0. By Lemma 5.4, we find
Z*(2) — Z*(z — h) = 23 = gh,

which completes the proof. 0
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