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Abstract. In this paper, we consider infinite-length versions of multiple zeta-star val-
ues. We give several explicit formulas for the infinite-length versions of multiple zeta-star
values. We also discuss analytic properties of the map from indices to the infinite-length
versions of multiple zeta-star values.

1. Main results

The multiple zeta-star value is the convergent series

ζ⋆(k1, . . . , kr) =
∑

n1≥···≥nr≥1

1

nk1
1 · · ·nkr

r

for (k1, . . . , kr) ∈ Zr
≥1 with k1 ≥ 2 and has been studied variously, along with the multiple

zeta values. In this paper, we consider the infinite length version of the multiple zeta-star
values.

Definition 1.1. For (k1, k2, . . . ) ∈ Z∞
≥1 with k1 ≥ 2, we define multiple zeta-star values

for indices of infinite length by

ζ⋆(k1, k2, . . . ) =
∑

m1≥m2≥···≥1

1

mk1
1 mk2

2 · · ·
(= lim

r→∞
ζ⋆(k1, . . . , kr)),

where the summation is over the all decreasing sequence (mj)
∞
j=1 of positive integers such

that limr→∞mr = 1.

We will see later that the above sum converges except for the case where k1 = 2 and
kj = 1 for all j > 1 (see Section 3). First, we will show some formulas for the multiple
zeta-star values for indices of infinite length. Let {k}r denote the r times repetition of
the k, e.g., ({k}3) = (k, k, k). We use the summation symbol

∑′ in an extended meaning
of
∑

, i.e.,
∑′b−1

j=a means −
∑a−1

j=b if b < a, 0 if b = a,
∑b−1

j=a if b > a.

Theorem 1.2. We have the following equalities:
(1) For k1, . . . , kr ∈ Zr

≥1 with k1 ≥ 2,

ζ⋆(k1, . . . , kr−1, kr + 1, {1}∞) = ζ⋆(k1, . . . , kr).

(2) For k1, . . . , kr ∈ Zr
≥1 with k1 ≥ 2,

ζ⋆(k1, . . . , kr, {2}∞)

= (−1)k1+···+kr

2− 2
r∑

s=1

ks−1∑′

j=2

(−1)k1+···+ks−1+jζ⋆(k1, . . . , ks−1, j)

 .
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(3) For k ≥ 2,

ζ⋆({k}∞) =
∞∏

m=2

(
mk

mk − 1

)
=
∏
ck=1

Γ(2− c).

(4) For n ≥ 2,
ζ⋆({2, {1}n−2}∞) = n.

(5) For n ≥ 1,

ζ⋆({{2}n, 1}∞) = 2
∏

c2n+1=1

Γ(2− c)

Γ(2 + c)
.

(6) For n ≥ 0,

ζ⋆({{2}n, 3, {2}n, 1}∞) = 2
∏

s∈{±1}

∏
c2n+2=s

Γ(2− c)−sΓ
(
1− c

2

)2s
.

Example 1.3. We have the following equalities:
(1) ζ⋆({4}∞) = 8π

eπ−e−π ,
(2) ζ⋆(3, {2}∞) = 2ζ(2)− 2,

(3) ζ⋆({3, 1}∞) = 4(eπ+1)
π(eπ−1)

,

(4) ζ⋆({2}∞) = 2,
(5) ζ⋆({2, 1}∞) = 3.

Second, let us define Z⋆ : [0, 1] → [1,∞] by Z⋆(0) = 1 and

Z⋆

(
∞∑
j=1

1

2k1+···+kj

)
= ζ⋆(k1 + 1, k2, k3, . . . ),

where k1, k2, · · · ∈ Z≥1. For example, we have

Z⋆

(
1

2

)
= Z⋆

(
∞∑
j=2

1

2j

)
= ζ⋆(3, 1, 1, . . . ) = ζ(2).

The function Z⋆ contains information of all multiple zeta-star values for indices of infinite
length (see Figure 1 for the graph of Z⋆). Given two indices (k1, k2, . . . ) and (l1, l2, . . . ),
we say that the former is lexicographically smaller than the latter if there exists j such
that ki = li and kj < lj (i ∈ {1, . . . , j − 1}).

Theorem 1.4. Z⋆ is a continuous and bijective function, or equivalently, the map

(k1, k2, k3, . . . ) 7→ ζ⋆(k1 + 1, k2, k3, . . . )

gives an order-reversing bijection between (Z∞
≥1,≺) and (1,∞] where ≺ is the lexicographic

order.

Remark 1.5. The order structure for the set of multiple zeta values is studied by Kumar
[1].

Remark 1.6. Li, independently of our study, obtained the same results as Theorem 1.2
(1), (4), Theorem 1.4, and further studied related topics. For more details, see [2].

Theorem 1.7. The function Z⋆ on z ∈ [0, 1) is not differentiable on some dense set.
More precisely, we have the followings:

(1) The map Z⋆ is right-differentiable at z for 0 ≤ z < 1.
(2) The map Z⋆ is left-differentiable at z if z ̸∈ {1− 1

2n
| n > 0}.
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Figure 1. The graph and some special values of Z⋆.

(3) The map Z⋆ is not left-differentiable at z if z ∈ {1− 1
2n

| n > 0}.
(4) The left-differential ∂−Z⋆(z) is equal to the right-differential ∂+Z⋆(z) if z ∈ (0, 1)\{

a
2n

| 0 < a < 2n, n > 0
}
.

(5) The left-differential ∂−Z⋆(z) is greater than the right differential ∂+Z⋆(z) if z ∈{
a
2n

| 0 < a < 2n − 1, n > 0
}
.

The proof of Theorem 1.7 will be given in Theorems 4.7, 4.8, 4.10, and 5.5 (see also
Remark 4.9).

2. Special values

Lemma 2.1. For k1, . . . , kr, l ∈ Z≥1 with k1 > 1, we have

ζ⋆(k1, . . . , kr, {l}∞) =
∑

m1≥···≥mr≥1

1

mk1
1 · · ·mkr

r

mr∏
s=2

sl

sl − 1
.

Proof. It follows from the following calculation:
ζ⋆(k1, . . . , kr, {l}∞)

= lim
R→∞

∑
m1≥···≥mr≥n1≥···≥nR≥1

1

mk1
1 · · ·mkr

r nl
1 · · ·nl

R

=
∑

m1≥···≥mr≥1

1

mk1
1 · · ·mkr

r

lim
R→∞

∑
mr≥n1≥···≥nR≥1

1

nl
1 · · ·nl

R

=
∑

m1≥···≥mr≥1

1

mk1
1 · · ·mkr

r

lim
R→∞

∑
c1+···+cmr=R

mr∏
s=1

1

slcs
(cs := #{j : nj = s})

=
∑

m1≥···≥mr≥1

1

mk1
1 · · ·mkr

r

∞∑
c2,...,cmr=0

mr∏
s=2

1

slcs
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=
∑

m1≥···≥mr≥1

1

mk1
1 · · ·mkr

r

mr∏
s=2

∞∑
c=0

1

slc

=
∑

m1≥···≥mr≥1

1

mk1
1 · · ·mkr

r

mr∏
s=2

sl

sl − 1
. □

Proof of Theorem 1.2 (1). By Lemma 2.1, we have

ζ⋆(k1, . . . , kr−1, kr + 1, {1}∞) =
∑

m1≥···≥mr≥1

1

mk1
1 · · ·mkr−1

r−1 m
kr+1
r

mr∏
s=2

s

s− 1

=
∑

m1≥···≥mr≥1

1

mk1
1 · · ·mkr

r

= ζ⋆(k1, . . . , kr). □

Proof of Theorem 1.2 (2). Let L(k1, . . . , kr) (resp. R(k1, . . . , kr)) be the left (resp. right)
hand side of the theorem. By Lemma 2.1, we have

L(k1, . . . , kr) =
∑

m1≥···≥mr≥1

1

mk1
1 · · ·mkr

r

mr∏
m=2

m2

m2 − 1

= 2
∑

m1≥···≥mr≥1

1

mk1
1 · · ·mkr−1

r−1

· 1

mkr−1
r (mr + 1)

.

Thus,

L(k1, . . . , kr, a) + L(k1, . . . , kr, a+ 1)

= 2
∑

m1≥···≥mr≥n≥1

1

mk1
1 · · ·mkr

r

· 1

n+ 1

(
1

na−1
+

1

na

)
= 2

∑
m1≥···≥mr≥n≥1

1

mk1
1 · · ·mkr

r na

= 2ζ⋆(k1, . . . , kr, a).

On the other hand, by definition,

R(k1, . . . , kr, a) +R(k1, . . . , kr, a+ 1) = 2ζ⋆(k1, . . . , kr, a).

Thus we have

L(k1, . . . , kr, a) + L(k1, . . . , kr, a+ 1) = R(k1, . . . , kr, a) +R(k1, . . . , kr, a+ 1).

Furthermore, we have

L(k1, . . . , kr, 2) = L(k1, . . . , kr),

R(k1, . . . , kr, 2) = R(k1, . . . , kr),

and L(2) = 2 = R(2). Thus the claim follows by induction. □

Proof of Theorem 1.2 (3). We have

ζ⋆({k}∞) =
∑

m1≥m2≥···≥1

1

mk
1m

k
2 · · ·

=
∞∏

m=2

∞∑
s=0

1

mks
=

∞∏
m=2

mk

mk − 1
.
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Since
mk − 1 =

∏
ck=1

(m− c),

we have
∞∏

m=2

mk

mk − 1
= lim

n→∞

n∏
m=2

∏
ck=1

m

m− c

=
∏
ck=1

lim
n→∞

n∏
m=2

2 + (m− 2)

2− c+ (m− 2)
.

Using

Γ(x) = lim
n→∞

nxn!

x(x+ 1) · · · (x+ n)
,

we obtain
∞∏

m=2

mk

mk − 1
=
∏
ck=1

Γ(2− c)

Γ(2)
=
∏
ck=1

Γ(2− c). □

Proof of Theorem 1.2 (4). It is known that ζ⋆({2, {1}n−2}a, 1) = nζ(an + 1) (see [3] and
[5]). Thus, we have

ζ⋆({2, {1}n−2}∞) = lim
a→∞

ζ⋆({2, {1}n−2}a, 1) = n. □

Proof of Theorem 1.2 (5). Using [4, Theorem 1.2], we have

ζ⋆({{2}n, 1}d) =
∑

m1≥···≥md≥1

2#{m1,...,md}

m2n+1
1 · · ·m2n+1

d

=
∑

(c1,c2,... )∈Z∞
≥0∑∞

m=1 cm=d

∏
m≥1
cm≥1

2

m(2n+1)cm
,

where we put cm = #{j : mj = m}. Then

ζ⋆({{2}n, 1}d) =
∑

(c2,c3,... )∈Z∞
≥0∑∞

m=2 cm=d

∏
m≥2
cm≥1

2

m(2n+1)cm
+ 2

∑
(c2,c3,... )∈Z∞

≥0∑∞
m=2 cm<d

∏
m≥2
cm≥1

2

m(2n+1)cm
.

Since

lim
d→∞

∑
(c2,c3,... )∈Z∞

≥0∑∞
m=2 cm=d

∏
m≥2
cm≥1

2

m(2n+1)cm
= lim

d→∞

∑
m1≥···≥md≥2

2#{m1,...,md}

m2n+1
1 · · ·m2n+1

d

≤ lim
d→∞

∑
m1≥···≥md≥2

1

m2n
1 · · ·m2n

d

≤ lim
d→∞

(∑
m≥2

1

m2n

)d

= lim
d→∞

(ζ(2n)− 1)d = 0
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and

lim
d→∞

∑
(c2,c3,... )∈Z∞

≥0∑∞
m=2 cm<d

∏
m≥2
cm≥1

2

m(2n+1)cm
=

∑
(c2,c3,... )∈Z∞

≥0

∏
m≥2
cm≥1

2

m(2n+1)cm

=
∞∏

m=2

(
1 + 2

∞∑
c=1

1

m(2n+1)c

)
,

we have

ζ⋆({{2}n, 1}∞) = 2
∞∏

m=2

m2n+1 + 1

m2n+1 − 1
.

We obtain the result by a similar calculation as in the proof of Theorem 1.2 (3). □

Proof of Theorem 1.2 (6). Using the equation [4, Theorem 4.8 (2-c-2-1)] with c1 = · · · =
cr = 3 and a1 = · · · = ar = b1 = · · · = br = n, we have

ζ⋆({{2}n, 3, {2}n, 1}d) =
∑

m1≥···≥m2d≥1

(−1)m1+···+m2d2#{m1,...,m2d}

m2n+2
1 · · ·m2n+2

2d

.

Using this equality, we have

lim
d→∞

ζ⋆({{2}n, 3, {2}n, 1}d) = 2
∞∏

m=2

(
1 + 2

(
(−1)m

m2n+2
+

(−1)2m

m2(2n+2)
+ · · ·

))

= 2
∞∏

m=2

(
1 +

2

(−1)mm2n+2 − 1

)

= 2
∞∏

m=2

(
m2n+2 + (−1)m

m2n+2 − (−1)m

)
.

Then we find

lim
d→∞

ζ⋆({{2}n, 3, {2}n, 1}d) = 2
∞∏

m=2

(
m2n+2 − 1

m2n+2 + 1

)
×

∞∏
m=2:even

(
m2n+2 + 1

m2n+2 − 1

)2

= 2
∞∏

m=2

(
m2n+2 − 1

m2n+2 + 1

)
×

∞∏
m=1

(
m2n+2 + (1/2)2n+2

m2n+2 − (1/2)2n+2

)2

.

By a similar calculation as in Proof of Theorem 1.2 (3), we get

lim
d→∞

ζ⋆({{2}n, 3, {2}n, 1}d) = 2

∏
c2n+2=1 Γ(2− c)−1Γ(1− c

2
)2∏

c2n+2=−1 Γ(2− c)−1Γ(1− c
2
)2

= 2
∏

s∈{±1}

∏
c2n+2=s

Γ(2− c)−sΓ
(
1− c

2

)2s
. □

3. Order property and continuity of the zeta-star map

In this section, we will give a proof of Theorem 1.4.
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Lemma 3.1. For positive integers a, b, A with A ≥ 2, we have∑
m1≥···≥ma≥n1≥···≥nb≥A

1

m2
1m2 · · ·man

k1
1 · · ·nkb

b

≤
∑

n1≥···≥nb≥A

1

(n1 − 1)nk1
1 · · ·nkb

b

,

∑
m1≥···≥ma≥n1≥···≥nb≥A

1

(m1 − 1)m2
1m2 · · ·man

k1
1 · · ·nkb

b

≤
(
A+ 1

2A

)a ∑
n1≥···≥nb≥A

1

(n1 − 1)nk1+1
1 nk2

2 · · ·nkb
b

.

Proof. We have

L.H.S. of the first equality

≤
∑

m1≥···≥ma≥n1≥···≥nb≥A

1

(m1 − 1)m1m2 · · ·man
k1
1 · · ·nkb

b

=
∑

m1≥···≥ma≥n1≥···≥nb≥A

(
1

m1 − 1
− 1

m1

)
· 1

m2 · · ·man
k1
1 · · ·nkb

b

=
∑

m2≥···≥ma≥n1≥···≥nb≥A

1

(m2 − 1)m2m3 · · ·man
k1
1 · · ·nkb

b

.

Repeating the similar calculations, we obtain the first result. As for the second equality,
we have

L.H.S. of the second equality

≤ A+ 1

A

∑
m1≥···≥ma≥n1≥···≥nb≥A

1

(m1 − 1)m1(m1 + 1)m2 · · ·man
k1
1 · · ·nkb

b

=
A+ 1

A

∑
m1≥···≥ma≥n1≥···≥nb≥A

1

2

(
1

m1(m1 − 1)
− 1

m1(m1 + 1)

)
· 1

m2 · · ·man
k1
1 · · ·nkb

b

=
A+ 1

2A

∑
m2≥···≥ma≥n1≥···≥nb≥A

1

(m2 − 1)m2
2m3 · · ·man

k1
1 · · ·nkb

b

.

By repeating the above procedure, we obtain the second result. □

Proof that the map ζ⋆ is order-reversing. Let k = (k1, k2, . . . ) ∈ Z∞
≥1 and k′ = (k′

1, k
′
2, . . . ) ∈

Z∞
≥1. Put k+ = (k1+1, k2, k3, . . . ) for k and k′

+ in the same manner. Assume that k ≺ k′

by the lexicographic order. Then there exists r ≥ 1 such that ki = k′
i for 1 ≤ i < r and

kr < k′
r. Then

ζ⋆(k+) =
∑

m1≥m2≥···

1

mk1+1
1 mk2

2 mk3
3 · · ·

>
∑

m1≥m2≥···≥mr≥1

1

mk1+1
1 mk2

2 · · ·mkr
r

= ζ⋆(k1 + 1, k2, . . . , kr)

and

ζ⋆(k′
+) ≤ ζ⋆(k1 + 1, k2, . . . , kr−1, k

′
r, {1}∞)

= ζ⋆(k1 + 1, k2, . . . , kr−1, k
′
r − 1) ≤ ζ⋆(k1 + 1, k2, . . . , kr).
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Thus, we have ζ⋆(k+) > ζ⋆(k′
+), i.e., ζ⋆ is an order-reversing map. □

Proof that ζ⋆(k) is convergent for k ̸= (2, {1}∞). Let k = (k1, k2, . . . ) ∈ Z∞
≥1 with k1 ≥ 2

and k ̸= (2, {1}∞). Then there exists n ≥ 2 such that ({2, {1}n−2}∞) ≺ k. Thus,
by Theorem 1.2 (4), ζ⋆(k) ≤ ζ⋆({2, {1}n−2}∞) = n, which implies the convergence of
ζ⋆(k). □

Proof that the map Z⋆ is continuous. First, we show the continuity of Z⋆(z) at 0 < z < 1.
Let k = (k1, k2, . . . ) ∈ Z∞

≥1 with k1 ≥ 2 and k ̸= (2, {1}∞). We need to show that for any
ϵ > 0, there exists l and l′ with l′ ≺ k ≺ l such that

k ≺ k′ ≺ l =⇒ ζ⋆(k)− ζ⋆(k′) < ϵ,

l′ ≺ k′ ≺ k =⇒ ζ⋆(k′)− ζ⋆(k) < ϵ.

Since the sequence (ζ⋆(k1, . . . , kn))
∞
n=1 is bounded and monotone increasing, there exist

r ≥ 1 such that

ζ⋆(k1, . . . , kr) > ζ⋆(k)− ϵ.

Thus

ζ⋆(k1, . . . , kr−1, kr + 1, {1}∞) > ζ⋆(k)− ϵ.

By taking l = (k1, . . . , kr−1, kr + 1, {1}∞), we obtain the first line.
Now we will show the second line. We first show the claim for indices with a finite

number of elements greater than or equal to 2. Let k = (k1, . . . , kr, {1}∞) with kr ≥ 2.
Since

lim
a→∞

ζ⋆(k1, . . . , kr−1, kr − 1, a+ 1, {1}∞)

= lim
a→∞

∑
m1≥···≥mr≥1

1

mk1
1 · · ·mkr−1

r−1 m
kr−1
r

mr∑
s=1

1

sa

≤ lim
a→∞

ζ(a)
∑

m1≥···≥mr≥1

1

mk1
1 · · ·mkr−1

r−1 m
kr−1
r

= ζ⋆(k1, . . . , kr−1, kr − 1)

= ζ⋆(k),

there exist n ≥ 1 such that

ζ⋆(k1, . . . , kr−1, kr − 1, n+ 1, {1}∞) < ζ⋆(k) + ϵ.

Thus, the claim holds for indices with a finite number of elements greater than or equal
to 2.

Assume that there exists infinitely many j such that kj > 1.

k = (a1, {1}b1 , a2, {1}b2 , . . . ) (aj ≥ 2, bj ≥ 0).

We need to show the existence of s such that

ζ⋆(a1, {1}b1 , a2, {1}b2 , . . . , as−1, {1}bs−1 , as − 1) < ζ⋆(k) + ϵ.
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Note that

ζ⋆(a1, {1}b1 , a2, {1}b2 , . . . , as−1, {1}bs−1 , as − 1)− ζ⋆(k)

< ζ⋆(a1, {1}b1 , a2, {1}b2 , . . . , as−1, {1}bs−1 , as − 1)

− ζ⋆(a1, {1}b1 , a2, {1}b2 , . . . , as−1, {1}bs−1 , as)

≤ ζ⋆(2, {1}b, 2, {1}r−2, 1)− ζ⋆(2, {1}b, 2, {1}r−2, 2),

where b = b1 and r = b2 + · · ·+ bs−1 + s− 1. Then we have

ζ⋆(a1, {1}b1 , a2, {1}b2 , . . . , as−1, {1}bs−1 , as − 1)− ζ⋆(k)

<
∑

m≥n1≥···≥nb+r≥1

1

m2n1 · · ·nbn2
b+1nb+2 · · ·nb+r−1

(
1

nb+r

− 1

n2
b+r

)

=
∑

m≥n1≥···≥nb+r≥2

1

m2n1 · · ·nbn2
b+1nb+2 · · ·nb+r−1

(
1

nb+r

− 1

n2
b+r

)
≤

∑
m≥n1≥···≥nb+r≥2

1

m2n1 · · ·nbn2
b+1nb+2 · · ·nb+r

≤
(
3

4

)r−1 ∑
nb+r≥2

1

(nb+r − 1)n2
b+r

.

Here, we used Lemma 3.1 for the last inequality. Thus, for any ϵ > 0, there exists s such
that

ζ⋆(a1, {1}b1 , a2, {1}b2 , . . . as−1, {1}bs−1 , as − 1) < ζ⋆(k) + ϵ.

Second, we show the continuity of Z⋆(z) at z = 0. Note that Z⋆(21−k) = ζ⋆(k +
1, {1}∞) = ζ⋆(k) → 1 as k → ∞ by Theorem 1.2 (1). Since ζ⋆ is order-reversing, i.e., Z⋆

is order-preserving on 0 < z ≤ 1, we have limz→0 Z
⋆(z) = 1, which implies the continuity

at 0.
Lastly, we show the continuity of Z⋆(z) at z = 1. By Theorem 1.2 (4) and the property

of order-reversing, we find that for any n ≥ 2,

k ≺ ({2, {1}n−2}∞) =⇒ ζ⋆(k) > n.

This finishes the proof. □

Proof that the map Z⋆ is bijective. Since the map ζ⋆ is order-reversing, we see that the
map Z⋆ is injective. Surjectivity of the map Z⋆ follows from the intermediate value
theorem and the continuity of Z⋆. □

4. Analytic properties of the zeta-star map

This section investigates the differential of Z⋆. Hereinafter, we understand 00 = 1.

Lemma 4.1. For z =
∑∞

j=1
aj
2j

with aj ∈ {0, 1}, we have

Z⋆(z) =
∑

m1≥m2≥···≥1

am1−m2
1 am2−m3

2 · · ·
m2

1m2m3 · · ·
.

Proof. Note that am1−m2
1 am2−m3

2 · · · vanishes except for the case mj = mj+1 for all j such
that aj = 0. The case where there exists infinitely many j such that aj = 1 follows from
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the definition of Z⋆. The case z = 0 also follows from the definition of Z⋆. The other case
follows from Theorem 1.2 (1), e.g., when aj = δj,1,

Z⋆

(
1

2
+

0

4
+

0

8
+ · · ·

)
= Z⋆

(
0

2
+

1

4
+

1

8
+ · · ·

)
= ζ⋆(3, {1}∞)

= ζ⋆(2) =
∑

m1≥m2≥···≥1

1m1−m20m2−m30m3−m4 · · ·
m2

1m2m3m4 · · ·
. □

Lemma 4.2. For z =
∑∞

j=1
aj
2j

with aj ∈ {0, 1}, we have

Z⋆(z) = 1 +
z

2
+

∞∑
d=1

ad

( ∑
m1≥···≥md≥3

am1−m2
1 · · · amd−1−md

d−1

m2
1m2 · · ·md

)
2d

(
z −

d−1∑
i=1

ai
2i

)
.

Proof. It follows from the following calculation

Z⋆(z) =
∑

m1≥m2≥···≥1

am1−m2
1 am2−m3

2 · · ·
m2

1m2m3 · · ·

=
∑

1≤d≤e

∑
m1≥···≥md≥3

2=md+1=···=me
1=me+1=me+2=···

am1−m2
1 am2−m3

2 · · ·
m2

1m2m3 · · ·
+

∑
2≥m1≥m2≥···

am1−m2
1 am2−m3

2 · · ·
m2

1m2m3 · · ·
.

Here, ∑
1≤d≤e

∑
m1≥···≥md≥3

2=md+1=···=me
1=me+1=me+2=···

am1−m2
1 am2−m3

2 · · ·
m2

1m2m3 · · ·

=
∞∑
d=1

( ∑
m1≥···≥md≥3

am1−m2
1 · · · amd−1−md

d−1

m2
1m2 · · ·md

)
∞∑
e=d

adae
2e−d

=
∞∑
d=1

ad

( ∑
m1≥···≥md≥3

am1−m2
1 · · · amd−1−md

d−1

m2
1m2 · · ·md

)
2d

(
z −

d−1∑
i=1

ai
2i

)
and ∑

2≥m1≥m2≥···

am1−m2
1 am2−m3

2 · · ·
m2

1m2m3 · · ·

= 1 +
1

2

∑
2≥m1≥m2≥···

m1 ̸=1

am1−m2
1 am2−m3

2 · · ·
m1m2m3 · · ·

= 1 +
1

2

∞∑
e=1

∑
2=m1=···=me

1=me+1=me+2=···

am1−m2
1 am2−m3

2 · · ·
m1m2m3 · · ·

= 1 +
1

2

∞∑
e=1

ae
2e

= 1 +
z

2
. □
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Lemma 4.3. For s ≥ 1, we have∑
m1≥···≥ms≥3

1

m4
1m2 · · ·ms

= O
( s

3s

)
.

Proof. For x > 0, put

Fs(x) =
∑

m1≥···≥ms≥3

1

m2 · · ·ms

{
1

m1(m1−1)(m1−2)(m1−3)
if m1 > 3,

x if m1 = 3.

Note that
∞∑

m=n

1

m(m− 1)(m− 2)(m− 3)
=

1

3

∞∑
m=n

(
1

(m− 1)(m− 2)(m− 3)
− 1

m(m− 1)(m− 2)

)
=

1

3(n− 1)(n− 2)(n− 3)
.

Then

Fs(x) =
∑

m2≥···≥ms≥3
m2>3

1

m2 · · ·ms

∞∑
m1=m2

1

m1(m1 − 1)(m1 − 2)(m1 − 3)

+
∑

m2≥···≥ms≥3
m2=3

1

m2 · · ·ms

(
∞∑

m1=4

1

m1(m1 − 1)(m1 − 2)(m1 − 3)
+ x

)

=
1

3

∑
m2≥···≥ms≥3

m2>3

1

m3 · · ·ms

· 1

m2(m2 − 1)(m2 − 2)(m2 − 3)

+
1

3

∑
m2≥···≥ms≥3

m2=3

1

m3 · · ·ms

(
1

18
+ x

)

=
1

3
Fs−1

(
x+

1

18

)
.

Thus we have

Fs(x) =
1

3s−1
F1

(
x+

s− 1

18

)
.

Then we get∑
m1≥···≥ms≥3

1

m4
1m2 · · ·ms

≤ Fs

(
1

18

)
=

1

3s−1
F1

( s

18

)
=

1

3s−1

(
s

18
+
∑
m>3

1

m(m− 1)(m− 2)(m− 3)

)
= O

( s

3s

)
.

This finishes the proof. □
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Lemma 4.4. There exists a constant C such that for all d > t > 1 and a1, . . . , ad−1 ∈
{0, 1} with

∑t
i=1(1− ai) ≥ 2, we have∑

m1≥···≥md≥3

am1−m2
1 · · · amd−1−md

d−1

m2
1m2 · · ·md

≤ C ·
(
d− t

3d−t

)
.

Proof. From the assumption, let au = av = 0 (u < v ≤ t) and a1 = · · · = au−1 = au+1 =
· · · = av−1=1. Then

L.H.S. =
∑

m1≥···≥md≥3

amu−mu+1
u amv−mv+1

v a
mv+1−mv+2

v+1 · · · amd−1−md

d−1

m2
1m2 · · ·md

=
∑

m1≥···≥mu=mu+1≥···≥mv=mv+1≥···≥md≥3

a
mv+1−mv+2

v+1 · · · amd−1−md

d−1

m2
1m2 · · ·md

.

Using Lemma 3.1, we have

L.H.S. ≤ 3

2

∑
mv+1≥···≥md≥3

a
mv+1−mv+2

v+1 · · · amd−1−md

d−1

m4
v+1mv+2 · · ·md

.

By Lemma 4.3, we obtain the result. □

Lemma 4.5. Let z =
∑∞

j=1
aj
2j

with aj ∈ {0, 1} and assume that
∑t

i=1(1− ai) ≥ 2. Then
we have

Z⋆(z) = 1+
z

2
+

r∑
d=1

ad

( ∑
m1≥···≥md≥3

am1−m2
1 · · · amd−1−md

d−1

m2
1m2 · · ·md

)
2d

(
z −

d−1∑
i=1

ai
2i

)
+O

(
r − t

3r−t

)
.

Proof. Since

z −
d−1∑
i=1

ai
2i

≤
∞∑
i=d

1

2i
= 21−d,

we have
∞∑

d=r+1

ad

( ∑
m1≥···≥md≥3

am1−m2
1 · · · amd−1−md

d−1

m2
1m2 · · ·md

)
2d

(
z −

d−1∑
i=1

ai
2i

)

≤ 2
∞∑

d=r+1

( ∑
m1≥···≥md≥3

am1−m2
1 · · · amd−1−md

d−1

m2
1m2 · · ·md

)

≤ 2
∞∑

d=r+1

O

(
d− t

3d−t

)
by Lemma 4.4. Note that in the above equality, the O-constants are independent of d.
By Lemma 4.2, we get the result. □

Lemma 4.6. Let x =
∑∞

j=1 aj/2
j with aj ∈ {0, 1} and y =

∑∞
j=1 bj/2

j with bj ∈ {0, 1}.
Assume that aj = bj for j = 1, . . . , r. Furthermore, assume that

∑t
i=1(1 − ai) ≥ 2 with

t ≤ r. Then

Z⋆(x)−Z⋆(y) = (x−y)

(
1

2
+

r∑
d=1

ad

( ∑
m1≥···≥md≥3

am1−m2
1 · · · amd−1−md

d−1

m2
1m2 · · ·md

)
2d

)
+O

(
r − t

3r−t

)
.

Proof. By Lemma 4.5, the proof is clear. □
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Theorem 4.7. Let z =
∑∞

j=1
aj
2j

with aj ∈ {0, 1}. Assume that
∑∞

j=1 aj = ∞ and∑t
j=1(1− aj) ≥ 2 for some t. Then

∂−Z
⋆(z) := lim

x→z−0

Z⋆(z)− Z⋆(x)

z − x
=

1

2
+

∞∑
d=1

ad

( ∑
m1≥···≥md≥3

am1−m2
1 · · · amd−1−md

d−1

m2
1m2 · · ·md

)
2d.

Thus, Z⋆ is left-differentiable at z if z ̸∈ {1− 1
2n

| n > 0}.

Proof. Take 0 < x < z and put x =
∑∞

j=1
bj
2j

. Let p = p(x) be the minimal integer such
that (ap, bp) = (1, 0). Put

y =

p∑
j=1

aj
2j

=

p−1∑
j=1

aj
2j

+
1

2p+1
+

1

2p+2
+ · · · .

Furthermore, let r be the maximal integer such that

ap+1 = ap+2 = · · · = ar = 0

and
bp+1 = bp+2 = · · · = br = 1.

Then by Lemma 4.6, we have

Z⋆(z)−Z⋆(y) = (z−y)

(
1

2
+

r∑
d=1

ad

( ∑
m1≥···≥md≥3

am1−m2
1 · · · amd−1−md

d−1

m2
1m2 · · ·md

)
2d

)
+O

(
r − t

3r−t

)
and

Z⋆(y)−Z⋆(x) = (y−x)

(
1

2
+

r∑
d=1

bd

( ∑
m1≥···≥md≥3

bm1−m2
1 · · · bmd−1−md

d−1

m2
1m2 · · ·md

)
2d

)
+O

(
r − t

3r−t

)
.

Note that, for any A,B and x, y, z with z−y ≥ 0 and y−x ≥ 0, there exists C between
A and B such

(z − y)A+ (y − x)B = (z − x)C.

Hence there exists a real number u(x) between

1

2
+

r∑
d=1

ad

( ∑
m1≥···≥md≥3

am1−m2
1 · · · amd−1−md

d−1

m2
1m2 · · ·md

)
2d

and
1

2
+

r∑
d=1

bd

( ∑
m1≥···≥md≥3

bm1−m2
1 · · · bmd−1−md

d−1

m2
1m2 · · ·md

)
2d

such that

Z⋆(z)− Z⋆(x) = (z − x)u(x) +O

(
r − t

3r−t

)
.

Since

z − x ≥ 1

2p
− 1

2p+1
− · · · − 1

2r
−

∞∑
j=r+2

1

2j

=
1

2r+1
,
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we have
Z⋆(z)− Z⋆(x)

z − x
= u(x) +O

(
r(2/3)r3t

)
.

By the condition
∑∞

j=1 aj = ∞, we have limx→z−0 p(x) = ∞ and thus

lim
x→z−0

u(x) =
1

2
+

∞∑
d=1

ad

( ∑
m1≥···≥md≥3

am1−m2
1 · · · amd−1−md

d−1

m2
1m2 · · ·md

)
2d,

which completes the proof. □

Theorem 4.8. Let z =
∑∞

j=1
aj
2j

with aj ∈ {0, 1} and assume that
∑∞

j=1(1 − aj) = ∞.
Then

∂+Z
⋆(z) := lim

x→z+0

Z⋆(z)− Z⋆(x)

z − x
=

1

2
+

∞∑
d=1

ad

( ∑
m1≥···≥md≥3

am1−m2
1 · · · amd−1−md

d−1

m2
1m2 · · ·md

)
2d.

Thus, Z⋆ is right-differentiable at z for any 0 ≤ z < 1.

Proof. Take x ∈ (z, 1) and put x =
∑∞

j=1
bj
2j

. Let p = p(x) be the minimal integer such
that (ap, bp) = (0, 1). Put

y =

p∑
j=1

bj
2j

=

p−1∑
j=1

bj
2j

+
1

2p+1
+

1

2p+2
+ · · · .

Furthermore, let r be the maximal integer such that

ap+1 = ap+2 = · · · = ar = 1

and
bp+1 = bp+2 = · · · = br = 0.

Then by Lemma 4.6, we have

Z⋆(x)−Z⋆(y) = (x− y)

(
1

2
+

r∑
d=1

bd

( ∑
m1≥···≥md≥3

bm1−m2
1 · · · bmd−1−md

d−1

m2
1m2 · · ·md

)
2d

)
+O

(
r − t

3r−t

)
and

Z⋆(y)−Z⋆(z) = (y−z)

(
1

2
+

r∑
d=1

ad

( ∑
m1≥···≥md≥3

am1−m2
1 · · · amd−1−md

d−1

m2
1m2 · · ·md

)
2d

)
+O

(
r − t

3r−t

)
.

Hence, there exists a real number u(x) between

1

2
+

r∑
d=1

ad

( ∑
m1≥···≥md≥3

am1−m2
1 · · · amd−1−md

d−1

m2
1m2 · · ·md

)
2d

and
1

2
+

r∑
d=1

bd

( ∑
m1≥···≥md≥3

bm1−m2
1 · · · bmd−1−md

d−1

m2
1m2 · · ·md

)
2d

such that

Z⋆(z)− Z⋆(x) = (z − x)u(x) +O

(
r − t

3r−t

)
.
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Since

|z − x| ≥ 1

2p
− 1

2p+1
− · · · − 1

2r
−

∞∑
j=r+2

1

2j

=
1

2r+1
,

we have
Z⋆(z)− Z⋆(x)

z − x
= u(x) +O

(
r(2/3)r3t

)
.

By the condition
∑∞

j=1(1− aj) = ∞, we have limx→z+0 p(x) = ∞ and thus

lim
x→z+0

u(x) =
1

2
+

∞∑
d=1

ad

( ∑
m1≥···≥md≥3

am1−m2
1 · · · amd−1−md

d−1

m2
1m2 · · ·md

)
2d,

which completes the proof. □

Remark 4.9. By Theorems 4.7 and 4.8, if z admits a 2-adic expansion
∑∞

j=1
aj
2j

satisfying∑∞
j=1 aj =

∑∞
j=1(1− aj) = ∞, then ∂+Z

⋆(z) = ∂−Z
⋆(z). This implies Theorem 1.7 (4).

Theorem 4.10. For z =
∑r

j=1
aj
2j

with aj ∈ {0, 1} and ar = 1, we have

∂+Z
⋆(z) =

1

2
+

r∑
d=1

ad

( ∑
m1≥···≥md≥3

am1−m2
1 · · · amd−1−md

d−1

m2
1m2 · · ·md

)
2d

and

∂−Z
⋆(z) = ∂+Z

⋆(z) +
∑

m1≥···≥mr≥3

am1−m2
1 · · · amr−1−mr

r−1

m2
1m2 · · ·mr

2r(mr − 2) (z ̸= 1− 1/2r).

Proof. The first statement is just a special case of Theorem 4.8. Since

z =
r−1∑
j=1

aj
2j

+
1

2r+1
+

1

2r+2
+ · · · ,

we have

∂−Z
⋆(z) =

1

2
+

r−1∑
d=1

ad

( ∑
m1≥···≥md≥3

am1−m2
1 · · · amd−1−md

d−1

m2
1m2 · · ·md

)
2d

+
∞∑

d=r+1

 ∑
m1≥···≥mr≥3

am1−m2
1 · · · amr−1−mr

r−1

m2
1m2 · · ·mr

∑
mr=mr+1≥···≥md≥3

1

mr+1 · · ·md

 2d

by Lemma 4.7. Since

2r+1

mr

mr∏
n=3

∞∑
c=0

(
2

n

)c

=
2r+1

mr

mr∏
n=3

n

n− 2
= 2r(mr − 1),
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if we put p = d− r − 1, the third term equals

∞∑
p=0

 ∑
m1≥···≥mr≥3

am1−m2
1 · · · amr−1−mr

r−1

m2
1m2 · · ·mr

1

mr

∑
mr≥n1≥···≥mp≥3

1

n1 · · ·np

 2p+r+1

=
∑

m1≥···≥mr≥3

am1−m2
1 · · · amr−1−mr

r−1

m2
1m2 · · ·mr

· 2
r+1

mr

mr∏
n=3

∞∑
c=0

(
2

n

)c

=
r∑

d=r

ad

( ∑
m1≥···≥md≥3

am1−m2
1 · · · amd−1−md

d−1

m2
1m2 · · ·md

)
2d +

∑
m1≥···≥mr≥3

am1−m2
1 · · · amr−1−mr

r−1

m2
1m2 · · ·mr

2r(mr − 2).

Thus the theorem is proved. □

5. Divergence of left-differential

In this section, we give a proof of Theorem 1.7 (3).

Lemma 5.1. Fix r ≥ 1. Then we have∑
m1≥···≥ms≥n

1

mr+1
1 m2 · · ·ms

≤ 1

(n− 1) · · · (n− r)rs

for all s ≥ 1 and n ≥ r + 1. Furthermore, there exists Cr ∈ R>0 such that∑
m1≥···≥ms≥n

1

mr+1
1 m2 · · ·ms

≥ 1

(n− 1) · · · (n− r)rs
− Cr

(n− 1) · · · (n− r)(n− r − 1)(r + 1)s

for all s ≥ 1 and n ≥ r + 2.

Proof. The first claim follows from∑
m1≥···≥ms≥n

1

mr+1
1 m2 · · ·ms

≤
∑

m1≥···≥ms≥n

1

m1(m1 − 1) · · · (m1 − r)m2 · · ·ms

=
∑

m1≥···≥ms≥n

1

r

(
1

(m1 − 1) · · · (m1 − r)
− 1

m1(m1 − 1) · · · (m1 − r + 1)

)
1

m2 · · ·ms

=
∑

m2≥···≥ms≥n

1

r
· 1

(m2 − 1) · · · (m2 − r)
· 1

m2 · · ·ms

= · · ·

=
1

(n− 1) · · · (n− r)rs
.

There exists Cr ∈ R>0 such that

1

mr+1
≥ 1

m(m− 1) · · · (m− r)
− Cr

m(m− 1) · · · (m− r − 1)
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for all m ≥ r + 2. Then, the second claim follows from∑
m1≥···≥ms≥n

1

mr+1
1 m2 · · ·ms

≥
∑

m1≥···≥ms≥n

1

m1(m1 − 1) · · · (m1 − r)m2 · · ·ms

− Cr

∑
m1≥···≥ms≥n

1

m1(m1 − 1) · · · (m1 − r − 1)m2 · · ·ms

=
1

(n− 1) · · · (n− r)rs
− Cr

(n− 1) · · · (n− r)(n− r − 1)(r + 1)s
. □

Lemma 5.2. Fix r ≥ 1. Then there exists Dr ∈ R>0 such that
1

r!rs
− sDr

(r + 1)s
≤

∑
m1≥···≥ms≥r+1

1

mr+1
1 m2 · · ·ms

≤ 1

r!rs

for all s ≥ 1.

Proof. We have∑
m1≥···≥ms≥r+1

1

mr+1
1 m2 · · ·ms

=
s∑

i=0

∑
m1≥···≥mi≥r+2

mi+1=···=ms=r+1

1

mr+1
1 m2 · · ·ms

≥
s∑

i=1

1

(r + 1)s−i

∑
m1≥···≥mi≥r+2

1

mr+1
1 m2 · · ·mi

,

and by the second claim of the previous lemma,

≥
s∑

i=1

1

(r + 1)s−i

(
1

(r + 1)!ri
− Cr

(r + 1)!(r + 1)i

)
=

1

r!rs
− 1

(r + 1)!(r + 1)s−1
− sCr

(r + 1)!(r + 1)s

This proves the lower bound for the inequality, and the upper bound follows from the first
claim of the previous lemma. □

Lemma 5.3. Fix r ≥ 1. Then there exists Er ∈ R>0 such that
s− Er

r!rs
≤

∑
m1≥···≥ms≥r

1

mr+1
1 m2 · · ·ms

− 1

rr+s
≤ s

r!rs

for all s ≥ 1.

Proof. We have∑
m1≥···≥ms≥r

1

mr+1
1 m2 · · ·ms

=
1

rr+s
+

s∑
i=1

∑
m1≥···≥mi≥r+1
mi+1=···=ms=r

1

mr+1
1 m2 · · ·ms

=
1

rr+s
+

s∑
i=1

1

rs−i

∑
m1≥···≥mi≥r+1

1

mr+1
1 m2 · · ·mi

.
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Here, by the previous lemma,

1

r!ri
− iDr

(r + 1)i
≤

∑
m1≥···≥mi≥r+1

1

mr+1
1 m2 · · ·mi

≤ 1

r!ri
.

Furthermore,
s∑

i=1

1

rs−i

(
1

r!ri

)
=

s

r!rs

and
s∑

i=1

1

rs−i

(
iDr

(r + 1)i

)
= Drr

(
r1−s + r−s − r(r + 1)−s − (s+ 1)(r + 1)−s

)
≤ Drr

(
r + 1

rs

)
.

Putting Er = Drr(r + 1)r!, we obtain the lemma. □

By Lemmas 5.1 and 5.3, we have∑
m1≥···≥ms≥n

1

mr+1
1 m2 · · ·ms

≍r

{
1

(n−1)···(n−r)rs
n > r

s
rs

n = r.

Thus we have the following:

Lemma 5.4. Fix r ≥ 1. We have
∞∑
n=r

∑
m1≥···≥ms≥n

1

mr+1
1 m2 · · ·ms

≍ s

rs

for all s ≥ 1.

Theorem 5.5. Fix p > 0 and put z = 1− 1
2p

. Then for h = 1
2q

with q > p, we have

Z⋆(z)− Z⋆(z − h)

h
≍ q.

Thus, Z⋆ is not left-differentiable at 1− 1
2p

.

Proof. We only consider the case q > p+ 1. Note that

z =
∞∑
k=1
k ̸=p

1

2k
and z − h =

∞∑
k=1
k ̸=p,q

1

2k
.

By definition, we have

Z⋆(z) =
∑

m1≥m2≥···≥1
mp=mp+1

1

m2
1m2m3 · · ·

and

Z⋆(z − h) =
∑

m1≥m2≥···≥1
mp=mp+1,mq=mq+1

1

m2
1m2m3 · · ·

.
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Then we have

Z⋆(z)− Z⋆(z − h) =
∑

m1≥m2≥···≥1
mp=mp+1,mq>mq+1

1

m2
1m2m3 · · ·

≍
∑

m1≥m2≥···≥1
mp=mp+1,mq>mq+1

1

m1(m1 − 1)m2m3 · · ·

=
∑

mp≥mp+1≥···≥1
mp=mp+1,mq>mq+1

1

mp(mp − 1)mp+1mp+2 · · ·

=
∑

mp+1≥···≥1
mq>mq+1

1

m2
p+1(mp+1 − 1)mp+2mp+3 · · ·

.

Similar to the proof of Lemma 2.1, we have

Z⋆(z)− Z⋆(z − h)

≍
∑

mp+1≥···≥mq≥2

1

m2
p+1(mp+1 − 1)mp+2mp+3 · · ·mq

∑
mq>mq+1≥mq+2···

1

mq+1mq+2 · · ·

=
∑

mp+1≥···≥mq≥2

1

m2
p+1(mp+1 − 1)mp+2mp+3 · · ·mq

mq−1∏
m=2

m

m− 1

=
∑

mp+1≥···≥mq≥2

mq − 1

m2
p+1(mp+1 − 1)mp+2mp+3 · · ·mq

≍
∑

mp+1≥···≥mq≥2

1

m3
p+1mp+2mp+3 · · ·mq−1

.

Hence we get

Z⋆(z)− Z⋆(z − h) ≍
∞∑
n=2

∑
mp+1≥···≥mq−1≥n

1

m3
p+1mp+2mp+3 · · ·mq−1

=
∞∑
n=2

∑
m1≥···≥ms≥n

1

m3
1m2m3 · · ·ms

,

where s = q − p− 1 > 0. By Lemma 5.4, we find

Z⋆(z)− Z⋆(z − h) ≍ s

2s
≍ qh,

which completes the proof. □
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