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1. INTRODUCTION

S I G IREBREEZET. SHEE (manifold) BEOIER (group action) HAFICHET
SRNPEDBSD (smooth) RbD LTS, G BERTHEHEN,Y ORO G-E&
f:X oV BExbRELE, T equivariant surgery (& X 1 homology equivalence
CEBTE ADENLHETABBREHELL Y. BRT2L 5, Z0L 5 2ERITR
E.EDOFREEDOEROMEITHEILD.

FTCIEONTVARRESEVESTRD L, G 7 trivial group DHEE, 2FEH GO
EREEZ VWSS, KX

o Wall [14] @ surgery theory (homotopy equivalence %5 7= DOHEEG
kL7
7

HOHE

)

np

o Cappell-Shaneson [2] 7 surgery theory (homology equivalence o )

[R)

]¥

M B. F 2T Cappell-Shaneson @ surgery theory O equivariant analogy
o Oliver-Petrie [11] ® G-CW surgery theory & ([12], [3])
FEELLARBOELZLBRBRZENTHD.

W’s Surg. — CS’s Surg.

|

s G-CW Surg. —> (%,S“gg;)

o

Bak’s K-Th. G-Surg.
(form para.) (form para.)

Nakayama, Rim
Rep. Th.

e

—s Qur Surg.

FanblbERLTVARE LOBEA~GA 4] 2658

FiXi oY fo: Xa— Y (0 = idey)
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D G-EFET
fite G xu (idy Up fo) : Xa#o G xm (=Y Ug X3) = Y

0 surgery obstruction % fi, f O surgery obstructions DOHETERZLELELTD.
L %> L Cappell-Shaneson {Z & % surgery obstruction DEZETHG = {e} ThoTHZ
OFENT2 (D7 L HbEEICEFTE D HOTIEARY) OT, Cappell-Shaneson
PEHITR LI L > THAR b DO EITE LRV, D7), EIZ Cappell-Shaneson OE
s 2 ELNIE BV T TiE72 <, nonequivariant REEITIIED DOEFHOWEIT > TV
% equivariant surgery theory ZH#EE L2 huidz b7av.

4 O equivariant surgery theory OEMICAZHIIC, RE EOMEMICHY 2IHAICAR
nNTEEEW., 220, KOBEEZEZTHLD.
Problem 1.1. Let F be a closed manifold such that there exists a G-action on a disk D
with DS = F. We ask whether there exist G-actions on spheres X such that X6 =F.

F 2 disk EOEROTRBEEETHDI LD
(1.1) X
P H MELEENRELND. 2T ng 2 0 i Oliver number & MEE HEECT,

X(F) = x(F) -1

T# % (x(—) & Euler characteristic) . b L X% # & biE, e X¢ BERICEY
V =T,(X) LEFTiX, degree-one G-map

(F)=0 mod ng

f:X =Y :=SReV) (V ® one pt. compactification)

2EAZ LNTES. f X homotopy FIEFE THDDT, TDF&RE Cf FEHETH
5. x(Cs%) ZEELT

(1.2) (%) —%(X%) =0 mod ng

2E5. YV =41 20T, F=X¢ 0L (L1), (1.2) b ng =1 =55,
EIBEE G T ng = 1 27T bD% Oliver group &5, Oliver [9] XKD (1)=(3)
NREWCRETHH I LZHEAL TS,
(1) ng=1.
(2) G-FBEZ & FLA, disk EO GAERPFET 5.
(3) G WTHKD (&) W TERMAIBIIP JH IG NEELGL:
(&) P, G/H EREMCHOBT, H/P HCEHTH,
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Example 1.2. Nonsolvable group 1 Oliver group T# 5. Nilpotent group G 7% Oliver
group T 3 UE+H4MIL G 2372 L b 3 2DE72% noncyclic Sylow subgroups %
S b ThD Bl G=2) X Ly X Ly x Ly X Ly X Ln, ZTTp,q 1 i3R2IREL
T3) .

G REHMEOBETIIRVWE &, G-ERO—B2HD 7 FRATOVTERLY. X
o> GPEFH Geaction® T B & ix G DIEED Sylow subgroup P 125 L X¢ # XF 2
ROy oLri kLS. e DF LY sugery theory ZIEALTROBRERD Z LB
TED.

Theorem 1.3 ([5]). Let G be a nontrivial perfect group or a nilpotent Oliver group, F a

closed manifold. Then the following three statements are equivalent to one another.

(1) F is realizable as the fized point set of a smooth G-action* on a sphere.
(2) F is realizable as the fized poini set of a smooth G-action* on a disk.
(3) F is realizable as the fized point set of a smooth G-action on o disk.

HIREE G REEShELE, EBICEOL ) REEE F 7 1 X7 LORE b7z G-
BEOFESEESIC2Y 5 5543, F O tangent bundle T(F) © KO(F) I 5 &fF
PEmT A LIk VESICEIF SN TS (Oliver [10) . ZhEAWV D LRERHS.
Corollary 1.4 ([5]). Let G be a nilpotent Oliver group, F' a closed manifold. Then the

folloing two statements are equivalent.

(1) F is realizable as the fized point set of a G-action® on a sphere.

(2) F is stably complez, namely T(F) € r(K(F)).

“HEOEERE [F O&ERERSH simply connected or stably parallelizable T® 5 |
LW S RED S & Tt Pawalowski-M. [7] TR TV e bDThD. Theorem 1.3 OFE
A% Theorems 4.3, 5.1, 6.2 Z AW TiThbh 5.

2. FREE ACTIONS DHBE

Cappell-Shaneson @ surgery theory @ equivariant analogy REFEDOERT n MMEE
(n = 2k 2 6) TIERM free DHEWTERL LS. X,V i n-RITD =737 b, s, mE
T B T- SR G free G-actions 22 b0 & T 5. £ f XX 16 ¥V~ degree-one
G-map T f(8X) C 8Y ZWizL, BIRICL-THRONDER Of : 04 = 0Y 7% homology
equivalence THB D LTS, §% fi3Y ED G-vector bundles &, 7 & Gevector bundle
isomorphism b : T(X) @ f™n — fFEMEEENTVEHD LTS, 2FY f 1% G-framed
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map £F5. X ED i-RFTED G-surgery & i G-embedding j : G % (St x D™t) — Int(X)
TR LT, X 75 G x Int(S x D™) #E0BRE, HR G x Int(S' x $"1) I >T
G x (Di*! x §n=i1) ZBEV AT, G x Int(S* x §n—i=1) DEEN T G-smoothing 21TV
G-%8E X' #B28(EE VD ¢ .

X' = (X ~ G x Int(S* x D"H))Up G x (D' x sr=it1y,
£ @ {e} x (8¢ x D"*) ~Ol % null homotopic ThHhHHEITIL, [ O XNGx Int(S* x
D) ~OHIFRIE G-map f': X YV ITHEEL, S5I2b 0 X NG xInt(S x DY) E
12 3 B A 72 ~DEIRIE G-vector bundle isomorphism b : T(X') & f"n — ¢ {ZHRRT
%. G-framed map f 0 G-surgery &1, ZOX LT ¥ EBAIELEBKRTS.
Comment. X @ universal covering X (Z 3%

G =m(BEG x¢X)

PERLTWANDT, X kO G-surgery i X +® G-surgery & #7273 750" surgery theory
ERICEMETED. »

G-framed map f 1Z&T 0-(k — 1) O G-surgery V3R LT, k-connected G-framed
map KEFHTES. £IT, f BHD k-connedcted, Fhbb fum(X) = m(Y) B
i<k—1TCH28S, i=k THEH, ThdELE). ZORRT, bL

Ki(f;Z) = Kerlf. : H(X;2Z) — H (Y Z)]
2% trivial T f: X — Y 2% homology equivalence ThHIERHBH, FIT, &
Dk 5% K (f;Z) Thiu, KTk D G-surgery 1TV VELNEEE O K (fZ) P
trivial Io72 B0 (T2 b f' 23 homology equivalence IZRe B FEZ TRV, BE
REEILLST
_ Ku(J: Z) = Kerlf, : Hi(X;Z) — Hi(Y;2)]
2% stably Z[G)-free, 2E Y
K(F7) 0 ziGe- - o ZG = Z[G @ - & L[C]

Nbohd. -7,

Kl f3Z) = ZIG) @ g Ki( 3 Z)
T# 5. Ki(f;Z) I Poincaré pairing % Y intersection form

By : Ki(f;Z) x K(f;Z) = Z

PEoOTWA.
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Comment. G-{EFIARTE X 311X B : Ki(f; Z) x Ky (f;Z) — ZGl &

B(z,y) = »_ Bo(z,97")g

9eG
LEELT, thEE> 0nERTHS. Wall @ surgery theory DT A 77 ZENT 5
LhiE, B ZIG) R X »BEED orientation homomorphism w : G — [£1} 1OFEE
Xn3 involution — (g = w(g)g™" for g € G) PEESNTD LEZDDNREV.
Wall @ surgery theory @ analogy (=& ¥ R®D (1)—(4) %1z 7 embeddings

hay oo s b 8% = X (2m = rankgaKi(f; Z)) PEETHE

X ko G-surgery 2 X ¥ Ki(f; Z) %32 L T homology equivalence X' =Y 21D
ZLAEETHD
(1) % h; @ normal bundle i trivial TH2.
()E%@abéGﬁ@l<i,j<m WL Ta#bbdWTi#j R
a - Image(h;) & b-Image(h;) I3 disjoint.
(3) & 1<i<n ITHLT foh IX null homotopic.
(4) y1, - s ym € Ki(f3 2) © Bo(alhi],by;) = apbiy (foralla, b€ G, 1 <4, 5 < m)
BT LORFETD.

DX 57 hy, ..., hm OTFTE% intersection form & selfintersection form =
Tﬁfﬁllﬁ'ﬁé“ﬂlviﬁb\@’c‘a’?pé. intesection form <2 selfintersetion form THZ L7
Ry b KE S* @ embeddings DFEL 5 deMRER~DEBEIZIE, VWb D
Whitney tric £\ ) FHEELELTH. ZODIEREITD Zef L EER T T LR
Bravs. fEoT X Tlagd X TEEEZTIORBY. £oT Ku(F:Z) £ intersection
form & selfintersection form %% 5 DAEIEL VA D. EIE, Kn(f; Z) = mp (M i )
DT, Ki(f;Z) Lizid selfintersection form 23FET 2. REBIARREZERLLTHI

iz, nonsingular (—1)F-Hermitian form
B: Ku(F;2) x Eu(f; Z) = Z[G]
& quadratic form
§: Ku(F32) - Z[G)/A
285, =2CA % Z|G] Lo minimum form parameter & FHIND b DT,
A={z—(-1)"z |z € Z|G]}
TESBZND.
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Cappell-Shaneson D7 A F Tl > TERZED D L, (Ki(f;Z), B, ) ®¥ % FHERS
142 & A RIEE ocs(F) 73 surgery obstruction (2725 Z L2315,

3. CAPPELL-SHANESON D OBSTRUCTION GROUP ['cs(F)
RIZZ »dHdWiZ
' a
Zgy={5€QlacZ beN, (b.p) =1}
rETHLOLTH. A=1Z[G), A' = R|G] £B< &, BRITERS S ring homomorphism
F=Fz: A=A

1 involution &>, Zhh e F ED quadratic modules & FHERMR ~ ZE&HEL, TO
FiEEO2EE LT Ies(F) 2EETD.
Definition 3.1 ([2]). A quadratic module o over F is a tuple (H,,¢) consisting of
an A-moudle H, a biadditive map ¢ : H x H — A, and amap ¢ : H — A/ A fulfilling
(1)—(4):
(1) Hy = A' ®4 H is a stably free A’-module.
(2) @ is a (—1)¥-Hermitian form, namely ¢(z, ay) = ap(r,y), plz,y) = (1) ko(y, z)
(r,ye H,a€ A).
(3) The induced (—1)*-Hermitian form ¢ : Hy x Ha — A’ is nonsingular, namely
the associated map Hy — Homy (Ha, A'); & — (7, —), is bijective.
(4) ¢ is a quadratic map related to ¢, namely g¢(az) = ag(z)a, ¢(z,z) = q/(va') +
(~1)q(@), g(z +y) = q(@) +aly) + ¢(z,y) (@ € A, 7,y € H).
Comment. =Z® a = (H, @, q) IZ nonsingular (—1)*-quadratic module c.ar = (Har, 95 qar)
zEDD. 271, A% A © minimal from parameter &35 & Equ:Hy > A/AT
b5.

G-surgery 739 £ TEHHEEBVENPD L, KD presubkernel & %V i pre-
Lagrangian 72 5#&% €& L7 < fi %. ko H @ A-submodule L 7% a @ presubkernel
# B3 pre-Lagrangian Th 5 L iTRD (1)-(2) i\ L&z 5.

(1) L iZ totally isotropic THd. 2% Y ¢(L, L) = {0} 7> ¢(L) = {0}.

(2) Hy KBS Ly DEKRE L' 5 Wall DELET oy O subkernel THD. OF
0 Hy ®d 5 A-basis {T1,. .., Lm, Y1, Ym} B {z1,. . T} 1 X L O Al-basis
&0, EHIT pa(zy;) =0 @(ﬁﬁj‘
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% L F L quadratic module o 2% presubkernel #ETIE a 1T null module & BT
%. 250 F O quadratic module @, § 12 L a@® —3& v 7* null module E72 % null
module v REFEETBLE, a L fRAETHL LV

an~f EEL.

i = (K1) KHL —f = (K, —¢,—7) THDH. ZOREERKICLD F Lo
quadratic modules DREEENEAEZ Tes(F) & E%9 5. orthogoal sum ICE>TEED
MBI & Y Tes(F) BAHRREIC/25. EEH D BRIC homomorphism Tos(F) — LE(AN
BEEEIND.

4. NEW OBSTRUCTION GROUP I'(F)

Introduction Ti~7= J 312 connected sum ¢ surgery obstruction % & ¥ B { EAET
% 7=z, Cappell-Shaneson @ quadratic module Zz—f{td 5 = EREEND.
Definition 4.1 ([6]). A generalized quadratic module o over F is a tuple (k: H —
H,0,q,9) satisfying (1)~(7):

(1) H is a finitely generated A-module.
2) H is a stably free A'-module.
3) A'®y s : Hy — H is surjective.
(4) ¢: H x H— Ais a (—1)"-Hermitian form.
(5) g: H—+ A/ A is a quadratic map related to .
6) p: HxH—+ A'isa nonsingular (—1)*-Hermitian form.
(7) plr(z), w(@) = Flplz, o) (z, & € H).

4 L (H,¢,q) #* Cappell-Shaneson DEBRT quadratic module THIIL, (H —
Hau,p,q,0a) 7 generalized quadratic module 272 5.

a=(k:H— Hvqy) © F LD generalized quadratic module & ¥§5. H © A-
submodule L 7% a @ presubkernel & %\ i3 pre-Lagrangian & [ZR®D (1)-(2) &HZ
TLEERZWD.

(1) L 1% totally isotropic TH 5. 2FY (L, L) = {0} 7> g(L) = {0}.
(2) HDdH D A-basis {21,..., Tm: Y1, - - - S Ym} D5 {1, T b HE (5(L)) 4 D A'-basis
L2y, EbIT (xl,%) =6, BT
4 L F E® generalized quadratic module o 2% presubkernel T o i3 null module
LIEIENRD. 250 F kO generalized quadratic module o, § IZX L a® -5 A% null
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module & 723 null module v XEETHELE, a & lifﬁﬂﬁf“ﬁ)é‘c‘: WY (a~peE
Q). “ORMEEMGEIC LB F Lo generalized quadratic modules OFIEED 2% [(F)
L &<, T(F) I orthogoal sum (2 & o TEE BHEIC LV BT 2 5. EENLBER
1= homomorphisms [cs(F) = [(F), [(F) — LE(A) BFHESND.

RO 2 >DERIT surgery theory g, [SATHLTEETHS.
Theorem 4.2 ([6]). The canonical map Tos(F) — I'(F) is an isomorphism
Theorem 4.3 ([5], [6]). If G = 7 x G, |r] < 00, R = L), and (|n],p) =1 then the
canonical map T'(F) — Li(A') is an isomorphism.
Comment. =# % T minimal form parameter DA IR LT E 7228, —MD form pa-
rameter DEAICLILETE 5. £ OB Wall 13 Bak BICH Y B2 RITHERL2D
(c£. 3.

5. G-SURGERY OBSTRUCITONS.

= OEITIX Cappell-Schaneson [2] ¢ analogy 124 Y |

~

e G-surgery obstruction ocs(f,b) € I'(F) (G =m(EG xgY), 7 :Z|G) = R[G))
&, EEFEIC
e G-surgery obstruction o(f,b) € T(F) (G=m(EGxgX), F : Z|G] = R|G))
»EAL ([6]), ZH b obstructions PEIRE RS, MREHEMICT D72, R =1L
(p 12FE) & L, G-surgery 1T D ERESEM X 13 gap condition
(GC)EED ge G, g#e, ICHLT, dmXI<k—1
BT HLOL T D, E7= degree-one G-framed map (f,b) (f : (X,9X) — (V, ay’),
dimX =n =2k b: T(X)® f'n — f€) EROEHEEH LTV LTS,
(1) 8f : X — 8Y % R-homology equivalece ThHD.
(2) EBD pMIROBSH P £ {e} CHLT, 7 XP 5 YP X R-homology
equivalece TH 5.
(3) EBD g€ G, g#e, IKRHLT, x(X9)=x(Y?) Thd.
TRLO&E (9)-3) 1k TRESLE] THY, ATHRLOTRZY. X O universal
covering X & Y @ universal covering V mixzheh G = m(EG xg X) & G =
n(EG xgY) BMERAL, f % cover 75 f: X =Y i G-map LR &N 5. G-framed
map (f,b) 7% (DED f:X =¥ 2%) k-connected ThHoHEE, G=G ThHY, {EAN
free ThHAHBEE (§2) &I oas(f,b) = [Kx(F;2), B, 1) € T(F) BWEESHhD. —]
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iz, f #% k-connected T2V E FIZIE, (f,b) & G-framed coborda.ut rel. 9X Uy X°
Td B k-connected 72 (f,V) &Y, gcs(f,V) = [Ko(F2), B, 5] € T(F) #b-T
ocs(fob) ThBLEBTH. TOEHER well defined THS Z LI, oeg(—,—) » k-
connected G-framed maps 123 LT G-framed cobordinsm invariant T&H 5 Z &7* BIES.
Cappell-Shaneson [2] @ analogy 2L Y ROERZRS.

Theorem 5.1. Let (f,b) be a degree-one G-framed map satisfying (1)-(3) above. Then
following (1)-(3) are equivalent.
(1) oes(f,b) =0 in T(F).
(2) (f,b) is G-framed cobordant rel. the boundary and the singular set to (F,0) such
that f': X' =Y is an R-homology equivalence.
(3) (f,b) is G-framed cobordant rel. the boundary and the singular set to (f',0) such
. that f': X' = Y is a (k — 1)-conneted R-homology equivalence.
Fie, WOLME (1)-(4) %7=3 G-framed map (f,b) % R-suitable &v>5. (f,b) 2*
R-suitable ThilE, F:Z|G] — R[G] L ® generalized quadratic module

(7Tk+1(f~) - K—k(f; R):Evﬁv B)

BELILD.
(1) f i one-connected Th 3 (fu:m(X) = m(Y) B25) .
@) f: )—+H(1’R)(O§z§k—1)liﬂi”3’t%i.
(3) I&k(f R) i% R[G) L stable free Th5D.
(4) R® T f) — Ku(f; R) Wa&st.

% 1€ mp(f) BRIRO & ) RAHEEATRESND.

Sk _h__>j;?

b

Dkl —— i‘»

#7 L R I normal bundle 73 trivial T % immersion &5 5. D h ZHE->T G-
equivariant intersection form B wk+1(f) x me(f) — Z[G] & G-equivariant self-
intersection map §i : Te(f) — ZIGYA BEEB. TIT, o(f,b) = [ma(F) =
K (f; R_),E,ZI,B] e T(F) LEZET 5. Wall ® surgery theory (&5 & Cappell-
Shaneson @ surgery theory) &FHRICKRDOERZRED.
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Theorem 5.2 ([6]). If o(f,b) = 0 then one can perform (k — 1)- and k-dimensional G-
surgery on the regular part of X so that for the resulting G-framed map (f,0), f': X' —
Y is an R-homology equivalence.

Haas Z[G) - Z@) 520 T, Zlleyy 2T ILICRY, BREERES
#% I(F) = O(F)

o= (H = H,¢,¢9) oy =He = Hox 90, 9);

A =17[G), #5B85.
Theorem 5.3 ([6]). Let (f,b) be an R-suitable degree-one G-framed map as above. Then
a(f, b)z[&] =ocs(f, b).

6. EQUIVARIANT CONNETED SUM

9 >0 G-framed map f = (f,b) (f: X = Y) f = (f,0) b DL &, T G-conneted
sum fia(—idy Us f') = (F,0) ZEDEV. ZODITR ], f=(f,0) Bbs5&HEE
7= L Q02T iid e 672w,

Context 6.1. Let f = (f,b) and f = (f',¥), where f : (X,0X) — (V,0), b: ex(R) @
T(X)® frn— frr, f': (X', 8X") — (Y,0), and ViexR@TXN & fn = f*r, be
degree-one, G-framed maps such that 7 = ey R)®T(Y)®n, 0X' = 09Y and Flox = iday

HEE LR (—1) Up X' & attached G-framed map

—idy Up ' = (idy Uy f',id, Up V), Where idy Uy f': (=Y) U X' = Y

NERICERIND. e YC 2 Y OREBICHDIERLE L, Vy, & yo ? G-linear slice
neighborhood & 75%. R 7 X F ) iKY GxgV IiE Gr O X IZ81F D G-tubular
neighborhood T H = G, V Xz, ® H-linear slice neighborhood &3 %. EHIT flv:
V =V, IRERR LT D, 0L E G-connected sum X#c,z, (Gxg (=Y UpX')) DHEEL
T&%. fly:V =V, % identity map & HRTEE by =idry, ThiE G-connected

sum
f#aa (G xg (—idy Us ) = (f#6.2(G xg (idy Uy ), b#G.0 (G x g (id: Up b))

(see Section 3 of [5]) ZRERKLTE 5.
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H=m(BEG xgY) LB &, BREMAEREER Fy : Z[H] - RH) B35
& #472 morphism % = (¢, ¥):

I

) lf—

R{H] —~2[C]
NEREEE

10d %, s Tape(Fa) = Ticap (F)

REHD. ROFEEIL Theorem 1.3 DFEHICBVWTEETH S.
Theorem 6.2. Let R denote either Z or Z(p) for a prime p, and let f and f' be degree-
one, one-connected, G-framed maps as above. Suppose that Y and Y are R-homology
equivalent to D™ and S™' respectively, and the induced homomorphism m,(0Y) — 1 (Y)
by the inclusion map is an isomorphism. Let yo € Y, Vi, 21 € X and V be as above.
Then

oos(f#cq (G xg (—idy Us 1)) = oos(f) + Indg_ﬁ?)ocg(ﬁesgf').
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Webs drawn on cubic surtaces

Qilles F. ROBERT
' July 1, 2005

Abstract

Every nonsingular cubic surface in the projective space of dimension 3
contains twenty-seven straight lines. The section of the surface by a plane
containing one of these lines consists therefore of the line itself and a conic.
Varying the plane in the pencil of planes containing one fixed line, we thus
obtain a foliation of the surface into conics. The twenty-seven foliations
hence define a web known as Burau’s web.

The main classifying tool in web theory is the space of Abelian re-
lations, which is a finite dimensional vector space of functional relations
canonically related to the web, and whose dimension (the rank of the web)
is bounded by (1/2)(d — 1)(d — 2), where d is the number of foliations of
the web (for d = 27, this bound is 325).

We present a way to produce 280 independent such Abelian relations,
using repeated integration of logarithmic differentials, and study the con-
sequences of the presence of Eckhardt points or singularities.

1 Webs

1.1 Abelian relations; weave

A d-web W on a surface T is a collection of d foliations (Ws,..., Wy) on X.
The singular locus of W consists in

e the singular points of the foliations W; and
e the points of & at which two or more foliations have the same tangent.

We shall denote X C ¥ the complementary of the singular locus.

Note that, if a curve is contained in a leaf of two foliations, then it lies
entirely in the singular locus.

A (local) Abelian relation of the web W is a family of d holomorphic functions
(F1,...,Fy) defined on (an open subset of) X with the properties that

e the leaves of W; are level sets of F; and

e the sum Fj -+ --- + Fj is constant.

13
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Analytic continuation along a path joining two points p and g can be used
to derive Abelian relations around ¢ from relations around p.

We shall assume that this analytic continuation is always possible, which
will be the case in the examples.

Clearly, if we perform analytic continuation around a close path, there is
no need to come back to the original relation ; so we shall have to cope with
monodromy problems and choice of a representative in multiform functions.

Let Ab(W) denote the space of Abelian relations defined on a small (simply
connected) open subset V' C X. Provided that the previous assumption on ana-
lytic continuation holds, then these relations can also be interpreted as relations
defined on the universal cover X of X. Therefore, the dimension of this space
doesn’t depend on V.

If W is a sub-web of W, clearly every Abelian relation on W’ is an Abelian
relation on W', so that Ab(W') C Ab(W).

Let Abz(W) be the subspace of Ab(W) spanned by the Ab(W') for all ex-
tracted sub-webs W’ with k foliations. :

The space Ab; (W) = Abs(W) =~ C? consists of trivial relations, for which
all functions are constant, and we have a filtration

C% ~ Aby(W) C -+ - C Abg(W) = Ab(W).

For 3 <k < d, define
(W) = dim Aby (W) — dim Aby_1 (V).

The weave of W is the list (p3(W), ..., pa(W)); its rank is the sum
ps(W) + - + pa(W) = dim Ab(W) — d.

This rank is controlled by the following result:

Theorem 1 (W. Blaschke, G. Bol, [1])
The rank of a d-web is at most (d — 1)(d —2)/2.

This implies that three-webs are of two different types : the ones admitting
only trivial Abelian relations, and the ones admitting essentially only one extra
Abelian relation. These three-webs will be called hexagonal.

1.2 Iterated integrals

In case the foliations W; are level sets of functions U;, we have an equivalent
definition of Abelian relations as families of functions (g1, ..., g4) in one variable
such that

g1 (U1)dUL + -+ + gd(Ud) dUyq = 0.

Indeed, if Fy + - -- + Fy = Cste is an Abelian relation, the fact that F; can
be written as f;(U;) gives the result after a differentiation of the equation.

Reciprocally, integration of the closed one-forms g;(U;) dU; give functions F;
constant along the leaves of W; and satisfying Fy +--- + Fy = Cste. Therefore,



since integration depends on an additive constant, we associate to any relation
of the form 3 g;(U;) dU; = 0 an Abelian relation defined up to a trivial one. '

If wq, ..., wy are one-forms on X, repeated integrations along a path v :
[0,1] — X gives a meaning to the iterated integral

(Jrfof [
= [ty ([on [ ) e

where v;(s) = y(t.s) represents the restriction of v to the interval [0,].
This process of iterated integration gives a k-linear map sending families of
k one-forms to functions defined on the space P(X) of paths in X

Q' (X)* — O[P(X)]
i) — [an [ [

We thus obtain a linear map defined on the space of k-tensor products of
one-forms over X

The collection of these ®; gives a map defined on the whole tensor alge-
bra T[Q2}(X)] over the space of one-forms.

The behaviour of these iterated integrals with respect to homotopy of paths
has been studied

Theorem 2 (K.T. Chen [4])
If all two-forms w; A w1 and dw; are zero, then the resulting function is
homotopy inwariant, and hence defines a function on the universal cover X of X.

Note that this will always be the case if the one-forms w; can be written
as g;(U) dU for rational functions g; in one parameter, and U a fixed function
on two parameters.

1.3 Tensor relations

Assume that we already know some Abelian relations
FO w4 BV = Cste,

F™ 4 4 F™ = Cste.

15
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We thus have, setting agk) = dFi(k)

ol W

+-Fa;’ =0,

a{™ —|--~-+agm) =0.
These equations can be interpreted as linear dependence relations between
vectors lying in a finite dimensional subspace A C Q!(X).
For n > 2, the n-tensor products

o @ gal € @) (4) C Q00

all belong to the same finite-dimensional subspace.

Every relation between these products carries through the map &, to a
Abelian relation involving iterated integrals.

Therefore the problem of finding Abelian relations of this particular type is
reduced to a problem of linear algebra, i.e. finding all linear dependencies of a
family of vectors in a finite-dimensional vector space.

The obvious starting point is the space of relations of extracted three-webs.
Many such relations involve logarithmic functions of the form log(U; — A), and
hence the tensorial relations will involve iterated 1ntegrals of the form

/ dU;
Ui— M\ ‘—X)

For n = 2, such integrals can be expressed using dilogarithms; for n = 3,
the integrals of this type for which A; = Ay or A2 = A3 can be expressed using
trilogarithms.

This is no longer the case for n > 4: for instance, the integral

/dé/dz/z—l Z_l

cannot be expressed using only four-logarithms.

2 Cubic surfaces

2.1 The 27 lines; Eckhardt points

Cubic surfaces {in the projective space P3) have been studied at length in the
second half of the nineteenth century (A. Cayley [3], L. Schléfli [10], L. Cremona
6], F. Klein [8] etc.) and later (B. Segre [11], Yu. Manin [9]).

Theorem 3 (Cayley, Schiifii)

Every nonsingular cubic surface admits 45 tritangent planes. The section
of the surface by any of these tritangent planes consists of three straight lines.
There are thus 27 straight lines upon the cubic surface, each of which belonging
to & tritangent planes.



If the three lines belonging to a tritangent plane have a point in common,
then this point is called a Eckhardt point of the surface and the plane is called
a Eckhardt plane [7].

A general cubic surfaces does not have any Eckhardt points. The surface
having the maximum number of such points is the equianharmonic surface of
projective equation

x? +m§+x§+x2 = 0.

The twenty-seven lines have as equations
Ty +(xj = Tk + ¢z =0.

where {4,4,k,1} = {1,2,3,4}, and ¢ and {’ are cube roots of unity.

The eighteen Eckhardt planes are z; + (z; = 0, with a Eckhardt point
satisfying ), = z; = 0.

The twenty-seven other tritangent planes are

C1x1 + (ama + (333 + Cawa = 0,

where (1, (2,(3,Ca) are cube roots of 1.
FEach of the 27 lines belongs to two Eckhardt planes and three other tritan-
gent planes.

2.2 Planar setting

An important property of cubic surfaces lies in the fact that they are the sim-
plest examples of Del Pezzo surfaces, which are special projective surfaces bira-
tionnally equivalent to the projective plane.

Theorem 4 (Cremona, Clebsch [5])

Every nonsingular cubic surface is birationally equivalent to the blow-up
of P? at siz points (a1,...,ae) in general position (no three on the same line,
and no siz on the same conic). Through this birational equivalence, the 27 lines
correspond to

o the blow-up points a; themselves,
o the straight lines c;; joining a; and a; and
o the conics b; passing through all points except a;

Clearly, performing a projective tranformation on the points a; or a Cre-
mona transformation with three of them as base points induces a birational
transformation between the surfaces obtained by blowing up the six points.

The sets of lines corresponding to the blow-up points consist of six mutually
skew lines, and we can verify that there are exactly 72 such sets, and that
every such realization is obtained from the first one via a sequence of Cremona
transforms.

The intersection table in this setting is easy to derive :
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e the lines intersecting a; are the ¢;; and b; for j # 1,

e the lines intersecting c;; are as, aj, b;, b; and the c for k and [ different
“from 4 and 7,

e the lines intersecting b; are the ¢;; and a; for j # 1.

2.3 Burau webs

To every line on a cubic surface, we can associate the pencil of planes passing
through this line, and the foliation of the surface defined by the family of sections
of the surface by these planes. These sections are cubic curves containing the
given straight line, so the foliation consists a pencil of conics lying upon the
surface.

For computations, we shall use the planar setting; in this setting, these
foliations are

e the pencils of cubic curves passing through all six points with one as double
point,

e the pencils of conics passing through four of the six points and
e the pencils of lines passing through one of the six points.

These 27 foliations define a 27-web, which was first studied by W. Burau [2]
who proved

Theorem 5 Among the extracted three-webs, those corresponding to three mu-
tually skew lines are always hezagonal.
In the planar setting, these 720 three-webs are

a;a;0k (20) a,;ajckl(QO) aiCjijl(].SO)
aiCjkb«;(GO) Cijcikcil(60) Cijcikcjk@o)
Cijcikbl(180) c,;jbkbl(QO) bibjbk(QO)

Every 27-web with foliations named a;, b; and c;; such that the 720 extracted
three-webs in the previous table are hezagonal is locally diffeomorphic either to
the one associated with a nonsingular cubic surface or to 27 pencils of straight
lines.

Burau erroneously asserts that no other extracted three-web is hexagonal.
This is not always true for those three-webs corresponding to sets of coplanar
lines. We have instead

Theorem 6 The extracted three-web associated with a set of three lines belong-
ing to the same tritangent plane is hezagonal if and only if that plane is a
Eckhardt plane.



3 Abelian relations

3.1 Extracted three-webs

We shall use the planar setting: (a1,...,as) are six points in general position,
and we assume further that none is at infinity.
Let £ij(z,y) = iz + vy + wi; = 0 be an equation of the line ¢;; = (asa;)
and set
Ui dx + Vi dy
Ui T + VijY + Wij '

8i5 = dlog(i;) =

Similarly, let P;(z,y) = 0 be an equation of the conic b; passing through all
points except a; and set v; = dlog(F;).
Keep in mind that the Blaschke bound for the rank of a 27-web is 26.25/2 =
325.
The pencil of straight lines passing through a; can be defined as level set of
any one of the functions ;; /¢, and we have the obvious relations
Lij b bhi _

Lik L5 L
These relations also read (between one-forms)
(635 = 0a) + (055 — 854) + (ks — Ikj) = 0.
The 700 other relations of hexagonal three-webs are of the form

gkmgln Ekn glm . Zk:lgmn Pz' Elj

gk‘nglm ka gln B Pz Ejlgmn glk '
Pi Pk: Pj = Ek:lgmn gjmfln 'ekmgjl

E}ZFJ& B Ekmgln gjlgmn g191£jm =
Pjlis Pr bk _ Pilir Lalmn P _ 1

Pty Py Ly Ply PBi liplmn '
Pratim Palin fnlim _ Pitis Pl Pilis _

Pplin Prlim Limfin "~ Bl Pty Pilyj B
These relations reflect the fact that the differences between one-forms
e 7; + 6;; associated with the foliation a;,
® Oy + Omn OF ; (Or 7;) associated with the foliation ¢;j,
e §;; associated with the foliation b;

all belong to a hyperplane inside a space of dimension 6 + 15 = 21.

The one-forms associated with each foliation make up a space of dimen-
sion 5 — 1 = 4, hence these 720 Abelian relations span a vector space ABLE(W)
of dimension 27.4 — 20 = 88.
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If three lines belong to a Eckhardt plane, then we can choose projective
coordinates so that the lines have equations z =t =0,y =t=0andz+y =
t =0, in the plane t = 0.

Therefore, we have the obvious relation

z/t+y/t = (x+7y)/t

This proves that the three-web associated with the three lines belonging to
a Eckhardt plane is hexagonal.

This way, we obtain 18 (independent) other relations for the Burau web
associated with the equianharmonic surface.

3.2 Other relations

The symmetric group S, acts (by permutation of factors) on the n-th tensor
products, and this action can be decomposed into irreducible representations.
For n = 2, this decomposition is simply the usual one between symmetric
and anti-symmetric tensors; for n = 3, it involves symmetric, antisymmetric
tensors as well as mixed tensors of the form a ® (8 A 7).
Of course, as n grows, then the situation becomes more and more involved.
The following table summarizes the results concerning relations between n-
tensors, showing a total of 88+141+50+1 = 280 independent Abelian relations.
For each line, n is the type of tensor involved, d; is the number of such
independent tensor products for each foliation, 7 is the dimension of the space
of associated relations, and d is the dimension of the total space in which they
lie.

41 7 [ 2idi—r] d

n

114 88 20 21
2s | 10| 60 210 231
2, | 6| 81 81 210
2 |16 | 141 291 441
3; 120 O 540 1771
3es | 20 15 525 3080
3. | 4] 20 88 1330
3 |64 50 1678 | 9261
4, | 1 1 26 5985

To understand the Abelian equation related with the last equation between
antisymmetric 4-tensors, introduce

a _/ dz dz dz dz
AT 2N ) 2= 2= ) 2=

Then set Hy the antisymmetrized version of G

H/\11/\2,>\3>/\4 = E : E(O-)G’\d(l):Aa'('l)y)\c'(S)ﬂ\:r(-'})'
(7654



The function occuring on each of the foliations is, provided that the values Ay,
..., As correspond to the sections by the tritangent planes,

HM«VJBAz; + HA2,A3,/\47/\5 + HAS,/\m)\s,/\l
+Hxgns, 00,02 F Has Asde s

3.3 Singular cases

If a cubic surface contains a simple conical singularity, then the intersection of
the surface with the tangent cone at the singularity is formed by six straight
lines lying upon the surface.

If we deform the surface in order to make the singularity disappear, then
each of these six lines gives rise to two lines lying upon the non-singular surface.
Therefore, the lines passing through a conical singularity have multiplicity 2.

Likewise, lines passing through a biplanar singularity have multiplicity 3.

Cubic surfaces have been classified regarding the number and type of their
singularities into 21 species.

3.3.1 The surface with four nodes

All cubic surfaces with four conical singularities are projectively equivalent to
one another, a model being the one defined by the equation

T1ToT3 + T1T2T4 + L1T3T4 + T2T3T4 = 0.

It contains nine lines: six passing through two of the singularities (with
equations z; = z; = 0) and three other lines with equations

Li + Tj =z +x; = 0.

Setting z; = 1/z;, we obtain a birational equivalence between this surface
and the projective hyperplane z; + 23 + 23 + 24 = 0.

This surface therefore admits a natural nine-web, and this web has maximal
rank 28, and its weave is (17,3, 3,3,0,0,2).

Twelve independent logarithmic relations can be written, with § = z1 +z2+
I3+ T4,

(Qﬁi+$j 2_ S S $i+$j
; T, TrTi -z S

These relations give rise to six independent relations between products of log-
arithms (symmetric 2-tensors) and three between dilogarithms (anti-symmetric
2-tensors), and two relations between 3-tensors, one of which is Spence-Kummer
equation for the trilogarithm.

Five other relations complete the claimed total of 28 independent relations:

T, T T
Tj Tk I
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arctan a_v_z__—_i—_l_ + arctan M -+ arctan —li& = E.
T; + Tk T+ Tr + T 2
This last equation holds for the usual determination near the point of pro-
jective coordinates [z;, T, Zk, 21| = [—1,3,3,3].

3.3.2 Surfaces with two biplanar nodes

These surfaces depend, up to projective equivalence, on one parameter A, and
a model is given by the surface of equation

zzw = y(y — z)(y — AT).

The two biplanar nodes are on the line z = y = 0 which lies upon the surface.
There are six other lines with equations

y=2z=0, y=w=0,
y—z=2z=0, y—zrz=w=_0,
y—Ax=z=0, - y—Ar=w=0.

Every surface of this family therefore admits a natural seven-web; these webs
have maximal rank 15, and their weave is (11,0,2,2,0).

The fifteen three-webs containing the foliation associated with the line join-
ing the two singularities are hexagonal; their relations are logarithmic and span
a space of dimension 5. There are eight other hexagonal three-webs, whose
relations are

- —A
()\_1).31_,\y_£+u:07
N
A=—1)= - =
( )z+y T Y-z ’
RN k- v _y

Y z Y — AT
w w y—/\m_o
y Y-z z

and similarly with an exchange of z and w. These relations span a space of
dimension 6.
Two other relations are

- (e (5F) () -
(=27 <%>2+A3 <yi)w>2+ (y—wka)zzo’
(1-A) (%)2+/\3 <y;x)2_ (y ZUM)Z +
w0 () (75) < () -



These two relations, together with the previous ones, prove that the six-web
formed by all foliations except the one associated with the line passing through
both singularities has maximal rank 10 and weave (6,2,0,2).

The entire seven-web also admits two other relations

2 (Y o (YT 2 (Y 2o [(Y—Z
log (;)—log <—z )—log (E>+log (_—w >
- — -\
:2log(y rc>log<y(y w)gy :v))’
Y T
2 (Y o2 (Y=AT\ . 2(Y 2 (Y — Az
log (z> log (—————Z > log <w>+log ( " )
— — — 3
:2log<——y Ax>10g<y(y x)gy Am").
Y T

Three extracted five-webs have maximal rank 6 and their weave is (3,2, 1).
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D BB EYY(S) LRAETHHI L 2R L, T2 OBEI Ep*(S) Eirtil
EY*(S) ETRBRNEHESRE NN S,

T 1.5 (TSR of [28)) 2774 51X Ly Lz 2 ux # BR,(R)
0 T LRET D, ZDLE ¢ B (Z) BDAARET, £ £0€m_s(2) 1T
K BRb, 377 A Al bTEE S BB §: B3 (2) » BT (X)
8 §(2) 1E ha(€) € mrosoy (X) ICIRT B,

85‘5‘“

IOEBIZLY, KEORERE NE—HOFY Uy XFE {a}, {8} ¥ Adams-
Novikov 227 NVRFID Ep-BICH D & 5 ICEETE 5, H5xL% 0 — BR 5
BP, = BP./(p) — 0 \AMT D EREREL 5 1255 v} € Bxtyp ipp) (BP., BP./(p)
D s(vi) € B3*(S) & a, LEL, EBIT, B%EALF0— BP./(p) 2 BP./(p) —
BP,/(p,v1) = 0 iR B R 6 2 VT 08 € Bxtyp ipp) (BP., BP/(p,v1)
D §'6(vs) € E2*(S) & B, £ EL. KIZ mod p Moore A7 k7 b M LFHE-
Smith A7 FZ A V(1) #3774 =5

stsiyiss v w2y S M By L sr-iy
TEET S, ZZit, M LOECSH o: Z¥72M - M X BP.(a)=v L725HD
Tp>2DEEFETD, TREAVT,

o = jati S Tl'zt(p_l)_l(S)

RESECTED, FH 2R LT, FREOL D 72 o BEELRVA, BP,(o) = v}
BT a: DM — M BEET B, v € B (M) BAABETHDZ LT
hhh, TRBARETBIED v € m(M) LEL., ZO Spanier-Whitehead ¢
vt €[M,S), ZRAWT
o = joti € mei_1(S), oupyr = jovr € meer1(S), cursr = viofvs € warys(S)

CEETHL, EE 15 &0, RBF1D



NERBECHETL LitEERTE b E—BOEBRIEIZ N T 3

TE 1.6 (FH[B9) p>2DL &I o BRAABRETHY, p=2 DL XlTa, MK
AERERIZ T2 AU BE+55 4Tt =0,1,2 mod 4 TH 5,

ZOREET apy3 IOV T, d3(vf) = wihd € B5® (M) BEDBOT, dg(vf*?) =
atds(vd) = v R BB B Adams-Novikov 2227 MVRFIOHKS O B &M B
ds(0upys) = ourp1hd € ERPEHHD) Linn oy o BAABE TRV LRSS B,

ZIETRER 2 LEFHEOBENTH o, B3 LENI VKT VEEOEVD
BlE% % 5, Smith37] i BP, () = v, 725 V(1) LOBEEEH g: £20°-Dy(1) —
V() OTEEZRLE, ZOLE, g%

B: = jjiftii € Tt (p2—1)—2p (S5)
LEETEHOT, FE 15 LY,

IR 1.7 (L. Smith(37)) p >3 D&, §; BAARE TS,
EBIT, p=3 DL ET -TED X D IZ Ravenel[26] 1ZRD L S IZFHE LIz ¢

F 1.8 (Ravenel26]) p=3 D& &, B, BARAWRETHDINETSEHET s =
0,1,2,3,5,6 mod (9) T B,

VEEETH BT LiE [V (1) DFRE FE—BOHEN BB,
EE 1.9 (FA[30) s5=4,7,8 mod (9) D& & KABETIZA,
SRz ONWTE L B,

EHE 1.10 (Behrens—Pemmarajﬁ[2]) BP.(B) = v§ &£723 V(1) t@ﬁﬁgfﬁ B
TV (1) = V(1) BEFET B,

Z i Hopkins-Miller OBEER ALY T A eog ZRAVTRENIE,

FE 111 (B22)) t=1,51Cd LT BP.(b:) =v§ £725 b € me(V(1)) BEETE
T 5,

IheOEEDNDL, by @ Spanier-Whitehead Mot % b7 LB L& kDX 5

Bor = ji1Bti1i € Tr44:-6(S5),
/69t+1 = jjlﬁtbl € 7"144t+10(5)> ,BSH—? = b’{ﬁtlh € W144t+26(5),
Pot+s = Jj1ftbs € miaasr7a(S), Porys = b3F b5 € Traar400(S).

LEEHKRLIDOT
FHE 112 s=0,1,2,5,6 mod (9) D& EXKARETHS
BYD Porps KOV TEERATHR T,
TR 1.13 (TH[33]) >0 LT, foys RKABETH 3,

ZOFERIZOWTA LEERR S B, Z 411X Behrens-Pemmaraju OFEE 1.10 & E(2)-
FTHEEAART FARFNC LB, ZOARNT MARFNCOWTROBEERD 5,

#8114 v e EYNV(L)) B EA£0 € m(M) IZINIRT ST z € EN(M) 12/ L,
dr(v) = d1.(z) € BL(V(1)) £72B LIRET B, EbIT, 11,(6) =0em(V(1) 225
iZ, §(v) e BXM) 1T ol =€ L72BT ¢ € m (M) ITRT B,
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4 T H =& 2 (RAaKERER)
ZOBERRO LS RETREND,
T e 1:1*(1’) T
\ !
/
r 7/
Ve
//
v — 6(v) e
M — V(1) = M - M
1 1

BE 115 ds(05"®) = i (Boegn?) € B3V (1)
8 1.16 (TH[32)) Por428? # 0 € T1440446(S°).

INBDD Bhys € Tsarras(M) B ofgys = Bors2Bt BT LD ICBN B,
ﬁ9t+3 = jﬂsl)t+37'-144t+42(5) L2y N EE 1.13 75371?‘63’1/50

y-1Eh V(2) % Smith DETS g: T2 -DV(1) » V(1) D277 A 8—E LTE
E o

T 117 (FE4]) p>5D0LE. BP(y) =vs %5 v: D°-DV(2) - V(2)
BEFEET D,

NHEZOTp>5DLE, FEARIZ v € n(S) PEETEI LTS, p=5
D rEIE, 1,000 KILE TOFHEEITIT,

I 1.18 (Ravenel [28]) 71X i< 3 DL EXAWMBTH Y, dgs(vs) = A1° T
HB

BRENTVS, Zbhb
FE  BP.(y) =0} LR2DHEEHy: Z20V(2) - V(2) BFET D,

J: k ﬁ U%?ﬁﬁ‘ 6%?5\755.—& LU‘;}’LPTI V2st+1, V25t42 Viﬁ?‘l“ L\ Y25t4-3 Viﬁﬁ L/lel\
ZLEWBGhD,
ZOLSRETHIZOVWTIR

FEIE 1.19 (Hopkins-Smith [6]) X % k <n ICXH L v BP(X) =0 L RBANT b T
ADLE, BP.(n) =18 L72BEHKEKI LEEH p: 2% "X 5 X BEET 5.

2. v;!BP BAIMRERE FE—BOTHEARY FFLIZDONT

EEMEx CW-HEKE TOROESREROLRTEEZ (W &L, Z0Ls, BE
B S: CW — CW Z2FHITS L2 EVE S 2RERT FE—EHL VT
DREERANT FFAEV), ZOBEER p TREMET 5. BP. DERI v, I
LY BP #REFHLLIZARY 5 & v71BP TS % Bousfield BFT{L LIcEERE
Fe—BE L, LEE BF LS o Ly EX D, (of [25]) THFRATLLE
Johnson-Wilson 2~ b5 A E(n) TRALLEBDLRALTHD Z L2300 D,
J .H.C. Whitehead DO EFEDEREL ‘

fiX =Y BRAE fu: En)(X) 2 E(n)(Y) ZFETIE Lo X = LY



PERFETRIHE L EERE FC—BE0BREI T 5

BdHB, I, E(n)s =Zyp)[v1,vs,. .., 0,9, C v BP,. E(n) IX smashing 72
DT, Ly XAY =L, X ALY ¥, HE&ED L VEE%E b0, FHE-Smith EEIC
2T,

EE 2.1 (THR-FH[36]) n2 +n<2p 2B, L, V(n—1) IFET S,

n4n < 2p BWMETRERFRCRD ZBRELXBORERDS, X € £, I
XANY =L,S L2BY €L, PHFETHLEFHETHD LI,

EHE 2.2 (Hovey-Sadofsky [8], E&-TH [13]) X € £, BFHANT +F A TH B
B4 5513 B(n), (B(n)) RMBEE LT E(n).(X) = E(n), LB5Z L Tha,

Hovey-Sadofsky iZZh & X 28 L, TRRTHD L WO REEMA TR L [13] T
X OFBERRE LRWTEER Ui, TiERART FF LAORBES2ER Pic, L&
o TNDREERD, Ay =FAZEL L, [,S BN ETRRTRS, £,
Z={Z"S :n € Z} C Pic, HEIZHDS, Hovey-Sadofsky[8] I3, Pic, IZEAT
b5 I LR, EMGE Pic, = Z& Picd BRHBZ L &R LI, BT, n+n< 2p—2
DEEEFEFRZLAETHEZEEZRLE, BWVWHBRZAE n24n<cPp-20D¢
EFREFHARS P LEREET THE2EVWIZETHS, ZOFIAE LTHELIZE
o CTEMAEEQM = 5Ug el U, e® BERELS D Picy DERT L7252 LR
L. Picy = ZBZ/2 ZR LT TRBDIZ L% E(n)-7 ¥ ARARY MARFIOE
ETHARS 720 Picd 12 :

Fp ={X €Pic} : d;(gx) = 0 € ES*~Y1(X) for s < kg + 1}
TERENDE T4V L= a v (R} 2EXD, ZIK, ¢=2p-2ThV, gx €
EY(X) = Ly X, EE 2255, Bj(X) = B5(S) THEILBHNBOT, %
DERTEZFET, B, BEER, MER A<y 28I LT derivative B bR= v
VoI L TERRCRROTHARMLT LHEL IR, LELEFOREA
By Fryq BT D, €T, RHRRIA S8 GPIc) 2 @ps o Fi/Fry1 EEET 5.
ZokE, ERE ¢ Fi/Fiy = Bildy™ 5 o(X) = drgei(9x) TEETE, B
ThBIENFND, LizdioT,

T 2.3 (LA-TH[13]) FERES &8 GPicl EEREICIIRT 5 E(n)-7 & HR
AT SAVRFD E-EOEM @,,, 50" ORSRICAE TS5,
E-EOERM @, ., B0 AL TRREDLN TV B,

EHE 2.4
(1) (Morava DEEEEN D, of. [25]) n’4+n<2p-20,E P Bt =0
(2) (Ravenel[28]) H|E 2 Tn=10LE @, B0 " =EP=12/2
(3) (FA-E[34]) |E3 Tn=20tE @, B ' =E" =Z/30ZL/3

Z® (1),(2) 5. Hovey-Sadofsky DFERA/LND, —FH. T3 Tn=20
FHE 2.5 (LA-TH[13]) |43 Tn=2 0L &, HKELSOERT X BEET 5.
Eﬂf’b\ PiCz ?/f Z.

EE, ZhiE B = 2/3{6,6) LB EE Y =71V i3 B2).(Y) =
EQ)./(3) BB L. ds(gy) = &(61) € BS*(Y) = ES*(M) L7325 Z L5
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6 TR OE B (REAREEE)

DT, TNEEZ F: X =Y % fu: B2 = BEQ)(X) = E2).(Y) = E(2)./(3)
BRETHD LI ITHERT 5. 758, MOOBREND, ds(gx) =& TRRDD
o(X) =& & & BT BFAHANY + T ABRLND, TORRDPD, Pic) 1355
3DEXIIZ/3 ERITZ/3OL/3 £12D T L BB, Goerss, Henn, Mahowald,
Rezk = BIZZ/3®Z/3 L7225 &, HHD K(n) BEHLOBRLFRLTVEH,
Fx b 5 VL DDERTE & WHET B FAMANY P T ARFETSH L LT[ T
HELRER, TORE FE—HOBEOTEHRASLDL Z/3 ZFRLTWS, EE,
X 22Tk

EE 2.6 (FA-TH[10]) v3: X AV(1) >~ LV (1)

DESITEERBESE S ThB, E7-. Ravenel @ chromatic functor M? ZEED A
RIRSAWIRHLTIZTZ 7 A 23—F W = LiW = N'W, N'W — LiN'W —
MW TEBTB L. m(LsS) 0. 1. (M25) OEMEERENTHE, 22
T, m(LaW) ORBVIC = (M2W) 2E 25, FH-E [34 IKED m(M25) 5tk
FENTW5, ThE

Tu(M2S) = Ao ® A1 © A
LEE XFTX OREDRTy V2 BERTLE

R 0.7 (FATHE) m(X5) = 406 A 608~ s

LEWEE LTWVWE, —Fb Ve ODERTICHIGT BRHEANT TS h% Z &
.3-5}:\

EE 2.8 (A-TH[1L]) m(ZAV(Q) ~m(Z2AV(Q) BT E m(ZAV(1)) £
T (Z° AV (1)) = me (L2 V(1))o

Shlzzhmb, —FF E-Smith #EE2EET 5, BB, Fo LT Valk)
< BE(n)o(V) = E(n)e/(p, 01, .., vp1) BT AT 1T 5V OREEDESY
Lh, EE22 LD, P = (X : B(n).(X) = E.} 5B, Va(~1) = Picd #
LB,

B 2.9 (Strickland (cf. [12]))  Va(k) BEEZ2T,
EE 1LY
EE 2.10 (A FH12]) n2+n<2p DEE V. (k) ={L.V(k)} THD,

Va (k) I24% Spanier-Whitehead ¥4 D AMERT 5. EBR V € Va(k) I L,
D.(V) =TV DV = £* M F(V, L,S) TEETE D, ZII v(n) = Lpe(20" 1)
EBIT, Vo (k) KIEAw vy v 28T &Y Pic) BMEAT 2,

FE 211 VeVa(k) KA L DV)=VAX &725 X € Piey BD 2.

k=—-10rx D)=V IBTIKEVHBEATVEDTD(V) =V =VAV?
ThHEMPD. THIERYED, k=0 DLE, —RFB-Smith A7 7 Az—E
Moore ZERI L FES, p > 5 725, Vo(0) = {LoM} 2DT, p=3 &T5, ZDL&
| Vy(0) IOV TIRREE TITHRVAE A < FET—K Moore ZH 2R L
THB, EE1ILPD v 13i=0,1,5 DL & (V(1) ORb 25X 5, b
Bi: M — V(1) IfEEHEK, BP.(BY) =vh ZWELTOT, THbDIT 7 A/~
% pI6i+5YL L35 L —f% Moore ZZR TH B Z &M D, EbIT, AEANT b
AXERL, 1x € m(X) % 39x € By° =Zp{gx} KLV EX DN BT LT B,



NSRFETHEIHE LEREFRE b E—-BOBREIC N T 7

WX Tix OIT77AR—2RT, EEPD Vo=M, Vi =V(13) PESITHHY
EbIT, WP? =L,y BRSND 9, Zhbl Plcg LDR= v 2B TELNRD
Picd-E£&

V5(0)° = Picd{LoVo, Lo Vi, Lo Vs, WP, (WQ, WQ? : BT 5 & %))
%%25 E V2(0)0 C VZ( ) ﬁ)%b>6 %/u\k L/_C
%’E 2.12. Vz(O)O = VQ(O)

REZBND, TARELFEEER D(X) = X1 = X2 A\ T—o—>F =y

I BILIED TR Rk =0,n=2 DLERTES, 1,(0)° DEIELT,
A TH[9) T

mn(M*VoAP*) = A vy B, @v)~%B, & mn(M*WVi)=A®viB,®viB;
BRENLTWVD, ZOLEINLORE b —FHIX

S 2.13 (FA- T [12])

(1) m(M*Vy APF) = A®v3 % B, @ v5~%B,.
(2) 7 (MPWP AP = A®vs™3*B), @ 3% B,.
(3) m(MaVs A P¥) = A®v3 B, @ 0373 B,.

20T, DT m (MV) = 7o (M2WP A P2) £ E LyVs £ WP AP2 T
BB, BB Ey(M) = Z/3{ic(€1), i (€2), &} THY. ds(gw,) = & LRBOT,
Ey-TE B (V) DERTEOWS DIT X RFH R 5 AOWSOFFE KL 128D
BB TH B,
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On Samelson products in p-localized unitary groups
B B S BEHEFRE

B, B p CRFLL 7e2=% VB U(n) L0®H 5 Samelson HERHEL . ZhickY
3>D5e0%E Samelson HHS 0 TRVWI & ERL T, SU(n) DHTHEME—~EED
BB MBI OWTOREREE B, bbb, n2 8B4 L0BRELTS
L&, nil[SU(n),SUM)] >3 TH 5. .

1. Samelsonf&

G RUMRERRMEFRL T2 &, GOFREIE—FHORIC Samelson F& & XlEh s
TS BB EEEND. Tabb, GOTHETELE v:GAG =G &L T, aem(G)
¥ Bem(G)IcL T, ZD Samelson i (o, f) € mir;(G) BHH

St gingi 2 aaG L G
1z kST 5 Samelson B P TH B2 Tl HIEDRMIE. BET Jacobi
EER 2L T,
For a € m(@), B € (@), 6 € m(G)
(ﬁa Oé) = (_1)ij+l<a7 ﬂ) \
(—1)jk<a1 <ﬂ, 5>>+(—1)k1<;6: <67 CY)) -+ (—l)ij<57 <Qﬁ,5>> =0
BT G =Uln) 05EE2ER S (pl3RN).

€ € M (U(n)) =2 (1=0,...,n—1)
m(U(n)) =0 . (i=0,...,n—1)
€, € Mo (U(n)) = Z/n!
72141 (U(1n)) ) = 0 (i=n,...,n+p—3)
€ € mui(U(n))p) = Z/p"® (i=mn,...,n+p—2)

Z/p n=0 modp
0 n#0 modp
Fo2ooRiza= s YBEORE b ¥ —BHORELSS T Bott O FEIEC—HT 58T
<H Y., TOLSyE Matsunaga [11] % Imanishi [8] EIT & 5.
7= 4 & OO Samelson BOFERE L L TlE R.Bott 1T & BIROFERPELTH 5.
1

€€ 772n+2p—3(U(n))(17) = {
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2 B B S RESEAE
THEOREM L1, U(n) KBWT, i+j+1l=n0L &, (a¢) = ilj%.
3DDFTDLE Samelson L L T, IROBEREVH 5.
THEOREM 1.2. [14, Oshima] U(4) ICBW T, (e, (e2,€3)) # 0.

T, R p 2EEL T, ZEPLERIITNT p THAMEL TH X 5. Samelson &
WKL T, SEHETH0E ROFERTH 5.

THEOREM 1.3. 4, j 1Z0AEn - 1UTLT5. 202 &, Un)ITBWT,
0 i+j5+1<mn,
(eirei) =9 L
lerie i+ +12>n.

THEOREM 1.4. nl3FHEH p 0L L. Un) I2BT 5 SamelsonBEZEZX 5. 0 <
i<p—2,0<j<p-22i+j=p-20LE,

(€is €n+) # 0 € Mant2p-3(U(n)) = Z/p.

2. H£RTT
FoORROIEEICOWTIRRNEENC., REMNE—FHOARTTEHECIL TBHE
BH5H ET, aREQY—-DOREIEDLIITED L.

H* (U(n); 2) = \ (1,73, - -, Tan-1), H* (U(c0); Z) = \(z1,5,...)-

ZZT. Ty = 0Cip1. 0V cohomology suspension. ¢; I3 Chern #H.
ERTC e € Mo (U(n)) 1DV TIE K°(S%+2) o & ot S%+2 — BU(n) — BU
@ adjoint map S** 5 Un) = U(o) 6/ 60, REpoarkeay —04TE
g € Ht (Si;Z) EERTL. € Fakead —2BnT
(2.1) € (z2it1) = dlg;
BT,
WIZ, Wy =U(c0)/U(n) £ BT, 77 AN—RF
(2.2) QU (00) 25 QW, & U(n) 25 U(co) & Wy,
BEZDH. 2T, W, QOW, DaAFETY 1%
H (W,) = /\(52n+1, Tont3, -+ )
H* (OW,.) =Z(azgn, azn+2, - - - ) (in lower dimensions).

=L, T*Toit1 = Toit1 D ay = 0T9;+1 Thb.

p—2

E=]]K(#Zw,2n+2k+1)
k=0
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vEx. FoakEay-oxkbbnT, Bz W, o E%

; p—2
Z = (H Tontok+1) © 4,
k=0

LEHDBL. o+ —AKTUTO CWHE X el T, EiziIEE

p—2
(2.3) (Q2), [X, W, = [X,QB] = D B (X;Z)
k=0
p-3
(24) I X, W] = [X, E] = HTH (X Zp))
k=0

BEE. Ty AN—RF(22) LV 0¥ 05RLHERD (dimX <oco LY. [X,Un)]F
MEETH BT LICES).

~ p—2
KO (X) Q.

@ —

p—3
P E* (X;Z)) = (X, UM = K (X = PET (X3 2)
k=0

k=0

22T, FEOQp, & oo, FEEREICR - TRY, B 5EPN BETES

0 — CokerQz, — [X, U(n)]p) — Kerz, — 0.

EADHRICE 5 T3 (X, Uln)] B SERHT® 2)

BT E X = S =0,..., p-2) DL ERERXB L. Mansn(U(n)) DEBIC &
1 KD LS I QW, BREL ., $728  BIRERY — ETE,*(dansn) = Gonsai
m5. LEESTLNB.

QW,

?n-H
é
g

gent2i 25 U (n)

BT, CP2 = CP"/CP™ L & BT, BB Manszp-3(U(n)) & Tanszp—a(RCFTHT)
([11], [16]) V2 &, n=0 modp D& &, Tanszp-3(U(n)) = Z/p DERTTILERK
Sent—3 & gon By rr(n) THBZ LABP B, IEL. ol mp(S%) DEMTTD sus-
pension Z3&E7.
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3. Theorem 1.3, 1.4 DA DIHE
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BTFEO L IV 772D,

_ Qw,
-,

Un) AU(n) — U(n)
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U(c0)
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k+l+1=n+m
Samelson B (¢, ¢;) AR Yo (6 A gj) THEM S, (21),3.1) BLUE, DTED Fh>
& Theorem 1.3 2%55.
Theorem 1.4 2RT 7200, o DHOREMTE2EXS. £7. BORALER
SCOP — Uln) % & £ 7. Fie. SCPME T BHEOFNC 22 0T, SCP™P O
EROEN DEBEEEE G,y : S22 5 TOP™ L ERT. 0L E, LITARY L.

LEMMA 3.2. i =0,...,p—2ZL T, ROEAIL .

S2n+2i
N gn+i
Cn+ti-(p-1)

soprti-(-1) — U(n)

€nti—(p—1)

SERRIIR O RN TR Z 21T &b ¢

(3.2) 52n+2ic__j‘__ CP:rii—(p—l)-H 2 cP> E Qw.,

i I Pk

J3

» O prti—p-1) —— SO pr-l én_—l_> U(n)

ZET iy s BEEEL (BLUBEEED SFHINBER) T, FIF HEDRAA
SCPY — Wy, @ adjoint THH. T, 22D 0k FhEN 2 DD cofibration

CPvHi=t=D 5 CP™ = CPMY 1y

CP" ' — CP® — CPFy.
DRERINOEFEELTH 5.
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FERE. §0kojoofi = Gy BT 8410 j3 = éntim(p—1) CH DI LM Lemma 3.27°
Hohb.

PITF Theorem 14257 T. 0<i<p—-2,0<j<p-2Di+j=p—2DEE,
Lemma 3.2 2> 6

(€ i) = (€i» Entim(p-1) © Cnim(p-1)) = (€3 En1)=i) © (Z* Ginr)—i)-

2B ZZT A=Fo (6 A gory—i) EBE, Efe, SHLATCPEU D (20 - 1)-
skeleton 2B Bz ¢ £ B<.

(n—1-i)c il€,

G2+l p G2n+2j g2n e Qw,

g

52+l A o pln-1)-i U(n)

{€irE(n—1)=i)

WOcEBT 5 L, 52+ A SCPO-U-i 53 0n k5T T, QW, B (2n — 1)-ERR DT, A
13 S BEHT A, &6, arERY - LOHEICLY, A=(ilg)od 725,

—%, akEay -~BH (CP",Z) DEMTE t LBL &, H-2%-1 (TCP™; 7)
BT PYD D) = (n - 1 - )St" TH N5,

q o (T ap0)-i) = (n—1—i)on
LT,
(€, Ensi) = 00 (i18,) 0 o (B 4poyy—i) = 60 (il€)) o (n—1—i)a = il(n—1—i)(Ex o).
PB0<i<p-2THolz,6, illn—1-4)%£0 modp. 2E Y. (&, npy) # 0.

COROLLARY 3.3. pZFEH e L. 0<k<n-1<p-1(i=1,23), ko +ks > p—1,
ki +ko+ks=2p-32T3.20LE, Un) BT,

(k1> (Eka» €e)) 7 0 € Tap—3(U(n)).
Proof. n < p’2®T, Samelson D BAMENS . Up) ICBWT,
(€k1s (Ehas €e)) # 0 € map-3(U(p)) = Z/pZ
ZRElE+4C%H 5 . Theoreml.34>5
(€hr> (Eas Exs)) = Falks! (s, Ehots)

. Theorem 1.4 £ V. €k, Gppihs) 70 TH IS ERARY J2D.
Bz 2T, p=3,n=2k =k = ks =12 THUZ, Hilton DFER

(13, (13, 13)) # 0 € m9(S%)
Ic—E7 5.
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4. BEHREME—EEOMEY

EERETIAV AR —FEGRNL T, REMNE—£E(G,G1EG OBEEIC LY
BEPRT.EIC, [G,GlEr 26 THERT, TomEMICHEL T S0Pl nsh
TERk FIRE. ZoIETRIEICEL UL ROER¥H 5.

THEOREM 4.1. [9, Kono, Oshima] G 3R (i),(ii) LIZRBH L &, £/, TD&&E
IZRY. [G,G)1EFEEH#. 2%V 0illG,G]>2TH 5.
(i) nikch —5 2 T™
(i) T x $® (0<n <2).
%7z, Oshimall & BRDTFENH 5.
FHE - G MBS 613, nil[G, G] > rankG.
U(n) KL Tk, ZOFRITHIET
nil[SU(2), SU(2)] = 1, nil[SU(3), SU(3)] =2, nil[SU(4),SU(4)] =3
BYES N T W5 ([18, Mimura, Oshima), [14, Oshima, Yagita)).
& T, EE9 Corollary 3.3 25 &, IRVRENS.
THEOREM 4.2. n7% 8 LB 5 4L EOBH D & &, nil[SU(n),SU(n)] > 3.

PAF. SFHOEIRE RNRD. n=4DL E [I4IC LY RENTHEDT, n>5&
j‘é.:@a%\ iﬁp&@ %ﬁklj k?) k3 T“‘
1<k <ki<kz<n-1<p-1, ki + ko + ks = 2p — 3.
ki % ko # k3 # ki mod p—1,
R TOOBNEETS. bLY, n<p< in-20&HICEH pEETNIL. Ky,
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(kl5k27k3)= ( ) . P
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DEINTEBILITE ST, BEVPDNE. iz, T & 525 p OFE [15] DIR
DERPEREIND. (7272 n=8%K<)

THEOREM 4.3. z # BA 2 OREOMERE n(z) 2 T2 L. 3> 59 DHHTIKRDOR
Evi s ARVASEE
T 1 T 3
logz (1 * 210g:v) <mle) < @ (1 * ZIOgm)
FEDE DD, ky, Ky, ks DEFEERHERRL 72D X T, IRIZ, SU(n) D mod p 571#% ([18])
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SU(n) ~ H X
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L, X, oareEay-—&Kid

H* (Xs; Z(p)) = /\(32a1+17 ce :$2a,m,+1)7

T.a=smodp—1272>T5.
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Py Jk;
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(4.1) (v, [s52, 53]) = T 0 (s A ks A diks) © (Phy A Pry A Pis) © B
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! 1 7
6k1/\5k2’\€k3

5. Generalized Samelsonf&

Samelson BlE V—AOEEEPRELET b, BHETLHZ B TESL. &<IL
suspension ¥ 4 7 DZEE TA, TBITHL T

(,):[ZA,G] x [EB,G] = [SA ATB, G|

LI ERLRD.

Theorem 4.2 DEFFIC BV T, AERFHp TRAMLT 52 2IC &oTnil[SU(n), SU(n)] =
3% 3L 7278, Qeneralized Samelson 2 A5 Z 2L -T, b o L/NSRFHTHE
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& VIEDAREME SC P — U(n) THo7ehd, ZHIUTEET & Generalized Samel-
son FEICDWT ¢

THEOREM 5.1. n 2T p DML L. 1<i<p-3,1<j<p-32Di+j=p-2
Y5 20L&, '

(&, (€j,&,_1)) # 0 in [SP~ICP™ 1, U(n)).
ThE AT, ROBREHEL.
THEOREM 5.2. n 2R p DKL T 5. 2EOWThIPKYIUD L &,
nillSU(n), SUM)]p) > 3

THD.
() p=5»2n=0orl mod4.
(i) p>7.
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Milutin Maps and Topological Uniqueness of
Fiberwise Measures

S. Ageev and E.D. Tymchatyn
2005

1 Introduction

If X is a metric space, then by a measure on X we mean a function p which
assigns to each Borel set A of X a non-negative number p1(A) such that w(®) =0
and p(AU B) = u(A) + u(B) if A and B are disjoint. We say u is regular if for
each Borel set A and for each positive number d there exist a compact set C in
A and an open set U containing A so that u(K) < d for each Borel set K in
U~c. -

Octoby and Ulam [14] proved that if A is the Lebesgue measure on the
unit cube I™ in Euclidean n-space and p is any other regular Borel measure
on I™ so that pu(I™) = 1, u(8(I™)) = 0, u({z}) = 0 for each point z € I”,
and p assigns positive measure to each non-empty open subset of I™, then p is
equivalent to A in the sense that there is a homeomorphism A : I™ — I™ such
that A(A) = u(h(A)) for each Borel set A C I™.

Octoby and Prasad [13] proved the same result for Lebesgue measure A on
the Hilbert cube Q in 1978. Among other interesting results they showed that
) is universal in the sense that if X is a compact metric space and p is a regular
Borel measure on X with p({z}) = 0 for all z € X, then there is an embedding
e: (X,p) — (@,A) in the sense that e is a topological embedding of X into Q
and such that p(e(A)) = A(A) for each closed set A C X if u(X) < 1.

Kato, Kawamura, Tuncali, and Tymchatyn [9] obtained analogous results
for the positive dimensional Menger cubes in their study of chaotic homeo-
morphisms on these spaces. The authors in the last named paper used Bing
partitioning. Similar techniques are used in the proofs in Section 3 of this pa-
per.

The notion of fiberwise measures is the natural expansion of measures from
spaces onto continuous maps. This notion goes back at least to Milutin [12]
and Birkhoff [3]. Milutin maps are maps which admit continuous families of
measures on fibers. Pelczynski [16] in a major study of Milutin maps gave
another proof of Milutin’s theorem that C(X), the space of continuous maps of
X into the real line with sup norm, is linearly homeomorphic to C(C) where C is
the Cantor set, if X is any uncountable, compact metric space. Many results on
Milutin mappings are contained in the monograph of Repovs and Semenov [18].
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In this talk, I will be concerned with two problems: (1) Characterization of
(nice) Milutin mappings and (2) Existence of universal fiberwise measures. In
particular we give a topological characterization of mappings admitting exact
and atomless fiberwise measures.

2 Milutin Mappings

In this section, we deal with metric spaces and continuous maps except where
otherwise indicated. Let C(X) denote the Banach space of all bounded contin-
wous functions of X to the real line R! equipped with the sup-norm and C*(X)
the dual space endowed with the weak topology with respect to C(X). The
space of all regular, positive, finite, Borel measures on X is denoted by M(X)
and equipped with the weak topology with respect to C(X). Every measure
1t € M(X) generates a linear positive functional u = R(p) given by the formula
uw(¢) = [y ddpu where ¢ € C(X ). According to the Riesz representation the-
orem [2], for every compact space X, the correspondence R:p+— Ru)isa
linear homeomorphism between M(X) and C% (X) C C*(X) - the subspace of
all linear positive functionals. Moreover, R(P(X)) = {u € C3(X) |u(lx) =1}
where P(X) € M(X) is the subspace of all probabilistic measures.

For every map f : X — Y, a fiberwise measure on f is defined to be a family
{py}yey of measures py € M(X) such that

(1) py continuously dependsony € ¥’ (or, equivalently, [y @ dp, is a continuous
function on Y for every ¢ € C(X)); and

(2) supp py = (A = cl(4) C X |p(4) = p(X)} lies in FHy) forevery y €Y.

This notion is the natural expansion of measures from spaces onto continuous
maps (see Theorem 2.1)

The space of all fiberwise measures on f is denoted by M(f) and equipped
with the weak topology with respect to C(X) : Oc({py}i b1, .-, 0n) = {{vy} €
M(f) : || [y ¢ duy — [ didvyl| < for every ¢}, where & >0 and ¢; € C(X),
is an element of a basis at {uy} in M(f). Let L(C(X),C(Y)) denote the
space of all linear operators endowed with the weak topology with respect to
C(X). And lastly, let L(f) denote the subspace of all linear positive operators
u: C(X) — C(Y) such that

(3) uley): C(Y) — C(Y) is an operator of multiplication by some positive
function a, € C(Y), ie., u(d) = a, - ¢ for every ¢ € C(Y) (we assume that
C(Y) naturally lies in C(X) by identifying each ¢ € C(Y) with o f € C(X)).

Theorem 2.1 (Fiberwise Riesz representation theorem [16]). Let f: X — ¥
be a surjection of compacta. If {p,} € M(f), then the map u = R({uy}) :
C(X) — C(Y) given by the formula



(4) w(@)(y) = [ ddpy, ¢ € C(X), y €Y,

is an element of L(f), and the corresponding function c,, is defined by oy (y) =

« Lx duy. The correspondence R : M(f) — L(f) 15 a linear homeomorphism.
Moreover, R(P(f)) = {u € L(f)| v is a retraction } where P(f) C M(f) 1s the
subspace of all probabilistic fiberwise measures.

If Y = {pt}, then this theorem transforms into the usual Riesz representation
theorem as C({pt}) = R!, and the map f : X — {pt} is naturally identified
with the space X.

Some words should be said about the terminology. A map f admitting a
probabilistic fiberwise measure is usually called a Milutin map [19]. A positive
linear retraction u : C(X) — C(Y) is called an averaging operator. Therefore,
Theorem 2.1 asserts that f is a Milutin map if and only if f admits an averaging
operator.

It is known that each open surjection of complete metric spaces is a Milutin
map (see [11]); the converse is false. The first example of fiberwise measure on
a surjection m : C — I (not open) of the Cantor set C onto the unit segment
I was discovered by Milutin in 1950s and then applied by him to solve the
classical problem whether C(I) and C(I x I) are linearly homeomorphic [12].
Pelczytiski [16] posed the problem on topological characterization of Milutin
maps which was settled first for metric compacta (see [5, 8]), and then for com-
plete metric spaces (see [4, 20]). We add to the list of known characterizations
a new one.

Theorem 2.2. Let f: X — Y be an arbitrary map of a complete metric space
X onto a metric space Y. Then f is a Milutin map if and only if there exists a
complete subset Xo C X such that fo = flx,: Xo — Y is an open surjection.

The proof of Theorem 2.2 essentially uses conditions under which an open
preimage of a complete metric space is again complete. Recall that an open
image of a complete metric space is complete (Sierpinski-Hausdorff Theorem [6,
p. 341], [1, p. 53], [10, p. 45]), and the converse fails even if all point preimages
are complete. To get a converse of the Sierpinski-Hausdorfl Theorem, we should
formulate it a bit differently.

Theorem 2.3 (Sierpinski-Hausdorff criterion). Let g: Z — Y be o surjection
of a complete space Z onto a metric space Y. Let Zy be a subset of Z such that
fo = flz,: Zo — Y is an open surjection and Yy N Zy is closed in Z for
everyy € Y. ThenY is complete if and only if Zo is complete.

As an easy corollary of Theorem 2.3 we get the condition of completeness
for the support of a fiberwise measure on a map.

Corollary 2.4. Let f:Z — Y be an atomless Milutin map of complete spaces
and {p,} the corresponding atomless fiberwise measure. Then suppi iy} =
{U{supp py |y € Y} is complete.
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Depending on the type of fiberwise measures on maps, we distinguish special
Milutin maps. A fiberwise measure {1, } on a map f is called ezact (atomless),
provided that supp g, = f~1(y) for every y € Y (uy(z) =0 for each y € ¥ and
z € X). Simultaneously, exact and atomless fiberwise measure is called exact
atomless. Let Mga(f) (Mg(f) or M 4(f), respectively) denote the subspace
of all exact atomless (exact or atomless, respectively) fiberwise measures on f,
and Pea(f) (Pe(f) or Pa(f), respectively) the subspace of all probabilistic
exact atomless (exact or atomless, respectively) fiberwise measures on f. A
map f admitting a probabilistic exact atomless (exact or atomless, respectively)
fiberwise measure is called an ezact atomless (exact or atomless, respectively)
Milutin map. These notions seem to have been examined first in [19] where the
topological characterization theorem of exact Milutin maps was established.

Theorem 2.5. A continuous map f : X — Y of Polish spaces (i.e., completely
metrizable separable spaces) is an exact Milutin map if and only if f is open.

If a continuous map f : X — Y of Polish spaces is an exact atomless Milutin
map then f is open and has perfect point preimages (i.e., the preimage of an
arbitrary point contains no isolated points) (see, for instance, [5, p. 199]). The
partial answer to the natural question on inversion of this fact was found in
[19]. We develop a new approach to exact atomless Milutin maps and prove
their topological characterization.

Theorem 2.6. A continuous surjection f : X — Y of Polish spaces is an ezact
atomless Milutin map if and only if [ is open with perfect point preimages.

As is well-known [15], P(X) is metric for any Polish space X. If Xo C X is
Polish, then P(Xp) naturally lies in P(X) and P(Xo) < P(X) is a topological
embedding. Therefore, the following topological characterization of atomless
Milutin maps is an easy consequence of Theorem 2.6.

Theorem 2.7. A ‘continuous surjection f : X — Y of Polish spaces is an
atomless Milutin map if and only if there exists a Polish subspace Xo C X such
that fo = flx,: Xo — Y is an open surjection and Xo N f ~L(y) is perfect for
everyy € Y

Another application of Theorem 2.6 is concerned with a possibility to as-
sign continuously atomless exact measures to the point images of a multivalued
mapping.

Theorem 2.8. Let F:Y ~» Z be a lower semicontinuous multivalued mapping
of Polish spaces with nonempty closed values. If F(y) is perfect for everyy € Y,
then there ezists a continuous map u:Y — P 4(Z) such that supp u(y) = F(y)
for everyy €Y.

Let 2% be the hyperspace of compact subsets of a Polish space X endowed
with the Hausdorff metric, and Perf(X) = {A € 2%|A is perfect}. Since
Y = Perf(X) is a Gs-subset of 2%, Y is complete. The following fact is an easy
application of Theorem 2.8 for the lower semicontinuous mapping F': ¥ ~ X,
F(A) = A



Corollary 2.9. There exists o continuous map p : Perf(X) — P(X) such that
p(A) € P4(X) and supp p(A) = A for every A € Perf(X).

It should be noted that our approach gives also an alternative proof of the
topological characterization of exact Milutin maps (Theorem 2.5).

The proof of Theorem 2.6 is substantially based on the Michael zero-dimensional

selection theorem [18]. Each probabilistic fiberwise measure {uy} on f: X =Y
can be treated as a selection s : ¥ — P(X) of the multivalued mapping
F Y ~ P(X), Fly) = P(f~t(y)). Clearly, a probabilistic, fiberwise, ex-
act, atomless measure {u,} on f is a selection of the multivalued mapping
G:Y ~ P(X), G(y) = Pea(f~(y)). Therefore, at least in the case of zero-
dimensional spaces X the proof of Theorem 2.6 is reduced to the verification of
hypotheses of the mentioned selection theorem.

3 Topological Uniqueness of Fiberwise Measures

This section of the paper will be concerned with the investigation of topological
uniqueness and universality properties of exact atomless fiberwise measures on
a perfect open map f: X — Y of separable metric spaces. Since the function
a:Y — (0,00), a(y) = ||uyl}, y € Y, is continuous, the general case of fiberwise
measure {p,} is easily reduced by division on the corresponding continuous
function defined on Y to a simpler one with ||py|| = a for some constant 0 <
a < 1.

In view of the above remark, we will investigate only fiberwise measures
satisfying ||py|] = o for some 0 < a < L.

We say that a Milutin map f has a topologically unique fiberwise measure it
for every pair of fiberwise measures {uy} € Pga(f) and {ry} € Pea(f), there
exists a homeomorphism H : X — X such that

(5) H is fiberwise, i.e. foH = f; and
(6) For every y € Y, H transforms {py} into {vy}. B

In this definition, there is no sense to mention the words “exact atomless”
because the requirement of uniqueness outside the class of exact atomless fiber-
wise measures trivializes the notion.

The results of Octoby-Prasad-Weiss [17, 21] assert that the Hilbert cube @
has topologically unique measure — the Lebesgue measure A. One of our main
achievements is a parametric version of this theorsm. Let X = Y x ¢ and
p: X — Y, ply,q) = v, be the projection onto the metric space Y. Let {Ay},
Ay = 8y x X, be the standard exact atomless fiberwise measure on p.

e py(H™Y(A)) = wy(A) for every Borel subset A C X. For brevity, we dencte it by
Ly © H™ !l = Wy OF iy = by o H. Since f is perfect, the Riesz representation theorem easily
implies that py = vy o H iff [y ddiy = [ ¢ o H dyy for every ¢ € C(X).
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Theorem 3.1. The standard exact atomless fiberwise measure {Ay} on p is
topologically unique.

This theorem is equivalent to the Octoby-Prasad-Weiss Theorem if ¥ =
{pt}. The method used in the proof of 3.1 can be applied also to the case in
which we replace @ by the finite-dimensional cube I, n > 1, and Lebesgue
measure A, on I™. In this case, the corresponding Theorem, equivalent to
the Octoby-Ulam Theorem [14] if Y = {pt}, asserts that any exact atomless
fiberwise probabilistic measure {v,} on p : X =Y x I" = Y, p(y,q) = ¥,
with 1, (Y x 9(I")) = 0 for every y € Y can be transformed into the exact
atomless fiberwise Lebesgue measure {\y}, Ay = 8y X Ay, on p. As an immediate
consequence of this result for Y = {v € Pg4(I") | v(8(I™)) = 0} C Pga(I™), we
prove that there is a continuous choice of a homeomorphism which transforms
ap € {v e PegI?)|v(d(I™) = 0} into A, (Fathi’s question [7, 17]). In
turn, Theorem 3.1 straightforwardly implies the validity of the following infinite-
dimensional analog of Fathi's question.

Corollary 3.2. There is a continuous map F : Pea(Q) — H(Q) such that
po F(u) =X for each p € Pea(@).

Theorem 3.1 can be reformulated in terms of topological transformation
groups. Let Hf(X) be the group of all homeomorphisms of X' =¥ x @ preserving
fibers of p and equipped with the limitation topology. There is a natural action
of HI(X) on Pga(p). In particular Theorem 3.1 asserts that this action is
transitive. We are able to prove that in fact this action is micro-transitive in
the sense of [1].

An easy and standard consequence of Theorem 3.1 is the universal property
of fiberwise measure {A\yJonp: X =Y xQ — Y. Given amap f : X =Y,
the fiberwise measure {u,} € Pea(f) is called universal if for every fiberwise
measure {w,} € Mga(g) on a perfect map g: Z — Y with 0 < a = [lwy|| <1,
there exists a fiberwise embedding e : Z — X (i.e. foe = g) such that e
preserves the fiberwise measures {wy} and {uy}, ie. wy(B) = py(e(B)) for
every y € Y and every Borel subset B C Z (= wy = py0e). ‘

Theorem 3.3 (Universal Property of Fiberwise Measure). The standard ezact
atomless fiberwise measure {A\y = 8y x A} on the projectionp: X =Y xQ =Y
onto a metric space Y is universal.

The case of trivial ¥ is well-known [17]. In the general case, this Theorem
permits us to produce a representation of fiberwise measures on perfect maps as
the restriction of the Lebesgue measure \ on fibers. First, we describe particular
examples of exact atomless fiberwise measures which turn out to be general. If
{wy} € Mga(g) is a fiberwise measure on a perfect map g : Z — ¥ with
0<|lwyl|=a<1l,ande: Z — X =Y x Q is an embedding fiberwisely
preserving measures {wy} and {\,}, then each e(g™!(y)) =p~'(y)Ne(Z),y € Y,
belongs to the subspace M, = {4 € 29|\(4) = a and A|a€ Mga(A)} of
exponent 2. Such a subspace M, can be defined with respect to arbitrary



exact atomless probabilistic measure X' on Q. Since @ has topologically unique
measure, the topological type of M, does not depend on the choice of X'

An arbitrary continuous map @ : ¥ — 2% where Y is a metric space gener-
ates the graph Gr® = {(y,q) : ¢ € ®(y),y € Y} CY x Q of &, the projection
75 : Gr® — ¥, given by e ({y}x ®(y)) = v, and the fiberwise measure {7, (®)}
defined by 7, (®) = &, x Alay). Below we give the typical example of atomless
fiberwise measures.

Theorem 3.4. If Im(®) C M, where 0 < ¢ < 1, then {my(®)} is an ezact
atomless fiberwise measure on the perfect map Te.

The inverse problem of representing an arbitrary exact atomless fiberwise
measure on a map in a similar manner is more complicated, and it can be
settled with help of 3.3.

Theorem 3.5 (Representation of Fiberwise Measure). Let 0 < a < 1 and
{wy} be an ezact atomless fiberwise measure on a perfect map g : Z —Y of
metric spaces with ||lwy|| = a for each y € Y (and therefore, g is open). Then
there erists a continuous map ® : Y — M, such that g and {wy} are fiberwise
homeomorphic to g : Gr® — Y and 7, (®), respectively.

Indeed, by Theorem 3.3, there is a fiberwise embedding e : Z — ¥ x @
preserving {wy} and {A\,}. Now, the desired continuous map ® : V' — M, is
defined by {y} x ®(y) = e(¢97(y)), y € Y. It can easily be H : Z — Gr&,
H(z) = (g(z2),e(2)), z € Z, is a fiberwise homeomorphism, and H (wy) = m,(®).

In view of Theorems 3.4 and 3.5, M,, 0 < a < 1, can be called classifying
spaces for exact atomless fiberwise measures on perfect maps. Next, we examine
their topological structure.

Theorem 3.6. For every 0 < a < 1, M, is homeomorphic to the separable
Hilbert space 1. Besides, M® = {A € 29 |\(A) = 0} is homeomorphic to lo.

The following problem of extension of embeddings fiberwisely preserving
measures seems to be of significant importance. Let {w,} € Mga(g) be a
fiberwise measure on a perfect map g : Z — Y with 0 < a = |Jwy]| < 1, and
e g — X =Y xQ, Zy = g 1(Y¥p), where Yy is closed in ¥, a fiberwise
embedding (i.e. poe = g) fiberwisely preserving {wy} and {A,}. Does there
exists a fiberwise embedding e : Z — X fiberwisely preserving {wy} and {Xy}
and extending ep? With the help of Theorem 3.1 we are able to give a partial
answer to this question.

Theorem 3.7. If there ezists a fiberwise embedding ¢ : Z — X eztending eq
such that

(7) The function y € ¥ = A\y(€'(Z)) is continuous,

then there erists a fiberwise embedding e : Z — X fiberwisely preserving
{wy} and {A,} such that e = eg on Zy and e(g™(y)) is a Z-set in {y} x Q for
everyy € Y N Yo.
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We are able to verify the property (7) only in the case of a projection g :
Z — Y of a metric compactum Z = [0,1] x Z’ onto Y = [0,1] and ¥y = {0} :
¢’ = id; x eg. Then Theorem 3.7 easily implies the Z-approximation property
of a measure-preserving embedding.

Corollary 3.8. Let u € M4(Z') and 0 < ||p|| < 1. Then every measure-
preserving embedding f': (Z',p) — (Q,A) is arbitrarily closely approzimated by
a Z-embedding which preserves measures. Moreover, there exists a homotopy
he : (Z',p1) — (Q,N), 0 <t <1, consisting of measure-preserving maps such
that hg = f' and hy is a Z-embedding for every ¢t > 0.

In general, the verification of the hypothesis of Theorem 3.7 is an open, quite
difficult problem. ‘
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FZEMSFHER L T OREE
EMREEER  FH FE

§1. R

M ZERER CP-TMSEHEL LT, DiffM)% 27 FaBZzbD
M DS REEEORTEHL TS, Diff M) CPBEAND EE, &
DERERSZ DM) £ETZ LICT 3. DM) ITRMFHICELOBEZ D
b, RS OSFICEELTHIESN TS, LR b D(M) ITRER
ERBTHHHIC, TOEEHREEIC OV T—REREEZRIL T LT
FEFICELVWEETH S,

T TIED(M) ORIAEEE LRV T, B LTOREICEELTEET S,
—RREIIT 2 D DERE R C®-FIAS SR My, My IZ8 LT, D(My) & D(Ms)
NEEE LTHRERLIEM, & M, s RMEeZ L 23, Filipkiewicz [FI] 12 &
VEEFHEN TS, fEoTD(M) IZ M OSBROEELRET S L) REE
REEEE L O L RSB, —H TEOREEY AN L LiXEL
HLVWEHETHS,

D(M) DEHEEIZ OV TIE, Herman [HE], Thurston [TH] 23 55&8d 2
. D(M) OA#HTEE [D(M),D(M)] BD(M) b —FKT3Z L EEHLE,
C OERITERBERICHIT S Haefliger SEEROBEOHEICLAEND Z
EBREMBNTWVS,

TSR M BESMRIEEE b oL &, M ORMENEE2E MY
FHED 5725 D(M) OFFEICONTHEIHERRENTVS (cf. [BAZ)]),
CTOBETREM RN N —BEGRIATHSERE b OBEIC. MO
FESS EREE Do(M) TV TEOXBRTHOBEEZEZEEZEL TINE TS
BN ERPRARS, —REICD(M) IIELBE TR, #oT D(M) D3
BFHIC I AERL LTESSND 1 RaRER V—8 Hi(De(M) 2R 3
ZLERHETH D,

TSy G-S 1R M R—DEER L SBEER L URKRT 1 O#ER H0BE
ICIEZ OBERRET DI ERTED, T EHFREDBEITS Hi(De(M))
OBERERITRET D2 R TE S, ZOBRIIAHMAITERDOREIZLE
Eih, BLEBEEZEYBRIAREOBEIEV 27— BH~bRATIZ
LRTED, EERAEREERY Ty YREEOBECLEREL TRRAZE
B LIRTED,
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TNBOKRESORRIIREROEFMER L OXFAMETHELNALEDT
HB.

§2. D(M)DIEBFEIE

T CIRAMAZEERIIT AT CCRTH S L T5, EfEFARISHRE M
KR LT, D(M) 227 Faa%kboAf Y hE—IiCh Y M OlEEEH L
AV NI M OWSREEEDRTEELT S, D(M) X Dif f(M) DB
EEBOERERS Diff (M) L —BT 5,

—JRICEE K NEORHBTRE (K K] BT D LEREHTHD LWV, £
Hi(K)=K/[K,K| % KD 1RERERS—BL NI, DM) Dbo80Ek
AHHEE L LTI, ROZEBHBNATND, ,

Theorem 2.1 ( Filipkiewicz [FI]) 2 DDTRMIERRE My, My P&
HThANETHEEI D) & D(M) BEEE LTREL 2L TH S,

Theorem 2.2 (Hermann [HE], Thurston [TH]) M 23EREAIHLG SRRER
HIZ D(M) TEHETH D,

ZHTFEE [D(M), D(M))] VX BFBETH S LV H Epstein [EP] m#ERZ AW
% &, Theorem 2.2 £ Y D(M) bHEAMEE L 25,
BERP LOAMSSEEITOVWTIIRD Z L SEHEN B,

Theorem 2.3 (Fukui [F]) Hi([0,1])Z=R&R.

Theorem 2.4 ([AF5]) M 232%Tl EOERE & OLHRME2LIE D(M)
IIEEHTH D,

N % M OBHE#FELTBHLE, D(M,N) & N2 RETTITNDHRD
D(M) OEGEHET D,

Theorem 2.5 ([AF5] )
(1) N = {pl,...,pk} fiBfiHl(D(M,N)) 2R x---xR
(2) N ORFTR 1RTUA L2 BIE, D(M,N) 3£ TH 5,



§3. Dg(M) ®1RFTHEDS—F

av Ay MY —BEGITH LT, M 2785 G-kl 75, he Diff(M)
iZh(g-z)=g-h(z) (9€G, z€ M) ZHTLE M OREBRAIRABETHS
Wy, IRy R RERLO M ORERSRHEORTEE Dif fo (M) &
L. Diffe (M) DIEEEHDOERERS % Do(M) LET,

Theorem 3.1  (Banyaga [BAl]) ¢-iR3E h—7 RBET! 2 M TR TH
SHEBEIZERAZLTWE LTS, Z0LE dmM/T? > 17261E Dre(M) I
EEHTH D,

M BEHSEy G-EHEDLE, Go={9eGlg-z=2z} Bz c M ODEGTH
SEELVD, G, D GIBIDEREE (G,) eRTLE, {(Go)|lz e M} 2
M OBERE LN,

Theorem 3.2 ( [AF1])

(1) M #=ar 47 FV—#GH BaERZ L O G-ZHE T din M/G >
1 261F De(M) iH22HTh 5.,

(2) M &M 1 SOBEE % b OFMY G-ZHRET AL M/G > 1 75, =
D rE De(M) FEEHTHS,

— R De(M) 13 M OBEEESTERESEE Lo dICEME T3k
VW, ROBEILZ Z TOMEICBVTEELANTH D,

Lemma 3.3 § #F#éT5, u: R—=R% (=40 icEEbH. CHAHET
SERITHHEVCP-EHLT S, Z0LE C°BEv:R—-R & O
SEMEG: R — R THD (1),(2),3) 2B-THOREET 5,

(1) supp(v) C (—2+/38,2v/36), |v(z)| < 34,

(2) supp(@) C (=6,0) T ¢ 1L (=4,8) ILEELDC®A VY FE—TIEEER
24 Y My 7 RbOBEFET D,

Byu=vo¢—uv,

Theorem 3.2 MFFERIZIE Thorem 2.2 & Lemma 3.3 ZFH 15,
- ERT1EEEZ LOBE

Wi M &k 1 9% b OTMS G-2BEL T3, Zoks M/GIES
E7213[0,1] LEETHB, M/GH St L AMARL ik, Theorem 3.2 125V,
Do(M) E=aBETH B, M/GAR[0,1] LFMRE ik, MIZ2E7E3ED
SEEE b0, (H) % (0,1) ST 2HEE (ETMER) <. (K) (=01

3
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FOCRINT 2EE (BRYER) L35, HOGILBITHEREZ N(H)
9B, ZOLERDERERD,

Theofem 34 ( [AF2])
Hy\(De(M)) = R* x Hy(((N(H) N N(Ko))/H x (N(H) N N(K1))/H))o)-

Theorem 3.4 DFERRIZ 1L, Bredon [BR], Bierstone [BI], Schwarz [SC]IZX Y
SRR S NI TS G-SRRE M OBEZR M/G oA Y =% M ORE
AV PE—~DY 7 hTEDLENWIRERL. [AB] D5 L F#ERE K U Baker-
Campbell-Hausdorff O EERIZ L 2 AWM 5 RIAE D& RDIE DE Y Oz
W3,

VEaus_y N —EEGORBRZEM TV OEAERE S(V) IZ G B HEBRICIE
ALTWSLEETSR, HES(V)DRp DEFELEELT 2. M =S5(VaeR)
LBL & MITEERG-ERAE L ORE T, (H) 2 FHERL LTG p= G/H
I M OHERT 1 OFBETH D, E/e M OB L EBEIEERT Ko = K =
G &irb, ZD& & Theorem 3.4 LYV IROERRZD,

e H M N@EH/H  H(De(M))
SO0(n) (n > 3) SO(n—-1) S* Zy R?

SU(m) (n>2) SUm-1) 8 UQ1) R*xU(L)xU(Q)

U(n) (n>1) Umn-1) S U(1) R*xU(1)xU(1)
Sp(n) (n>1)  Spn—1) S*  Sp(1) R?
Sp(n) xz, S (n>1) N; g Zo R?
Sp(n) xz, St (n>1) N, gan St R?x 8t x §*
G su@E) S Z R?
Spin(7) Gs S8 Zs R?
Spin(9) Spin(7) S8 Zs R?



ZZ TN and Ny FRD K ICEZBND Y —FTH D,

N: = {[(g,A),¢7"] € Sp(n) xz, 5% (g, A) € Sp(1) x Sp(n — 1) C Sp(n)},
Ny = {[(z,4),z7%] € Sp(n) xz, 5% (2, A) € §* x Sp(n — 1) C Sp(n)}.

CRRT2HEZ L OBRE

on % Uln) ®2n RITOEEHERE L, 0 Z 1 RTOBRARKRR LTS,
U(n) @ 2n+ 2 WTEEHR p, ® 20 DEREFMOBENREE S(p. @ 20) L35,
ZDEE S(p, ®20) 1 U(n) OFEIER%Z 0 2n + 2 IRITERE THRIRIT 281
EEbH, BLUEZER XD LEETHE, ZDLE

Theorem 3.5 Dyn)(S(on ®20)) I3ZEHETH S,

Theorem 3.4 12X Y Hi(Dyw)(S(pn ®0)) = R?* x U(1) x U(1) L7235,
W =W??"1d) (n>2,d>0) 2ROXTEX b5 Brieskorn Rk & 5
Do (20,21, ,2n) € C™H :

2B+ 422 =0
|2 + |21 -+ |za]* = 2

W = WL (d) ~0 O(n) IEREKRD & 5 152 5,
A € O(n)’ (ZO,Z17' . 7Zn) S CTH—] LC*‘TLT

A'(Z())Zlv"' 7Zn)=(z01A'(zl7"' az'n)>

O(n)-Z#E W = W 1(d) X Hirzebruch-Mayer [HM] IZ & Y BFFE STV
T. FOEBEZERIT D LRAETHS,

Theorem 3.6 Dom)(W) ITZEHETH D,

Theorem 3.5, 3.6 1Z, Theorem 2.4 & Hirzebruch-Mayer 7% O(n)-Z4&EDE
BERSTFEZRAVT, BREHUEDEY TO Doy (W) DTNELEVEHR
RBEZ L TEHHRATED,

84. HARBERBFIUTHSHER

O TIREMICERE G OBREERRAZERAOBEEZEEL T, RICTORE
REFREIMERT 27 HS G-2BREB LUFHMOREEDOBSICAT 2.,

V 2FREEC OEBRERM LT3, Aute(V) 2V O G-RERZE DEFEREE
BEEoES L L, Aute(V)o & Aute(V) DIEEEGOBERRS T 5, VC
ZVOBEERDEE LTS,

(@
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Theorem 4.1 ([AF7])) (1) dimV® > 02 51F Dg(V) I3mLBETH B,
(2) dimVC =072 51F Hi(D(V)) = Hi(Auta(V)o).

GORBZEREV 2BHNEFRCHMBL TV = eL,kV, EREND, 22T
{Vi} REWZRE T2\ G DBERNERET, b TEQCERTHD, Home(Vi)
%V, D G-RERBCHEVEREEKDESE LTS,

da

A

Corollary 4.2 ([AF7)) dim V¢ =025 Hi(De(V)) 2 RIXU(1) x --- x U(1),
ZZTdytxdim Homg(V;) =2 £ 7223 V; DEETH 3,

Example 4.3 V Z0Q2) ICEENI2HREGC ORBZEMETD L. GIIEK
BEZ, (k>2) I 2EEHED, (1>1) TH B,

R fG T,
RxU() ifG=Z, (n>3)
Hi(Dg(V) =4 0 if G =Dy
R2 if G2 D,
R fGED, (n>3).

Theorem 4.1 DFERITIL, Theorem 2.2, Tsuboi [TS] I L 5 IEEHEEDES
PR OMs RIFRRE DFEE M K O Sternberg [S1], [S2] DFEE VS,

Definition 4.4 (FI#&S#EEE)

RG ARy b, NTRRVTEE M BROFEERITHREREO = {U]ic
A} ZH 0L E n RITFMAITEETHD L1 5,

(0) U, U; € O 2 BIE UiNU; € O,

(1) &% U; e Olznt LT, BIREED, OPRAL2FAMASERZ b OR 0RES

U BIUREER ¢ U/Ti — U BDHETS,

(2) Us CU; 2 biE, TS RBOHIAL ¢« U — U; BEEL TROFHE

Xz T. .

U U;
[m l’rj
7 /T ﬁj/rj
- -
U; < U;



RO (Ui, ) & M ORFTEZEL NS, f2 M EOEBREREET L

&, M O&RFERE (U, ¢) CHLT, U = Oy1 25 U -1 R 85744
EBThALE, FRAMOSTHDLENVS, h: M — M BE#ESTHD &
3. BEHOEE f M > RICHLTfoh BB THEZLETD, &
7h: M— MDPESEHEEIZR &R REOHSEBRTHLZ L EESET
b. M BEESBEEO L EITHARSSKREDHEE LAKRIC, 27 |
RBEELOAY M-I VIELEESR LA Y MYy I 72 M OSREEED
RTEEE DM) EET,

pe M BPUIBEETHB LT, p ORIV ORFEE (Ui, ¢:) ITHLT,
mi(B) = ¢s(p) BT A € U; 25 "SRR (I, U;) OIMIARBRTHD =
& L35, Strub [ST], Theorem A LV p BIMHBRATH D LV 5 ERIZL,
p BT RITEEDORUEIC L b2,

Theorem 4.1 & Fragmentation lemma 12X D IROFERZHES,

Theorem 4.5 ( [AF7)) EREAMSPIES M IZH LT, {p,...,pe) B M D
M HERROEETHD L X,

Hi(D(M)) 2 Hy(Autr,, (Vp,)o) X «+ - x Hi(Autr, (Vp,)o)-
Theorem 4.6 ( [AF7)) M %ARE G B ERAT LMY G-ZHRELTD,
ZDEEEEZE M/G B {G-p1,....G ot BILERROESLTDHLE

Hl(DG(M)) = Hl(AutGpl (Tle)o) X+ X Hl(Autka(Tpk]\/f)o).

§5. =M

84 DFERITBA R LICERATERR., BOCKOL>725 EoU(1) 1
A%%E2 5,
5% = {(w1,wz) € C?*| |waf? + |ws|* = 1}

z - (w1, ws) = (zwy, 2°wy), ze U().

IpEESPIZ2OOEER! {(1), Zo} b B, HUEZER 5°/U(1) 1 tear drop
ELTHBNTVWE 1 ADIMHFERE B O 2RTHRETH D,

Theorem 5.1 ( [AF7]) Hi(Dya)(S®)) 2 R x U(1).

FoERE Z, ICHIBT 5 & & Dz, (%) IX5ELE TH S, Theorem 5.1 11,
Theorem 4.6 35 & O} Bierstone [BI] OfER%Z AV T, BUBZEROMSFHEDI
SEBREDEY DEZEVERDI L TELND,
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WRICED 27 —BH~DIEREEET 5, HEBRLETFEmET D, H LD
I'=SL2,Z) DERIIRO LI AL T AE#RE LT Exbnd,

az+b a b
Z—-c—z-l-—d’ for g-(c d)EF,zeH.

ZDEROKIX Z, = {21} T, J¥ALBET = PSL(2,Z) = SL(2,2)/Z5 /X H
FieHh R TEAERER 25 %25, Theorem 4.5, 4.6 ZHWB LKk %Z2H D,

Theorem 5.2 H;(Dp(H)) & Hi(D(H/T)) 2 U(1) x R%.

ZORBDOAEDIET OMEk 2 & 3 OB SERT OLFMOBEL 2D H
ROBEIZHIG LTV,

FoERIZY —<>BE C = CU {co} ICHBEESND, T OHMDRIERSEEN
I DEFEHFEL 725 CORITRALFHINT, REDESIT QU oo} &—
B3adZeidmbhTng,

H* = HUQU{x}, Rp=H/T=H/TuU{x}
L3<, RriZARZAHETS? LEMTH D, TIHMOBEE TR,

Proposition 5.3 C 281} 5 [ RZ72 co MEIEEE U NEEL THRDE
HZw= g,

() Tw={g€ Tl 5 TN 0 #6).

(2 BB ¢: Ul = C& (T 2) = exp(2nv/—12) (z€ U) LESETS
L. wIX COBREED L~DREELRTHS,

Proposition 5.3 &£ ¥ BRZ2EH (. U/f‘c,O — Rr L« ORI EU E~DRMHE
BT, ¢=po ' RUDAFEER2EZTWELEEZBND,

h: Rr — Rr SRR THS LI13KRD (1),2),3) 2T & 2353,

(1) h|(H/T) i H/T OFfSEER L LTS R,

(2) pohod it o(x) DEFETHLFHEES,

(3) H @ To- RERMASFM R REELTh M DEIERE S5 H/T O3
SEEERII« Db DBRIEETH L—BT B,

D(Rr) 2182 EHR LAY’y 7 72 Rr OMHRAMEEEROZTEHLT S,

Theorem 5.4 Hi(D(Rr)) 2 U(1) x R3.
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B# N OE&RHOH
F(N):{(Z 2) eTl|a=d=1, bECEO(mOdN)}

IR L THRERICRD Z L3R SN D,

Theorem 5.5 N >20+&t(N)% COREOREEDOELEL TS L
H:i(D(Reqy)) & RV

t(N) DEIZBMTO L IRB 2 LR bL TV 5:

t1)=1, #2)=3, t(N):N;Hu—i) (N > 2).

P
p|lN P

Theorem 5.4, 5.5 1%, Theorem 4.5 3 X1 Theorem 2.5 Z W THEHENS,
84 ORFERIIERBEEEZROWSRAMHOBEIZHIGA SN ([AFT).
EhEROMERZY Sy Y RBEROBEICLER L TERE2ER ([AF]),

[AF3], [AF4], [AF6], [AFM]).
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MY RRREE MDY —
— NS DONDORBEERE—

1 [FU®IC

Co LA MITH LT, F0C®° MoEMEE DI M EEL ZEITT 5. IR C® A
HEL, BURKESMEEZ ANZDORDIFM &L, KFETIIDIFM 2F—7U—
RELT, ZNETOFROP—DRBO—DOAEZREDIED, £V DNORMER
BEEEZAHNS, (ZORENSD) SROBEZLTAHEZVWERED.

D BEIE, Diff M OFE FE—BOBRE, & 5I2i308E2H BDiff M, BDIff°M 0
ORFODP—EOBRETHAD, BbESA—BO MIZHLTIE, ZHUIEBHTELY (&
ZWRIEE SRR BMETHS. M =S 0EER, DIfS'NEORIETHS S
(HEmOLE) WEML M52 b5 2 ERERICEATESN, M =52 05812d, 2
YA

O(3) c Diff §2
NEEFE—FETH B Z &1, T CI Smale OHHDOERE [48] &735. T EITM =S8
DOEE, BEER

O(4) c Diff $°
WRE FE—FETH S 2 &13 Hatcher DEWEER [19] THS. n > 4T LTI, Diff S»
DFREPEC—BOBREIInMRESRBECONTETETH L WEHEELRS., ELTR
OMIZHLTIIESETHRWN. LML, TRTRIERODA—RHEZSADHILIATE
DM END &, FONIERTIEARN.

ZZTI (BEOFTEHET) DIf M BLXUFOEERHTSEIIDONT, W<DMDE
GRREEEE L2 THDZEITS, (2L, DIf MIZEBL T, #HAEDIEM OELD
TE, HHWITEYRIEICDONT OMOWEENFERDOILEN 5 DWHESE, BL DILEN SO
gz 5NBH, T TIEDIFM OKRBHEEMENEBEOERNCOMEZEZ5.)

2 WOBHEEOEERS DT E— diffeotopy B —
DIfM D REOD—T, FTHDICEAEREZ LN, TOERRS DT
D(M) = 7 Diff M = Diff M/Diffo M

TH2D. Tk M o diffeotopy BEE WS, T I T Diffp M 13 Diff M QEALTTOEREKD
EET.
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2.1 HKEODSES

M DERE DB ETIE, Cerf OEAKHESR [7][8] & Smale IZ & 5 —fi Poincaré TREDHE

Bo)ic LD, A
’ Di(S") = Tag1 Zlnyy (0 25)
WEET D, 2T DL(S") = m Diff L. S” [FIKEDAE AT 57z diffeotopy #, I =
7o PL/O 3B n KITERE S™ £O smoothing (FE{L) DZTHTHDD, 0,1 Ker-
vaire & Milnor [25] 12 & % n RTHE FE—HREDORTHTHS. HH hAROP—DHA
BERED—DTH S [25] &, TOHOAFEICKD, ZEERH

—0 (n#2"—2)

0 — bFPyy1 — 6, — coker J,
—0orZ/2 (n=2"-2)

NEETBHZENFENTVWS., ZZTbP 3 n EHREOER LD IIBFENE—
B,
Jn : T(SO)—m2

3 JERRMEGEET. B4 Kervaire BRENE bPy,0 ZHERL

P s = Z/2 (2n+1#2*—1) (Browder[6])
270 (2n+1=3,7,15,31) 07orZ/2 (2n+1=63,127,---)

Lo TS, FEOBETAMN0 LRI EEEETHHEE (T73b % Kervaire BREIANER
ORE SO L2 DEE, HAVRBREL I ETHAA, Kervaire FEEN 1 L72B5ED
71 framed manifold 28 (ZOSIE+1 DETAT) BETHMT LW HE) 13, RETEHH
THD, £ OEFEOBHICHNNDET, RBROFETHS. Iab, LEL0ERDT
MDD TNBHORTNERDEE (7205 62.K50) 14 Barratt-Jones-Mahowald|[3]
Tk 8 O ERBRLIZELNAEERTHS. Kervaire FEE 1 DLRIEDEREIIDONWTI,
2 2 DPHDTRTORILTOEEEZTE (HBWEHRH) THIANNS—F, EEER
(37 B ICARECES L2 FRLTNS. ZOMEIKELT, HEORERE L
EP—s%0REMIZOWTIE, #1A1E Hopkins[20] 22 K.

2.2 FHEDSZS

OEIAEMT S N g DFIRE 5, DBREEEZS. T, DAIEAT 517z diffeotopy
il BESRERIIEIING. CCTRIOBEM, EESIEITS
Mg = To lef.,_Eg
0T BEE S2 DEA, L5 Smale DERIZE D Mo \AE BB L5, HEAT
19 72hB h—F X T DEAIIE, M3 Hi(T%2) ~NOEROZTHE-MMT SN Z &,
SN LUL
M = SL(2,Z)

ERBTERHMENTVWS., ZHICHLTg>20BAITE, M, NEITATHLILE
RERLT, M,y i3 H (S Z) NDERZT TIBHHMAT 5 LR TEY, HOZERS

1—T,—M,—Sp(29,Z)—1

2



RELND. T, Sp(29,Z) &M, D Hi(S; Z) ~NOER 2R T 2BEIZRZL, I
13 Torelli B & FEEH, FTORATRERTERVWERAIZET M, DEERERBIHT
bH5.

Bl g > 20 EE, SEERM, 3T, COEREE (55 WIIREREE) O hE—
B LD TR TdH 5 Teichmiiller 22 7, WHRIERA L, TOEZER M, = Te/ Mg
13582 g ® Riemann B moduli 227 &N BZEM £72%. Mg 1ARBEA, G, b
ROU—, MM, =5 ICREENBICBNTED TEEAEMTHY, RiBBRRD
5 OFENRTENTEE. 2D ENRG> THRED, —HRBEOMEDES L.
Sl hzo TEERHEF—I TH ORI BbOEEDNS. Lrl, JHUZDWTER
BWB AT ELTEEOT, SHEINUEIBASRNWI LTS (BREHBL
VEET B L OEOEROFEIZDWTI[40) ) .

71, FETIE DIl 5, OFEE X, ERICIE DI, T, OFE b E-BRITEER
ShoTnwab. Tabb

Diff ;5% ~ SO(3) (Smale[48])
DiffeT? ~ T (Earle-Eells[9])
DiffoSy ~ x  (FIHfE) (Earle-Eells[9])

2.3 3RAEHBRGOEE

3 WIS EME M O diffeotopy B D(M) 13 M 02 LS RBRTS. ZITEEDS
DB ONEETFTHL T TS, £ M 4 Haken DFEICIE, Waldhausen([54] 12
&0

D(M) = Out mM
Lird. DI TOwEBHONMECRRERRZET. DEC, M MRS & & DB AT,
I nTNS LD i Mostow RIPEEE [43] ITXD

D(M) = Isom(M) = Out m M

L7 (12 bBE) . Gabailld] |, TOBEE 5 DifloM ATHHETHSH T EERLL.
B 27 REROERE G108 LT TIsom(M) = G £725 & 578 3 RIERESHbE M 78
EET B EEEHALE (ZOREDEZEDORTAD—RLIIDWTIE 5] ZH) .

—E. AL RVEOBREROBENRERETEE AHREOHER [50] 1, 34T
SHEED Heegaard AP LIUVERERZRALZEBICB VT, EBRQREZRT LT
W%, 7= Laudenbach [31] DAEFR

Out F, = D, (S x S* © nBEDEFEH)

Aut F, 2 D (S x §* O nEDEFEF, rel D?)
2. T 0EE0/I, BEEE, OECAEEOPFENAERMRERTTELRT, =
BRI REERELTETND.

ERHEOSRER M, L BHEOBACRARE Aut F,, Out F, D&~ DIEE D B
EEBERRETF—T ERS>TETWS, FiIE 2 KL, BEFIL 3 Ko diffeotopy HTH
D, —HFEIBREENY BV Riemann @WOK) &, BERI ST U KITOEFE) DE
EGETARETHDHENIEEDL, FRETHD, LEOLBHREOT THEEKRNWERD
EVWHMESNS (Vogtmann @ survey[53] RFBROFH [24] ESH) .
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3 MY RIOYHEE

—BD MNY BV E=BICET 28 EDER & LT, higher torsion DERN T
EROBMICERCEEINTERE. 2FL, WEOELIA, REMOEAENBDT 7
AN—TH2 M OFEQAD—FEADEADNEZEED B WNIIET 71 /N— LT Morse BI%L
ERBEIRER E-ROEEEREETIEORGEEDIZLENDD, INLOREGZE
WNCED BT ENTELNNRETHS. REARNIZDOH Y, —DIdK. Igusa, Klein
iz &  higher Franz-Reidemeister torsion ®E#TH D ([21] ) , 5 —DId Bismut,
Lott, Goette I & % higher analytic torsion DERTH S ([5][15] ZR) . N5 DE
2, MEOHBEORALED T—RANRELLERFTHS. LIL, Hillgusa Kid
HY 22 KBWT, PRDIISEVLLAELFRERRL TS, HlliZZ ORI ED
ATWEREL ELT, T THlLERIZE & THRZ. Igusa KiZ, higher torsion D
BT E LT DONE (additivity & transfer) 2251F, HOERIC IS —R{LE Nk
Miller-Morita-Mumford %8 :

(2k)!

2 fiber
(f1i0r V3 Gysin B&, Tnld7 7 AN—ICHIBENL B, e(Tm) 3T0 Buler ) . B&
X higher Franz-Reidemeister torsion 2

Tgk(E) S H4k(B;R)

I NSONEEEFT %R —7, higher analytic torsion To,(E) € H*(B; R)
7% transfer YEE #4729 2 &3 Ma[32] IC X DA 4L, additivity IZDWTidopen TH D
7278, [22] 12 &4 Goette DEBEDERNSIEINBHES LD THD. S TlguaRid, &
B % 7= £ & O higher torsion 8 713, even part 7+ (dim M MMEED L EDHIEE)
& odd part 7 (dim M RNEFHD & EDHIFH Eﬁ) O fRETH I EERL, EHITE
FEBELT

r 13& KB 4k B2 —#% Miller-Morita-Mumford $8 My, D E
7~ 3% k¥ Ak 12 higher Franz-Reidemeister torsion %8 7o, @ odd part DFEEE

THAHIEEFHLE. (€T, LED Goette DEITD EFRA 5 13 higher analytic torsion
1% higher Franz-Reidemeister torsion @ odd part & (AA T —2kRE) —HTHLNnSZ
EBHED.

75, BARBY7E M 12xt LT higher Franz-Reidemeister torsion class D3EE AL, N
27 NIVNY RIVICEIRET BERE/N > RIVOEE, Pontrjagin O H HER (THUL((2k+1)
BET) /DT &%, Hatcher i2dk b S% L0 exotic 72 S I N FIVTHBRA LIRS
TERENPIKREREINTVS. LAL, —BOMIZDWTEEEELERAD I L%
WEDSTH 5.

FZWE, §2.3 COBETE AR, BRLLHEREER Aut F,,—GL(n,Z) D& U TESR
XNBE[Aut, DIAFEDP—ROITE UTESE I NS, Igusa @ higher Franz-Reidemeister
torsion class '

Mzk(E) Ch4k(T7T ® (C) U €<T7T> S H4k(B; Z)

o € H*(IAut,; R)

MNIEFATHANEINT, MO TEERRBREETH . IRWIEROBRIFIRFEND.
KRETIE, MOAHREOBEEON DNDOREEZET THS.
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3.1 EKE/NY RILOSEE

E2HBENTVNBE DI, ERY MUY RVOEBEREOEERFEBEDEMEL, Pon-
trjagin B p; DERTAEERRBEELLTRENS. Ti2bb

H*(BGL(c0,R); Q) = Q[p1, p2, - -]

THBH. —F, mPL/O = I, NTRTO LU THERETHS 2 &, BXU Kirby-
Siebenmann(26] D £ 72fE R Top/PL = K(Z/2,3) 05, B&AREH BGL(co, R)—BTop
HEEEREOREOD—RORE

H*(BTop; Q) = H*(BGL(oo,R); Q)
PRET S, —F, WELOHEEBILICEY, BRNERE
Diff S*—Homeo D" — Homeo R"
MESEND. 0T, iiﬁ?%"@%é??& Top = lim Homeo R™ BEZE, EFRRER
H*(BTop; Q) = Q|py, p2, - - -]—H"(BDiff 5 Q)

NELSNS. Tabs, BRE/N RIVZHEL T Pontrjagin BANER N5,
—%, Waldhausen D5 [55] Z{# > T Farrell-Hsiang [10] {2 Dif S* @ (FE) HEbH
E—RIcET 5D EOBRERL. BES (<2-7 T

0 iF4k—1
mDIfS" Q=4 Q i=4k—1 n {8
QeQ i=4k—1 n#&FHEK

FETaATED EED 1y DIfS? @ Q DT DD &L, FNEN Pontrjagin 18 pr
&5 B exotic class g IKHIET 3. TNEOEMEBIZDWTIE, RO ICEAPNZESEN
EFMLENTHELT, ZRANAEKRECHELVWBREZREHELTVS.

3.2 IrTUIT a4y OBHNEREOESEE

(M) B3> T L0519 F SBEETS, Trbs M ECHUE 2 BRw Twr 2 M
DHEEREL DL S bONELLNTRBEDET S, VYT LI T4y 0 SEEOH
73, ENLEERTF I THAHN, JI0EROMICABICERLTER. MOY—
EHECEEL, YT LVITF4vy  hROD-ERENSHHREEN, ERTHE
PEOT WD (511 EBHE) . AADES BED, BRO—DTHo 7 Flux PRIV
K [44] i & o TEEITEI .

T O, MAOFMBEREEEOEEAND, YT LI T4y BAFO—EEEZZA
L, VT VITFUAVIEREM OV TV T4y i BRw e ROMAFHEOEEE
Symp(M,w) C DIf M &L&E, TNEY VTV IT 4y I #FMEE (symplectomorphism
group) &5, FHEIZSymp M LEL<HEHDHS. Symp M DEMTTOER S SympeM
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L& BEESDM) EEE, TNEY TV I T 4y Y diffectopy B (HDWRI > TV o
FAv I EBRER) LR T5LT, DEOROBLRIFLNS.

1—SympyM —Symp M—SD(M)—1.

§4.2 THRT AEBEEMORAROSE LERD, —RITIZAFER Symp M C Diff L M
HARE NE—RAETEARVL, £RERRERNERSD(M)—D, (M) ZEHTHEHT
bz (BL, M =3, DHBAE, KRITORERENS Symp M 3T 2HEERICET
HEEREMARMEEE —RTHDT, LEITNENFENE—FES S WRRARE &
%), ZOT &3, Gromov MELRRXL[ITIIBVWT S2X S? ED/INTA—F—ADED
STV TF Ay IKEEEERELTSympS? x SZOFEME—RRNICK>TELT ST
CEEELEEZICES. FO%, IOHRIUIFRI (1232 Ik& o T EMNN, £Z<D
T EDEBHENTE . Seidel[47] 13 CP™ x CP™ EOBRERNIRI > TV I T 4y TG
LTI TV F A4y VMO RMEEORE N E-REZZERELTNS.

R TV T AT s T A T L= a o OME, T2 5 2 %R BSymp M
OAFREOD—E H*(BSymp M) OWFEIL, TNDRLBEARIESTSDHHDELEDND.
CNETICH SN TVARREC—RHICDOWTIZ [33)[34] &, F7z, Reznikov DFHX
[45][46] TIE, £ < ORBIZEOERICL DFTL WEFRHED SNTNBHH, B&EN5E
SERICEDo T LES 2.

4 BEBAIEE S o MO RIBEEORIERE

Diff M \CEESTRE 2 AN =8 DIff’ M 044822/ BDIF° M 1338 M N> RV, §iabb
WATRE M N B E=BT, &7 74 /N\—ICHEEHR R0t =dmM Q) EEE
EOEZBNTWAHDENET . BRARERMESR (ELEFHK) DI M—Dif M ®
FiE 4 5 EEER BDIfFP M—BDIf M OFENE—T7 74 N—%BDif M &THIE, 77
4TV —=3ar

BDiff M —BDiff’ M —BDiff M
NESNS. BDIf MIZEE M, T/AbbEAR M N RIVET 74 N— BB
EBBEOHRENETHEMTHS.

7=, Dif M O~ DEANEE GIZELTH, FHUTEEREE ANZEE G OHEZEH

B @ hROY— (EICIFEOD—F) O, S5Kk37ry17V—ar

BG—BG*—BG

O rEOYD—OFEIE, TS ETEITERIIR->TLS2bOLEDNS. HOHG L
LTI, 72 &2 30 BRREMSREEDIA'M (84.2) REROI TV I T4y VSR
FHEE Symp M ENEZ 515,

4.1 EBEEB M NV EIL

BB M N BRIV LTI, 1970 FERIT Gel’fand-Fuks BT L 2 FEE O ERNER
N WAIE I8 BHR) . TabBt M O Gel'fand-Fuks AREO I —RE Hsp(M) 225



A¥E7eR BDIE M OZAFEOD—READQERBER & NEZ SNz, TOLTRODE]
BEANELNS.

Hp (M) —2 . H*(BDW M;R)

I |

H*(BDIff M) ® [, (ch. classes of T'm ® H(an; O(n))) —— H*(BDiff° M;R) (1)

I [

Jeiver (ch- classes of T'wr) @ higher torsion classes —— H*(BDiff M;R).

7 =T EDif M—BDiff M 13082/ LOEE M N> By, TridEn7 74 N—75"

FOEEN Y BRIV (tangent bundle along the fibers) , ch. classes of T7 {3Z® (Pontrjagin
FP Buler BED) BHEEETHOLTS. £z a, IR LOBHBIRT MNUE2ED
729 NrAE Lie REZET.

CAETORETIE, MNY RVOBEEEER M\ RV ORI It E
TEEN, FRONKED ECEVWOBEFREEZDEAEMANE, WHOMEITFRID
TidnnERS, —flE LT, EFEBYICBNTM DEHEOBE I ERORR EEE
L, BottMEEREMEAT S 2 &1k D, Mumford-Morita-Miller e; @ H*(BDiff} T,; Q)
CBITAENRTATOI> 3ICHLUTHAS ZEREHALZ. —7, Kotschick REEEHD
B3F O FEIIZE 28] TIE, %B— MMM $He; @ H2(BDIfff.5y; Q) BT BEAS, TRTD
> 3THEEATHDLIEERL (e DFAWEITRBRETHS), —ROM (<M
NERE DB 1L Th, Bott WEEEE M N2 FIVOFEEEOBED D ZHAFRT
H5 ([30]) .

4.2 BEREEBM NV RVESVTVITavORBEM NV FIL

A §4.1 ORIEIL, Diff M D4 ORAFHICH L THEREZDD. £T M LITHAS
N-ARES v 2EOUAFRHEAEORTEDIF M (FEREMSFER 0BE25A
3. ZOHBA, <5z Moser DFEE [42] 12k D, AEER

Diff* M C Diff M

BERENEC—RETHS. 60T, HEEE BDIf’MIIBDITf M EEUFEME-EZD
D, —HRA(1) OEZFTITIE, transverse volume class € H™(BDiff”’ M;R) (n = dim M)
NEZEEND. ZLT, MNY RVOBEENREOREFBEREEE M NV FIVETE
a5 WIEEBETHAINENIEENZZ N5, DEFCER(L) 0F—TICEL T,
Diff* M @ Lie f¥013, BEORW M EOAY MIVESE I (M) THS. LELEIET S
Gelfand-Fuks A REOV— HX(F(M)) DEERVWEQOE IARARETHS. £, B
B NIV qdivize QBT TICE @ AWE DT — HY (advFe SL(n)) NE DR DHE
HMBERBRVRETHS. BWEROFLWERNFZNS.

DRI MM LT VLI T Ay I EREDEEEELD. IOBEIIB2TENZLIKL
LTV T T 4y B EIAREE Symp M IZ—RICIE DI M EBRBFENE-EZDS,
o TEPTL TV ITFAvT MNY RVOBEEREOREY VT L ITAvIER M
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NYRIVETHRADLZWEEEBHEHTHENEWIEENET S, DECRKQ) 0%E—1T
CEL T, SympM @ Lie R8I, M LD > TVI T4y IRT MVEEEX(M)T
5. LHALZDEED, T 5 Gelfand-Fuks I REDP— H} (X(M)) DFIER® S
ZDTE, BRENIIV AT FVBOEE ae™ 07T 48 Lie REO I FEO P —
Hr(ak2m: Sp(2n)) M E SR BDLL PN ERVRETHS. TITHLWFROFLWE
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#il 21, Thurston[51] iZ—RIZ Diffo M 2N5ELEE (X SICIIHEHME) THDHILERLLE
A, OB EicdHD b—F ZICET 5 Hermann OFRWIER 2R E) EMITHZEE
WIEATERYL., CAREL TR H KOS 52) 135 5.
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FRETHDH. BEFERICIT '
X" € H*(BDiffy’ 5% Q)
T RTEBHETH S ZENTFEENDS. ID—REBBEELT, BEEHDIYS C Diff 5t
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GHHRED L £1213,C,(EG) G LG HEE s L TARERTHETS 52°5,C,(EG)®z¢

CG DEETH LNV b2 ERERERE TLIRNEZ ANLI LT, ZOEMLEL
TCPEG) el b BB E L Eh. 770,13 CO(BG) LICHIRLTHE, [
LEFZMHE). COLE, 777 AMEARD AL = cop + prach; ELTERSNS.
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FAG)(N) = tra Ey? L BHESNE.

ST, EDEIRBERLYLVPIEoE N ER B0, KO L) R THEL B
RTHBIH.
FIEE 1.4. ‘

GPEBREDLE FAG)NEA=0DRETENLII % 55E"4T507%
72, ZIh5 GOEDL ) REREEFARNS D ?

5l 1.5.

FAG)0) 12 G D L2y FEICMZ 6T, MERED S L THEAIARETH LI LA°
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RIZ B L ATIED BDZ 2 TRABARV . [4),[8) # SR L.

ZIZTE,RD L) RHEE FLICEZ .
%2 1.6.
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TIIE, T OETIZLBEANRS b T AFEOMIERE ) RELDT, ROFTH
BAL 72w,

2 BANRTBMIFILFEICDODNT
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WBRXOLEEIEATAT TSV T VIR, AT T AIZ0 ZFFzR\».
(2)F_TDp>0TEAG)N) A =0DEFTBVTOLZS.
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n% 0D\ EOES, Yk oo, Wi dm LT 5 L &, KE Fo 0BT 2REMEA<S
S AFHEEMHT .

F18 2.3.
G F, CBTALE, HBp> 0FFELT, Hy (GN(G)) # 0 FY L.

DFY Fyn CHTAREBREAS F T AFRIEROBROFANRS b 7 AFHE
DT, Fo KT BREIREAS b 5 AFEPMHERFEART P T ATFEOZL
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% L. COBHTHF OBEOEAZ 5252 EFEETH L. RIINMBRFANT
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—REVERIZZoTLEIL, GPWEBRFEOL 12, Ge BNV A - 2V XFHE
’i’(ﬁf’bfmé TIE, FHBICETARBIREANRZ P S AFRLELE )DL ELTA
Z.w‘:,g_ﬁ’t%')iOﬂ%%') 2w, BIZIE, BEEEPLEOND Gy DEFETIY —%
HELTALERDEIICRINLTHAE. FHRIAETY—DRWELETH 5 ([7)).

T 4.6.
GEBEm>10OEMBELTLLE, Gy bi/k%(ﬁt@”

& IERRFEEL (Vp > 3),

~ Z2m+m2

)
)

G\I;;Z) = Zm+1,
) = 7z

7

B2 Gy BIEERIZD Fo ITIZB E 22\,

5 &

RBEICINDPORBENETHAIMELZ T LOTHRDLDLILIIT S,

158 5.1.
nE 0L EDER Ntk tslE, F I lBTAREMBEANRY T AFEOK
Bz 52 k.

COMBEEIn=cdmTbbHAABHRID Y, ROERELELID, HROLIBEL WIS ).

%8 5.2. .
nze 0L EDEH Nidco b dThEE, )N L - 2 XFHEIT F,IlBT 5RERE
ARZ NI LAFEEPFEL W EERE.

CHIF EDOREL FRFICEPNANEHMETHHE ).
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HEEGAARD SPLITTINGS AND KNOT INVARIANTS
BHE B (EERE RER BEHRN)

AFE 12 3 RITERE S NOBUE K OFER, Ficay 37 F 3RILERETH %
B ERMEE C(K) = cl(S® — N(K)) D Heegaard SEERAVTEBRING K DAE
B2 80 L E7. Heegaard DR & 1358k % 2 DOETF BT 5 HED 1 2TY. 81
TUd 3R TESREE Y D Heegaard 987%, §2 T3 C(K) @ 3D Heegaard 7R ER
L 7. §3ClE Ozsvath B & Szab6 KHYEZE L 72f 3 KITTEREAE Y @ Heegaard Floer
homology [20], Y RD#ETE K @ knot Floer homology [21] & FIENZAEEBZESR
LEF. hs0RERIE SKASRERPHUCEERICAYS Y, MRIT Ttaut
foliation # ZF2S L 7o VB 3 RIS REGD: { EATET 5,1, 1S* D non-trivial A
0B 1o 5 7 non-trivial 7 Dehn surgery i & o T S3 R RP? 3F oz [22), =
EES 9 DT 0L TOBUE IR DWT BUBEMEREIRET 5, [19] 285 D B
W R T OB TWET. §4 Tl Heegaard SEO—ETH 5 C(K) DY
WL ES S ERT 5 SUE K OFRER 5] 2EELET. JOTNERIEIEVEER
BB TEEDRERD 19 TH 3 Alexander ZIEZ [1] 1T Fi L WML 6 OERE S
ZTVWET.

1. HEEGAARD SPLITTINGS

LT OBRER 3 RTH G Y 2R, ERTE 2 AL L T Heegaard &, 5° Ao
& 2 123 7= Dehn surgery (c.f. [12]), S RO#EA B> THBk L7z 3 By R
(cf [24]) D 32DHENT CILBVEPUTET. AFEGT 1L Heegaard RIC & 255
2ID ETET.

1.1. Bl 3 RITEHED Heegaard 7

B % 3Rk L LET. 0B RIREVICRH 57\ disc Di, -+, Doy 2T,
Doi—1, Do (i =1,-++,9) 23>"T l-handle % attach LTEonzEEFIAERELD
% T8 g ® handlebody & >\ ¥ 7. HIER 3 XLEHREY DIEE g D Heegaard 77
LY =VUV LB Y % 20D g P handlebody V4, Va(= —V1) I3
FBILTE. ZOLEGV, = 0Vs = 8 3B g D EAMEE TS D Heegaard HHE
ERRENET.

Theorem 1.1. [9] & CDEIE A 3 RILERREI1Z Heegaard FEZHET 5.

3 DIER 1 DIEMER 2 Heegaard %2 S = U Ul EF2L, YV =ViUW &
SB=U, U, 225 V4S8 2 Y OfES g+ 1 D Heegaard TEVT/LNET. ok iz
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Y DR g © Heegaard R 5 Y#S2 2 Y DS g + 1 D Heegaard TR % & 5 BIF
% stabilization & W\ > E 7.

Theorem 1.2. [27], [28] Y @ Heegaard ZEPERIC22E5Z 6N L E N5 I
stabilization % ERRE] #3 & Y WTH\IT isotopic 7 Heegaard HIEIZME 55, D X
") FlE 7 Heegaard TBPE 61 5.

Heegaard B _Ei2 Vi & Vo Z9Z L g D 1-handle @ cocore disc (meridian disc
EHWWET) OERZ ARICH 72 D% Heegaard B &\ 2\ 7. Heegaard B
T & Heegaard RN EZ 55 L TOSKRELAMLOOZBRT I LB TEZX
. Heegaard IR DE#H 2> 5 Heegaard IR D RAEEDOAER I(Y; V1, V;) ZHELL,
I(Y; V1, V) Dstabilization I1Z K> TARETH 5 Z £ 5 &, I(Y; W1, V5) 13 Heegaard
SR (Y, Vi, Va) KRS B Y OFRERIY) THEILH¥br) ET. I0XIBEX
WCESWTERSINAZAERL L TR0 282350 X7,

1.2. AV b 3 RTEHED Heegaard 57

WICHERRH->Th X \vwa v 7 FEA 3 RILEEAED Heegaard TRz EE L X
FOW RV FHEEELET. OW x [0,1] 25, 0_W x {1} EOFEWIZKZD
5 72\ disc 12HY 2 T v ¢ 252D 1-handle % attach L TR SN2 HE NI AREZ D D
% compression body &\ W L Z LI L 7. AEITIZ O-W IZEME L RE L
T, (W HEROH B 287 PHEDHEICOWTIX 823 2F ML TIRI W)
DWW x {1} 6B BHER 6,W LB 2 LT 5L O, W =W — 8.W T
handlebody 1 8_W = 0 %27z compression body TH 5 £ A% T I LIZLET,

W,, W, % compression body & L, 8,W; & 0, W, IZRMTH 5 LRELET. av
N7 YERSRITEREY Y = Wy UW, & 22D compression body 2 7% X 1
W, UD_ W, 'Y DERRA Y = Y UBY EXNIRLTW2 L& ZonEz (A
TREENIZ) Y £7213 (Y;8,Y,8,Y) O 5 27 Heegaard 7 LU ET. (§1.1 TE
£ 7z Heegaard 8% AR CIXEENICY @ 5 1 8 Heegaard 7 LIPEZ LITL
7))

1.3. Heegaard 9} & Morse BE#
Y =W,UW, %Y OB 1B E713%8 218 Heegaard 7R L LET. ZOTHE»PLX
D&% 72T self-indexing Morse BI%X f: Y — [0,3] CR BRI NLE T [17);
(a) FH(10,2)) = W, F-2(3,8)) = W5 TB 3,
(b) f DEED index i (¢ = 1,2) P critical point p IZX L f(p) =1 TH 3,
(c) Y # 0 (resp. B,Y # 0) THIUZ f(B,Y) = 0 (resp. f(B,Y) =3) TH3,
(d) 8Y =0 (resp. 8,V = 0) THLid f @ index 0 (resp. index 3) O critical point p
(resp. q) IZXF L f(p) =0 (resp. f(g) =3) TH 5.




2. HEEGAARD SPLITTINGS OF KNOT COMPLEMENTS

KECIRAS U ERBEME C(K) = (5% — N(K)) D 3D Heegaard HEZERL
7. BUHBZE C(K) oRMEE L BUE K ¢ ambient isotopy 1 & DI [8] 25,
C(K) DFERIZ K DAEBRRED T, BRABY 2 U LOiEHE OFEDOHIHIT
VLTI [T REZEMLTLES W, K OFREBRBERT 258 L LTHRIC K O closed
braid ERZ A\ 2 HEDR K © $2 Ed diagram % AV 551 (c.f. [10], [11]) % £ 234
BIRLTWET.

a0 b 3RTEREE C(K) O Heegaard B2 E 2 5 L & 55 1 7 Heegaard i
WY L KOME, WEBT3EEKNS=0,KA S, KCSIIGLTUTD3BED
SREPEZLONET.

2.1, bYRIVEE (KNZ=10)

W 6_W 331 2D torus > 5 ik % compression body, V 1% g D handlebody & L
TF. O_W = ON(K) % ¥72 75 2 78 Heegaard FE C(K) = VUW & b v 2N
2] LN, P RNOEBOKBUE K Il by 2@ TE ZEH g > 1PFEL
EF. W =WUNK) £ET3L 8 =VUW X5 D5 1 B Heegaard 72 52 T
W, K 1358 1% Heegaard B 8V = OW' = T L disjoint THBZ &, KNE =0, Z
HELTRZET. CK)D M RLVABERAWCTEREINS K OAERE LT (13,
[29], [21] e EB3H D £

2.2. (g,b)-538& (K ™ )

V %% g ® handlebody & L ¢ (i=1,--- ,b) & V PIC proper IZEDHIAE N7z arc
FLET. RO 3EMEERBELTOVROBORAE NIz disc G-+, CP BBV ICHLS &
= bAEDarctt, -t 13 VAT iviall TH B LW ET;

() Cinti=t CoC* TH 3,
({)i#jRbiFCNCI=0TH5,
(iii) CTN OV = cl(BC — 1) 12 8 =N OV D2 M2 D2 OV ED arc TH

Vi (j = 1,2) 2% g D handlebody & L ¢} (i =1,---,b) % V; A trivial arc & L
5. SHOEBROREVE KWL (8%, K) = (Vi,thU---U)U (Vo tiU---Uth) &7
BTE2EEg>0Lb> 1DBEEL, 2O (9,b)-0 3] LTNET. (0,b)-
SRR B L ELR LRING LBV ET. =V ULIRS OBHEJOE1E
Heegaard HB% 5 2 T\, K 1358 1 7 Heegaard B 6V; = 0V, = & & BB
hoTWBIE, KM, 2FEBLTREET. (9,b)-DEEACTERING K OF
EELLTRIZENDHDET.

Remark 2.1. B3 1 O Seifert HE 23R (1,1)-2B2HFET2RUCEBOESE 32
DEHZFE-THFET LI LB TEET [16].
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2.3. N RIS (K C ) ,

R%0OR #+# 0 Th 2% BRgDEEZa vy 7 ML LET. AECREHED
72 |0R| =1 LET. Rx[0,1] %5 R x {1} i Nf#®D 1-handle % attach L T
B 513 compression body # W £ LE7. 0_.W = R x {0}, W = OR x [0,1],
O W =cl(OW — (0_.WUJ,W)) EESC ZLITLET.

SERDERBDERE KL XD 3EHZ2HT L I 12 C(K) Z 272D compression
body Wi, Wy(= —W1) IKDBETES B g>0L N > 00FEL, ZO0RIE C(K)
DAY FADE 4] ERENET (AR TIERENIC C(K) D 5 3% Heegaard 1 &
HEOET);

(1) O_Wy & O_W, REESERIZE>TIEDELINT 3,
(i) 0. W1 & 0. WL 1A EZEOAMEGKIC L > TEIELINTV S,
(i) ON(K) = 8,W1 U B W TH 5.

O_Wy, O.W; (i = 1,2) D&% ZHZFNR,S LB LILLET. ZO0ErS 5°
DREF 29 + N D 1 18 Heegaard & S° = W] UW,, D3R 54, K 1355 1 & Heegaard
B OW! = W3 =% EItFE-oTWw 3, K C X, ZERERLTEEET. C(K) DE3
& Heegaard DfEZ AV TEBI NS K DAZEED 1 D2 4 THRAMLET.

C(K) =Wy UW, % C(K) D& 318 Heegaard A L L ET. 2 DOED 5 RO
T TER [ C(K) — S' = {exp(if) | 0 < 0 <27} BEET 2 2 L3 h £7.
ZDEHRFIZH(CK);Z)XZ THHIELEMBELTWET. :
(a) F2({exp(i6) | 0 < 0 < m}) = Wi, f~* ({exp(i) | 7 < 6 < 2x}) = W,

(b) f DFEED index 1 (resp. index 2) @ critical point p (resp. g) 12X L,
F(p) = exp(in/2), f(a) = exp(3in/2) TH 3,
(¢) f(R) = exp(0), f(5) = exp(im) TH 2.

3. OZSVATH-SZABO THEORY

Ozsvéth K & Szabd KiZ BIER S XILLIRIEY & V £ Spin®HEiE t DX (Y, 1) I
% L Heegaard Floer homology[20] & N 2 RER HF(Y,t) % Y D% 1 7 Heegaard
SBEZACTEELZE L. Z0%, AR 3 RITE/RAE Y WO null-homologous 7
BUOBKICNL CK;Y) =c(Y = N(K)) DY 2AGEHoR/ONIY DE1E
Heegaard 27f#% Fi\>T Y @ Heegaard Floer chain Z#8L L, Z 21T K Z2{#-> T filtration
ZAILB Z L2 X D knot Floer homology[21] & MEEIL % K DAER OFR(Y,K,1)
(t € Spin®(Y(K;0))) ZEZ&EL £ L 7. Rasmussen KK [25] b AROAFAERZHILICER
LTWET. §3.1 Tk H(Y;Q) = 0 DEBAEITD\V> T Heegaard Floer homology %, §3.2
TIZ Y = $® DA\ T knot Floer homology 2 EZE L £7.



3.1. Heegaard Floer homology

AETIREISRITERAEY L Y ED Spin®-Hi& t DX (Y, t) DAER Heegaard Floer
homology I/-I?’(Y, £) DY D% 18 Heegaard SR AV T ED X IKERIND D2
ALET. 22 TREEDZO H(YV;Q) =0 RELET.

Y OES g DI 1 % Heegaard % Y = V,UV; £ L © 2 Heegaard fiE & L X 7.
Vi, Vs O meridian disc # 20 EN DL, ,Dg; D}, -+ ,D§ £ L, 8DL = 0y, 0D} = 3,
a=oU---Ua, B=FU-UB LLET. IRNzEL—(aUP) 2BV (5,8, 2)
% A E Heegaard IR LU ET. Z OHMBICHIET 5 self-indexing Morse BIEX f
%5 Di, D5 (i,j =1, ,g) Lic f @ index 1, 2 critical point 2% ZNZH1 DT>

g g
wEL, Vo— DL, Ve - |J D3 Aic f @ index 0, 3 O critical point ¥ ZNEHL1
=1 j=1

SOBIET 5 gradient-like X7 PAE T BB TEXT.

TOgHEOERE Y =T x --- x B & g RKAHETEH > TR oN2ZEMZ Sym’ ()
=T LEBEET. SESBERED 3 L Sym! (D) KERICERBENEL Y,
Ty = oy X« X /s, Tg = fr %+ % By /v 13 TNZ N Sym?(T) IZHDIAF 1T totally
real BB HIREICZD X7 :

9 T, NTs DREWZABZ]E THB L ZhUd Hy(V;Z) OB —ET 50T
YV IZowToOH L WERIZE S NERA. KIC T,NTs DZH D % Whitney disc &
TRFTIE (BTRAVCERRBZ L) 2B TAET. ZOEEZESHONLD
L LT, Lagrange ZX® Floer B % > TEE S 115 Heegaard Floer homology[20]
PEAEINE L. M HF(Y,t) 2R® 3 72 HIZ4F % chain B, boundary 5%
EFELET.

x € T,NTy KHIET2 S EOEEL S gHORIE TNETN NP D[N 172
TF. 1ExPERE f ®index 1 & index 2 O critical point 2 072 ¥, x iKWY %
Lo gEDERES T D gAED flow-line v BEFVET. 2Rx,y€TaNTp TES
Y=y € Hi(Y;Z) BB 5NET. f D index 0 & index 3 O critical point 2ORE,
ze€T—(aUP) 283 U Dflow-lineZ v, £ LET. U7 DEELY £ Spin*iE
BOEES ORI X7 P VBOFRERY—EHELIERTEL THENH 2 2 L D8
HonTwET. OG> 5EHs,: T,NTs — Spin°(Y) PEHINET. 22T
Spin®(Y) 12 Y £ Spin* - BENREZRLIT.

D={zeC||z] <1},8DN{z € C|Re(z) = 0} = e;, dDN{z € C | Re(z) <0}=e
LLET. Symf (D) KIBEZEEERED, u(—i) = x,u(@) = y,u(er) C Ta,ulez) C Tp
P TIRTANESw: D — Symi(Z) DEEZ n(x,y) L LET. m(x,y) #0 ToHN
By —y =06 H(Y;Z) 27T DT s5.(x) = s.(y) TY.

u € mo(x,y) DR u(D) C Sym?(T) & {z} x Sym’ (L) C Sym?(Z) & Db h2E
Z2EZEIRED nmxy) =2 EWIBRERET. 02 m(xy) DEED v—
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D1I2EL, wp) % oD MasloviEEELET. pem(x,y) £%5xy€TaNTs D
grading DE% gr(x,y) = plp) — 2n.(p) EEDXT.

Zhe B EST HF(a,B,t) (t € Spin®(Y)) 2EHEL 7. CF(a,B,t) £ 5,(x) =t
R TR € T,NTy DRI I > TERINSEHB Abel BEE LEXT. AT PE—HE
% H 5 b TIIENERD moduli Z2E % M(p) & L, M(p) 2 R-action (i, —i & e;,e;
oD OEHECHEE) 8o TB LN E/ME M) E LET. ulp) =145
M(p) 52287 VB ORTERAE L %22 & 9 % Sym® () EOBEREEOEE D
BRBETAZLPHONTVRET. 22 Te(p) ERDEIICEELET: plp) =1
72513 c(p) 1t M(p) DEDEREHEOETHADD, p(p) #1251 c(p) =0k
LET. xeTaNTH It L Bx= > S ocly)y LEDBILIRED E

Yy €TanTg ¢ €m(xy)
s:(y) =t nz(p) =0

%3: OF (o, B,t) — CF(a, Bt) 2EHELET. DL EHod=0TH5I LbhD
b, (CF(e, B,1),0) DhERY—% HF(ar, B,) E LET.

Theorem 3.1. [20] HF(a, B,4) 11 (Y, ) DREETH 5, 2% h A & Heegaard MK
DBEUHF L Sk 6 TES 2. 2hvk HE(Y, 1) 8.

Remark 3.2. ZORERE HF(Y,t) L ELOBHIZ XY (V,t) DFER HF>(Y,1),
HF~(Y,t), HF*(Y,t), HEea(Y,t) BB5NET. TNODOREREZME) & b5 (X) > 1
PiETEAER 4 RTEREX & X D Spin“iEiE s OXf (X, 5) DAER

Bxo: Z[U] — Z B SNE T Y 23 lens Z2[HP Seifert fibred ZER DS D Heegaard
Floer homology DEHER X 2832V 7L 7T 4y 7 ARTEEDZED x, DFE %
LizowTid 23] DSEXMESEL TIRS .

Remark 3.3. Bl 4 R4 Rtk X & X £ Spin®#Ei& s DX (X, s) DAKE ox, 1&
Seiberg-Witten HBRDME & —FK T % L FHEI N, F3ZRTLE/KMEY L ¥V ED Spin*
BiEt DX (Y, t) DTER Heegaard Floer homology 1& Seiberg-Witten Floer homology
T3 L FHEINTUET. Zho0FHEIC oW T [14], (15] 2 EZ22HL TL
7230,

Remark 3.4. BEAE T Y — 3RIERMA Y 2% lens 22 & [@ U Heegaard Floer homology
PHoLE VIZLEREPENET. F121F S3K;r) (SPHOREUHE K i2ih-> TR
#r € Q ® Dehn surgery % L TE 5N 3BE 1 3 RITEIRME) 2 lens ZRH & T 5 & £
BDscQ, s>ricowT SB(K;s) i3 L-Z2RIcz) 7. £/ SPROXNEURIC
o THE L 72 2 EAEEEZRE S 2T L-2ZMTT. [-Z2MIE Ttaut foliation % FFE
Lz EwIHIEEZD>TOET (ef [22], [14]).



3.2. Knot Floer homology

Ozsvath S & Szabd Kid BIEE 3 XIT& k& Y D null-homologous 72ia VB K 1234
L knot Floer homology ZE&E L £ L 7. REICIAEED7DY = 5% & L Tknot Floer
homology HFE(S%, K, i) = HFR(S%, K, 1) (& € Spin®(S3(K;0))) ZEEL 7.

KD 2VGEroEoNn2 53 0L g DE 1 B Heegaard 7z 2 =V, U V;
(KCVa) ELET. Z0LERDERZMMIT Vs D meridian disc Dy, & annulus A,
23V WIZHNE T
(i) K 1Z Dp, 12 1 K p T transverse i D 3,

(i) 0A, D 1 DDEATIE K I2—3T 5,
(iii) DA, DB 5 1 DDFLE OV LD loop TH Y 8D, & 1K g Ttransverse iLXH 3,
(iv) DpNAlEp &t gz 2% arc TH 5.

B KNDy, ZIED 7= EF K % Ay iTih> TV, IZA% > Tisotope L TW> C & (53, K)
D (g, 1) HBIBONET. ZOFBICBLTE NV D 2R w21 N(ODm; 0Vs) N
A, P . 20Xk IHITBAR w,z bIAD Tz Heegaard A (5, B, w,2)
2 B} % Heegaard IR E VWO ET. 74,,7, 2 §3.1 LRARRICERT 5 & K1y Uy 1T
isotopic TH 2 & A%, SSHD K OB Heegaard HIH L ED 2 Rlw, z DALE &
LT3 2 Epshbrh £7.

¥ A S Heegaard MR (30, B,w) 2> T COF(a, B,1) 2BRL X7, (t1d
Spin®(S?) DME—DILTT.) RIC K 2fE-T CF(a,8,1) i< filtration Z A13 Z L %
E25FT ZITREZOLDZEIRDH Y IC Heegaard HE S LD 2 Rw, z 2
EF. ORD2EBERFELTERF: T,NTs - ZPHFEEL, LI 2K 9 Fld—
BILEIBZLBHIoNTVRT,

(a) %,y € Ta N Tp, € m(x,y) I L F(x) — F(y) = n.(p) — nu(p) TH 3,
(b) Flx) =i L 22 Ex DL Fly) = —i L 25 Ry PBEOEFI—ET 5.

ZDLE (CF(a,B,1),0) D Ox DETIC y B0 T2WREZb>TENLET S
Lonulp) =0E%2% 0 € m(x,y) En(p) > 02WATOTF(x)-Fly) 20T
BB LMD ET. 2ITF(X) <i 2ERTHAx e T, N T, DAk X > T
=215 CF(a, B,t) D subcomplex & F(K,i) £ T2 &, F2fE>T CF(a,B,t) i<
fltration # ANB = EATEET; ... C F(K,i) C F(K,i+1) C - C CF(a, B, 1).
(Z O fltration 13 Spin®#EiE& t; € Spin®(S%(K;0)) 2E->TEHET 5L HTE E |
220 F(K,i)/F(K,i+ 1) DHET P~ H(F(K,i)/F(K,i+ 1)) % knot Floer ho-
mology HFR(S?,K,i) Lt EELXT. HFE(SS,K,i) DETLICE HF(S%,1) 2 Z @
HRITLD grading 2 0 L ED 7 CF(a, B8,1) D grading 2 WS ¥, grading 75d TH
% W(SS,K,Z') DLEREZ @4(53,.?(,2') LEEET. IO grading I3 absolute
grading & HFEINE 7.
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Theorem 3.5. [21] HFK(S3,K,i) 13 K DFERTH 3.

FBIETIL K 2% (—2,3,7)-pretzel BUEEHD L E2HN LT, K 28 (1,1)-7BE2FET
3L WIHEERF: HFK (S K, i) DFHE (6] @A L 7.

Remark 3.6. F DEEPS i 0N I0EEF(K,)=0THY, i +aREVEE
F(K,i) = CF(a, B,t) TH B Z L35V £F. 7(K) = min{i € Z | H(F(K,i) —
HF(S%,¢) 2 non-trivial} £ EET 2 &, 7(K) 13 K DARERIZRY | K D 4 RTEHRD
RBOBBEEOTHroDFHEZEZ £7 (cf. [23]).

Remark 3.7. K 23 fibred /U ED &£ & (T7b L C(K) #3 ST _ED surface bundle D &
%) C(K) D 318 Heegaard 777> & % 2 & Heegaard 77 f# 2 18R L Heegaard K\ % 7
Rzt HFRK(S3, K,i) i K O genus g(K) #%RET 3, max{i € Z | HFK(S3, K, i) #
0} = g(K), 2 L Hbp ) T, ZOBERIELTOBUE K ItoVLTRIL 7 [22).

Remark 3.8. Knot Floer homology !% Khovanov homology[11] & il 5 2>DEAR D H 5
EEZLNTWET., ZOBERICOVTIL[26] 2 EZZHL TS v,

4. KNOT INVARIANT FROM HANDLE DECOMPOSITION

HETIE C(K) D 378 Heegaard S (v RASE) 2B\ THUE K OFRER
ZBRTAHEZ1OEELET. ZLTKD5 L WIBTHDLE ZOXEED
FEERLET. BEHORNRIIEHEK L LY 5] TT.

41. FEEI(K)

K% SPHDEUELEL RE2 K D120 Seifert i & LET. C(K) ADHE
RNCK)bREEBSZLIZLET. R2OW, 1=1,2) (D) L LTHESNS O(K)
D% 37 Heegaard 0% C(K) = Wi UW, E L O, . Wi (DB) Z S L LET. oW kiT
Y TVI T4y T EEG (p=1,-- ,29) EAEERAD GERET. TSI CK)A
DREDloop £ BBTZEWTE, O_.W, EOBEED D zloop AR L7ZEE a2 k
ELZEITLET. 0,W; EDloop al % (ah x [0,1])NO.W; =al TERELET. D&
& W, 2T % & ¥ attach L7z 1-handle hf (g =1,---, N) ? attaching disc i3 a},
72b & disjoint 12 H B LRETE X T. 0, W; LD loop m{, % 1-handle h} O cocore disc
DERELET. 0.W; EDloop £ %, mi LEHIHYICE & 9 L 1ERD Y mi L, =0,
ENti=0(G#q,a,ntli=0%2Mu:TbDELET. ab,mi, 013 0, W; LOmEfF
otidzloop L LET. 2DX ) A mi, f DBRIZOWTIH 5] 22 WL TS W,
al,mi 0t % S Licfiva7e b D% C(K) D5 31 Heegaard 77D Heegaard KIF & Y2
ZEIZLET. O(K) D Heegaard IR 5 ¢0: S — S LI EBBELNET. o3
H.(S;Z) (r=0,1) XFEET 2B58% o, H(S;Z) — H(S;Z) ELET. ETEAR
O Wy, 0, Wy DEIERES T 1, Hi(S;Z) — Hi(S;Z) Z a2 = p1.(al), mE = ¢1.(m}),



£ = (f) EEDB L

(iw(a1) p(a3) - - - plag,) w(mi) p(6) - - - p(miy) (L))" = @1 (af a3+ - a3, mi £ - -, £)T

D5 o, BRI, 2B LB TEET. 22 TEe NIZHL

(*(a1) ¢*(az) - - " (ad,) *(my) W*(&) - *(my) W*(L5))"

= 9k (o} ab-aly md Bl )7

LERLET. & D (i, )-BA% fig, O D (i, §)-B% £ LB LICLET,
7 C(K) @%SEHeega,ard TRBICHNIBT 258 f: C(K) — S oBRIN

% gradient-like X7 FVEE T 122WT closed orbit DA EHZ 2 Z L2 EZTAE

F. U Declosed orbit T S L kEIXRHZHDHR12HNE 2Nl *: § — S DF

BEr 1 DEDET. 22T o ORGEOKE (FE0 Y —OMET) ®A B RDIC

A(p*) = trace (®f) — trace (F) =1 —trace (BF) &L, ZNOZE LD THZ 72D

IZ Lefschetz zeta B#Z > T ((R, S), = exp (Z A(g*) - t{—) EEELET.

k=1
I f ?index 1 & index 2 O critical point %27 " ¥ @ flow-line DA Z

ZBZEREBEZTCHET. f Dindex 1 & index 2 D critical point 22072 ¥, S & 1
FIZZ6 % ¥ @ flow-line 231 2B N, ZHd ml & ml DLXRD 1 DICHBLET.
m? = ‘Pl*(mjl') & mi DRBIIZRET &, D (29 +2i—-1,29+ 2]‘)'&@\ fogt2i-1,2g+25
—BLET. ZOEHEL LT FDindex 1 & index 2 @ critical point Z 272 ¥, S
L EEIRD S T O flowline DA R (FEUY—OHET) A2 I LiF, ¢f(m)
Eml ORBZREE S ETHZ 22 LB T 3 EE26NET. ZORARKE

o D (29 + 21— 1,29 + 24)-R5r fzgm_le I-HLET. INoRFEDTH

2 BTDIT hiy(t) = Z( A icingrn; Y EL, FFLH() = (hij(t))s; BEST
7(R,S), = det(H(t)) &%@al/ ESe

Theorem 4.1. [5] I(R, S), =((R,S), - 7(R,S), £¥ 5.
(1) I(R,S), i3t =0 DAY TIEDPIRFEZFD.
(2) I(R,S), ¥ K DAEETH 5.

(3) I(K) = I(R, S), DULHEEIC BT I(K) =
ZZTA(K) X K @ Alexander ZEHAZ R T .

A(K) DSRILT 5.

4.2. I(K) DETEH

KEITIZ K 28 Figure 1 KART 5, L WIHIBURHEHD L & GIEiTEE L 2 FAEE [(K)
DEFERE 5] o EMLET. FBUHE 5, 13 Figure 1 IZR T X 5 IZES 1 O Seifert B
EzHEVET. ZDSeifert MiEZ REL g=1,N=1TH3L97%C(5;) DE3IE
Heegaard MRS N £F. ZDHMED 1 DD Heegaard (I % Figure L IZRLE Y.
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Rx[0,1]

1-handle

FIGURE 1



0 10 1
. — - -1 100
Figure 1 ? Heegaard I\ 61751 &, 2 KD 2 & @, = L1 o T,
0 001
0 10 1 -1 10 1
-1 1 0 0 -1 0 -
n>0DLE N = | o = 0~
-1 1 1 6n+2 -2 1 1 6n+3
0 00 1 0 0O 1
-1 0 0 0 0 -1 0 -1
Hon+E _ 0 -1 0 =2 poHe _ 1 -1 0 =2
' -2 0 1 6n+3 -1 -1 1 6n+3]
0 0 0 1 0O 0 0 1
1 -1 0 -1 100 0
1 0 -1 N 010 0
gows - |10 , DO = L) XT. EESS
0 -1 1 6n+4 0 01 6n+6
0 0 O 1 0 00 1
x Bn-+1 6n-+2 6n-+3
= — — 1_.
¢(R,S), = exp ZO{ (1-3)g—g+0 1)6n+2+( 053
t6n74 t6n+5 t6n+6
- 1-3 1—-4
+( 1)6n+4z+( )6n+5+( )6n+6}}

= Z{(E&n + 2)8" + (6n + 3)t5"F + (6n -+ 3)t*H?

n=0
(6 + 3)57F2 4 (6 + 4)t57 + (6 + 6)1°7F0}
LD ET. teRETBECR,S), I3t =00EY TEDICEEEZ LB, ZOFREAIC

_t6n+l t6n+2 _t6n+3 t6n+4 ___t6n+5 LL6'n—§—6 )

v =
BWTL(R,5), SXP[Z{(6n+1+6n+2+6n+3 entd T Gnis Gni6

th-r-l t6n+2 t6n+3 t6n+4 t6n+5 t6n+6 > ( 3t6n+3 _3t6n+6> ‘}]

6n+1+6n+2+6n+3+6n+4+6n+5+6n+6 6n+3+ 6n -+ 6

= exp Ki @) - (Z i—) - (Z (”;3)j>} — (1—1)-(14+£%) = (1—t+¢%)-

i=1 i=1 j=1

(1—t) LD ET. Fiz (1-t+t2)-(1-t)27(R, §), = 2-3t+2t* TH B Z L5 7(R, 5),
Et=0 DB CEOWNEEEZ DI L) ET. MEOBERZEST 12(52) %
K5 L, 1(55) = C(R, S)y- (R, S)s ={f1—t+t2)-(1—t)}-{(1 25 }

—t+12) - (1 —1t)?
9 _ 2
=:—§£?£&ﬁbf@) A()%ﬁbioka%wfﬁfﬁ'
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HEOREOD Y —RBEEEMEDFHOBEIIDNT
W CRRAEAEHHEREHIR)

1 [JFC®IC

&m%E&gEO@ﬁ%HUBﬂt%@E#Bn@@ﬁﬂﬁ%@@%ot%ﬁ&b,ML@JJ
BER OM OT—F T iy, i Sen— OM BHD Tgp 1D Tgp NOREFHTSNFED
SFEETS. COEIRT—F LI OEREOD—FEE D, LOFEOV— YT —&
ERL N5 OMSREEEEOES Cy, WRERRFETE/ A FOBENAS. FEOY—
) U —FEEMER 9] K& T, 7 IAN—FMOBROBAICHFEICEL ROV LD
LLTEAEH, FNEZoMTELT, n=010&ER2FRLIC, B3 XTEREOERET
7B OEE I, ERNLFESRSNTER [7), (8], [13], [16].

FREOD— 3BE (ov—F 2722072 50) ® n ADFEOD pure string link (FE<HDH
D—fEL) OBEERENEN o1, Toppy OHREODI—SYF—LBBTENTED. E,
5EZ 5N 5y, FOREOV—3Y XF—IRL, I—F2T% 5y, OFREBHOTEAVT
EZBIEICEVERSREOS—V Y —HNTES. ZOX3I, FEOAIV—YUTF—,
ﬁ%D9~3ﬁE,ﬁm%mm,@ﬁ®5@ﬁﬁ&MDt3&%@%&%KBHT§EE&%%
Ho TWAHEERBICEZD I ENTEZDOTHY, ThlL, T/ A F Cyn 2TOBERS
F 7= FTHARTNS 2 EREEICERATHDEBEDND. TOBIZ, B20RMETHWSATKY
RS Cy KBV T HHEARIREE RS 2 W<, WBWSBAENS Cgn DHIFRETTO
TWS ZENTES.

DR, n=1&L, &> ZEMEITT T smooth (F7z1d plecewise linear) THB LT D. T
EOU—Y VI —OBEED 1 DOFEELT, [7), (18] KBWTEAShzRER Y- U >
F—OREOV—FEE H, 2EETE0I000H2. HUd, FERY- 3 EKEDOTE
03— EERR string link O concordance B#E2EA D ZEILE LD EMELTNS. £, E
OU—3 ) 5 —2BCBEWIBREICID, Hyy 2D IEIREA 3 RSk EREDT—
FEREELTEASCEEDENSTNS. RBTH, ZOH Hy OBEITDONT, TOFE
B, ALEEFLOROBRERLELT, INETIKASNTHEEREZEY, HILITESN
NS ORDERIZDNTRTTS.

mEm C ORFEETOICHED, FREHE, BELEREWEREZZSESE, WEEREE, TL
THEREE, AEREZSOERIESBHERLET. £z, IOEOBRRKCHELT, TORS
BEZTTE oY R TLAOEREOERIEBHHELET.

2 REOT—LYUF—ETONREDD—FEE

:@ﬁf@,MJHH&K%DT,ﬁ%D?—VU)ﬁ—@ET%/%F%,%ﬂ#%%%ﬂ
ZEICDVWTOEEZBEICE LD S.

ko THUESCEZENPLTOBER- TS, L, FEOV—REOFEOS-AEREZAHEL, B
EHEH<TZD, TORVEZHRAT 5.
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B g > 0 OMEMTSNMAEES SHAREZ 1 DO EOZHE T,; KHL, 29 BO
=Ty, g EFTRHDESITEB.

Y1 Y2
e N T ——
\Yg+1 Yo+2

Yo

X1

CNEON—TEME 2 B 5725 T —4 Ry, DEDABEBL, Ry, % 1-BHO—HICHD,
LD 0-'I, 29+ 1D 1-2), 1D 225725 5, OFENREVAEIZEDS. 20
DEEBELT, D, OEFE mI,; B 29 ODBEBEE Fy = (1,...,7) PRIV EDE
FEND., ZORBOTT, T, OERE—ET 2N —TITHET 55 I IIL, [h vl TH
ABENB. By EOREOD—2Y 22— LF, BIREOI—2U 2F—E/EyR) &1, [
EMFENZI /T bE 3 RTEHEE M & 2 DOEDAS iy, i : (Zg1,p) — (M,p) DX
(M,iy,i.) TH>T,

i WEEERS, i BREEEEEN,

COM =iy (Bg1) Ui (Bg1) B2 i4(Sg1) Ni-(Bg1) =i4(084,1) = i-(0Zg1)s

z'+lazg,1= i—‘azg,l’ .
igyie: Dg1 — M BRBFEOD—DORBMEZFET B,

Ll ol A

BT ESBHOTHS (ZIUIBRE b OSREORED D—AEOEREITENZ 521, T2
T, p i D, PER I EoEBOEATHS. 2 DOFEAT—Y 25— My = (My,iy,i-),
My = (My, j4,§-) KHL, |

My - Ma = (M Ui_oj7t Ma,iy,j5-)

LEDBIEIED, FEOD—IY XY —LEOMEEROBLFBROLTES Cy) ITIEE
RIZE /A ROBEDAD. Cg1 DEAITTI 1¢,, := (Bg1 x [,id x1,id x0) THEA 5N 5.

Bl 2.1 EHEH My, O p ITHL, TORET BUP p £EL) LD,
My = (Zg,1 % I,id x1, ¢ x 0)

ETBHE, M, RREOV—LULF—ERD. TOMEICEDT My, 15 Coy ~DE/ A K
ERBAESND. TORERBIIEH L3> THS.

Bl 2.2 REOD— 3ERE M ITHL, BEHH lc,, ,#M BHFEQOS -2 Y25 —2%. OB
BRIRREDD— 3 MEICERMICL > THEBEZANZE/ 1 FNE Cy ~OE /1 FEREZ
BAZT05. £, FEOD—-3HKEDE/ 1 Fid Cop ERETHZ I EWDR5 (EERITK
BT D closing L&D THEASND). &<IT, Cop G DFLIEENTNS.



fl 2.3 (Levine [18]) g DN 5735 pure string link L € D2 x T IZ® L, UFDX3I1IZLT
REOT— Y S F— B ENTES. £, B 1 OFD g BON—7 Y041, Yg420- - 1720
OREREEZ, TROXSIZgEBDREDDHR Dy DEDAH 1: Dy 5y, DEESD.

X 2

CZED*xIOFTO L OBEREEDHZERETS. L O framing ZIEET DI LICLD, R
h:8C = 8((D,) x I) MOEDEES (framing I &> T meridian 725 OR—HR O EN P E
B). g1 xI M5 YDg) x I EWMOBEWEDDIZ, h 2ANT C ZRVELTESNSZEEE
EZBHE, TNRFEOI—2 Y F—ExoTW5, ZOBAENE (framed) pure string link @
E)ARBBE Cyy NOE/ A RERBZEEZ 3.

WE, 2 DOFREOIS—3 U 2~ (M, iy,i), (Ma,jr,j) BWHEREDC—FAETHZ WD
ZE&E, AU MR ARTEREW Tho T,

L OW = My U(=Ms)/(iv(z) = ji(z), i-(x) = j-(z)) =€ X,
2. My =W, My — W BREBIIFREOIS—DREEZHHET S

ERETLONEETEIEELTED, My % Gy & IOREDI—FEICL 2 FAEEET
Do TELNDIEELTEE, Hy BEOBEZDD. LOBAIEOEEIIDWTRTAS L,

o Mg BZTDESE Hyy IWHEODRAEND (ZOFEZHELT (18] TH Cp1 ® Hg1 & Mg,
@ enlargement EFEATINDS),

o FEOY— 3HEOREDD—EERIT Hoy EEE,

o g EDOHD (framed) pure string link @ concordance A Hy; [KHEOAENS,

EWVSEFITIEoTNS, /2B, g>31TdL, My 1d Hgy DERBESETII RN &0

T3 [19].

3 B M, OBETIEZOTREER
3.1 sREAP—-2UVS—-0OT/ FOZ—

— B, REQV—IU Y — (M,iy,i) WHLT, Ty &mM IZEEEEESZN. L
MLIEAS, M MW S, OFRECV—RAETH D Z& LD, KD Stallings DFEZZRMITAN
BZERTES.

FEZE 3.1 (Stallings [20]) A, B 28 &L, f: A— B %2 2-BHRERELITS. ZOLE,

[ Nip(A) — Ni(B)

3
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BEEDO E>2 1N LERELS.

ZIT, BFAE f R 2-ERTHDEE, fAFETIHOREOS—OMOEREMN 1 XOEZ
ZTHAME, 2 RDEIATERTHHENITETHS. Tk, BGITHL, TG 2T6=a,
[*lG = [['G,G) TEREEND G OBFHLID kL BEEOEEL, Ny(G) := G/(T*G) LT 5.
(BUF, Z=M X L, Nk(ﬂlX) % Ni(X) EMEELT D, £z, Ni = Nk(Zg,l) = Nk(Fzg) &
T5.)

WE, FEOP—YU VT —DEENS 2 DOERER iy,i-: 5,1 — M 13 2-ERERERE
7!'129’1 — 7T1M 7&%‘%%3—6 Z c‘:i?\?b?bxé :j’UfFB @k : C9,1 — AutNk é

Op(M,iy,i-) = (i) oi-

CkoTEDBE, THUTE /A RERBERS D ENbM5. $7e, Sp(M,ir,i ) W (M,iy,i )
DREOI—FEEOAC &> TBY, HREEUTEERE 0, : H,; — AutN, HHEEINSD.
ZOERE &, DBRIZOWTIZRNE SN TN

FI 3.2 (Garoufalidis-Levine [7], Habegger [8]) @ : Hg1 — AutN, D&IZ

o(() = k+1
AutoN := {90 € AutNNy ' ¢(0) =Cmod I Fyy £735 }

p DU T b geEndFy, WHFET 5.

THEABNS.

ROV Y —DFEERLD, I OEN AutgN, IKAD ZEFT<IchMs. #id, £ED

Tt € AutoNy IR LT, 8y(M,ip,i) = ¢ ERBESMREDD—2 ) V¥ —EBRT5H
R BT SRS EICE o TREND. TOMRICBVTREOD—21) > ¥ — L FHFEH
LOHBEORINREEIND.

HERE &) 2B EMWT, Hyy OBETAIZ

Ho1[1] = "Hg,,
Hgalk] i=Ker (g1 5 AutNy ) for k 2 2

WKEoTERTS. EHLDTLY

1 —— Ho[k] —— Hgalk — 1] —%— AutoNi

MESND. ZORUDERT DO DREGER My, OETHAZEA TS LEE£<EALT
BDN, BODREREWD, EE 32 THELDIIK, & OBN H, DL RLICHESN
TWBZ&ETHS (Johnson EREDBGEDOREDRHE). £z,

Hg[o0] := [) Ker @y
k>2
EBL. Mg NHgalod] = {1} THBDITHL, Hyylo0] EODDEHEIS < DLEFATH
5. EBE, #1122 TESNBFEOV—IY LF—ITTNT Hyloo] KIBEL TS,



3.2 RINTF 4 XLFEE
REOD—2 U ¥ — (Mg, i) € Corlk] RL, iy =i : Np = Np(M) TH2EDT, K
DL EEREGBDERK

(i)t =(i)

REZDHE, (RERLBURKENE—THRELT) fyoir = fuoi-:Tg1 — K(Ng,1) &F
B EMTES. ZR&D, (M,iy,in) IZHLT, M @ closing EFHINSE 3 KILEHRE Cy
7z

Cu = M/(i+(z) =i-(z)), T €Iy
THEETDE, far: M — K(Ni, 1) 13 BHEEB far : Cy — K(Ny, 1) 2FET2. (O E M &
le,, = Sg1 x [ ZERTA—RT B ETRONDSHAELLEAS. TB5OEHOHY, L
TR EEOEREERZREND D EEREITHEENIN.) ZFIT, BB 0, : Coi(k] — QN
=
9k([M,i+,i_]) = (CMan)
THEHD. T, BN 1 K(Ng,1) @ 3 KOFNT 4 ZLBETHS. ZOEERMVEDILD.

FE 3.3 &£ k>21HL, 6 BREOD-—RASEFRERERETHS. £z, FEINDERE
G - Hg,l[k] — Q3N IZDWNT, Z=&F

1 —— Hga[2k — 1] —— Hg[k] % . Q3N 1.
PEET 3.

STEAODEERE 6, DL EANIZEBREEAD I LICL>TREND. EBRICIE, Q3N O
(X, f) »BIECDT, ZFRICEfEBL, BRUICIEEE 3.2 OFHETHWSNSBRICEES
BBENINEBITRS.

-7, (Xf) € Q3N Iz L, f([X]) € HaN, 2HibeB5IET, Bz EE Q3N & Hy N,
PESNDA, Iguse-Orr [11) ITBNTELBERE Nop_1 — Ni FBEET 5 3 XOFEDD— D]
DOWERE HyNgp_q — HaNp, IXEBETH S I EAVREN TS, THUTLD, Hga[2k—1] C Ker by,
DRES. FEINBERE O : Hy (k] Hg1[2k — 1] — QN 25 CBEROBBET —IVEOREO
LSHIRBIENS O BEBICIERAMT, &<IT, Hgi[2k—1) =Kerf, L2500 ND,
FIENGED. |

3.3 Magnus &H

REOD—I U~ (M,iy,i ) € Corlk] WHLT, iy =i_: Ny — Ny(M) £2BDT,
Ny & Np(M) REZKA—ET2IEATES. ZOLE, BABERE 7' oi. =id € AutlV;
D s BEZ DI ET Magous EEAELGNSD.

DT ORERIE, RUNEED (2) FEO0P—2ANTHESVBED Gassner XHEZ string
link OEIZHEE L 7= Kirk-Livingston-Wang [12] IZ K2 HEZEICE TV TS,

—T, BEBEONZERE N, 13 torsion-free BNEBEHTHD ZEPHASNTBHYD, TOERR
ZNy, WAESEE Oy, WEDRAEND. Ly, BTEEZN-MIHEZoTRS. BE, Ky, & Iy,
M rOEFRENDE, BBEME Ky, OEEEAWCERRZERD D ROMED.
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R 3.4 Ho(M,ix(Zg1);Kn ) =0. &I, ix: Ho(Zg1,pKn,) — Ho(M,p;,Kn,,) 35 K-
AHEERTHS.

EE 3.5 LOBEIIBWT, FEOP—DOREORBFALRBLEATH N, EBROLIS, ZN;-
algebra A ThHo> THE MEED ZN-HREDITH m I3 L, m A augmentation map ZNy — Z
T Z LRGSR sE mid A ETA#)] 2327502 KRBT HUIRLC 2 L3556k
MTB. Ky, RENMIZOEEZD> TS, LOEEEHDHDODF T initial object £725
ZNy-algebra Ay, % Cohn localization [6] EFHENEFHEZAND I LICK > THEETS I LN
TE, LATFICIAR2 Magnus BB i 1 Ay, -BREOTFIELTERTHIENTES. BEGITH
LUAg 2EBEVWSEBERBEFENTHD, rp(k=2,3,...) EBELETS ETHENK N,

T DIDTH Ryy s Tyy RKE NE—FETHY, THEBWTE Ky,-FH
Hi(Z41,0,Kn,) = Hi(Rog, p; K, ) = C1((Rog)n,) ®n, Ky, & ’C?\?k

EOEDBEET D (Ko 135N PV OEELHBTNRD). KBR, Ry O Np-H7E (Rog)n, ICHL
T, &y DUTRERDEIBRENELEZEE,

{el,... ., ®1} C Cil(Reg)n,) ®n, Knv,
P - Y MVERE LTOREZE S A TS,
FE 3.6 REQT—3 U F— M= (M,ir,i_) € Cy1k) I L, D Magnus 55 ry(M) %,
5 Ky, -

K3, = Hy(Son, 7K — Hu(M, 0 K,) = Hi(Sg 1,0 Knv) = K,

+

OERBFTHELTEDS.
TE 3.7 rp:Corlk] — GL(29,Kn,) FHREO D —REALRBERETHS.

Bl 3.8 M, € Mgy NHg1lk] ZWZT IOBEGEREDIT ¢ € My; C AutFyy ITHL, TOD
Magnus {751, Fox O EBEMAEANT,

EEVD. TIT, py: LRy — LN, REABHERAETHY, T (s - 71) HSEESNBH
5THB. EORBTNS EFAIOERSITHT L E2ERLTNS. ROBID, ETHAE
Magnus ZEHDEEN Mg @ Magnus FE [17] DILIRITZD>TWE T ERHN 5.

4 Atiyah-Patodi-Singer @ p-AZE

ZDHEITI, Atiyah-Patodi-Singer @ p-AEE [1], [2] TDWTHEICEET 5.

(M,g) % 2—1 KFTEOREHF SN =X BHEEL, a:mM — U(n) 215 UERE
T5. M DEEROEREEMSHROZEE Qver(M;C) LOBEDERERR B : OV (M;C) —
Qever(M;C) % ¢ € QP(M;C) Iz L

By = (V=DH=1P*(xd — dx)p

6



TEZETSE, Bl o ko TEEINETERY MVREEZFDBEROBIBADZER £
DETHRBIERS B, WHRICHIET S, 20 By ITHLT, AT MVEE n.(s) &

Na(s) 1= Z(sign/\)lf\l‘s
A0
TEETS. 2T, AMI B, D0 TRVWEAEELAEZEEEEZ IO TEC. ZOBEFE s=0
ICBNWTAREOEERZ LD, SESHTECERERICENERINS. Z0&F 1,0) 2 o
ITHET D) =< VS (M, g) @ n-FREBEWS. B IKET 5 n-FEBEZEIT 9(0) £E<.

FE 4.1 (Atiyah-Patodi-Singer [2]) pa(0) := 72(0) — n-n(0) & M DFEIZELET, all
FoTHES M OMARHEFALEEERES (ZNE M O o ITHETS p-AEELEES). 51T,
M=8N T, amN QAZFVEER &: mN — Uln) KIEETHLE,

pa(M) = n - sign(N) — signg(N)
I RYAE I

Levine I3 [14] IZBWT, BHEOFEEZEDIZDIT, KOEDERABERANWT p-FEE
B2EEL.

Ro(G) 22=FUER G - Un) 2ENSRZEEETE. G A HOTTERINDH
51, Ru(G) W U(n) @ | BOER U(n)<! OFOBRIERESHRELZ>TRE ILITERET
5. WE, R,(G) 1Tk Un)*! OE5ZEM & LT O (Hausdorff 72) AIAEZANTHL.

LHEORTTERSHEE M EBEERE o mM — G DX (M, ) T3 L, B

o(M,a): Rp(G) — R
% o(M,a)(0) == pooa(M) TEHETS. ZOBEEITDOWTRARDID.

FE 4.2 (Levine [14]) (1) # (M,a) ZHL, R,(G) PERBIREZHRE D MFELT,
o(M,a)| 5 (NS EGERERES LD,

(2) 2 HOK (M, 0),(M', o) BREAD—G-ARETHZEE, HD Ra(G) DEB S RESRE
o THoT,

o(M,0)| g ene= oM )| pyens
LB EDONEETS.

ZIT, (M, ), (M, o) BEEOD—G-EEETH B LI, 1 (NV,8) THoT, ON = M'U-M,
H(N,M) = HJ(N,M') =0, & & mM, mM' EZBIZERETE o, o LHHECAREEEL
BT, EBETLONEET B EELTESET S, 2B, (3] OBHEYD o(M,e) mod Z
R R,(G) LOBFEEETHD 2 EAhRBA, TNED, o(M,0) 7 Ry(G) ETERTHSC
EHGES.

2z ¢ OEREBEDOSEERDD, CEAAAZORELHSDLWTINIERILZT N

7
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5 p-AEED Hy DI

BT, k=2,n=1&LT, FIETH~N/z Atiyah-Patodi-Singer D p-FEED Hg ~NEAT D
TEREAD. WE, Ny=H T, PEEZANT, MARME Dy = Ri(MNs) ZEEL, Tpy ITER
R EIE do T, szg dd =1 EERELENZHDOEEATEL. TDEL, py,1: Hga[2) = R
%

s (Misic) = [ (Car, Fao))d0
Tag
TEETSD. X (Cu, fu) 13 Hga[2) DTECHL, TEOD— Ny-FAEZREELLT—EICELD,
7, HEHED o(Cu, fur) & Toy LOBEAE WD E ZAERRARBET, 2 DOKED
T Np-RERITH L, BEAEWEDEIBELWEERESDT, ZOERS well-defined T
HDHTENDND.

THE 5.1 pno1: He1l2] = RICDWTRMRDILD.
(1) Magnus &, o : Hy1[2) — GL(29,Kn,) D Kerry ICHIRT 2 L ERB LS.
(2) PNg,l(Hg,l[oo]) R DOFD Z LERERBEHSTEHETDHS.
(3) Kerra, Hy[oo] REDT —~ILHE BIE ENBARER TR

SFBEDIERE LT, 3 i CHRAAZAEEEOEERHLI, EEOFEHOENERRS.
WE, k=2 THIMNORINVT 4 ZLAREELDZEET

1 — Hg,l[g] — Hg,1[2] ——-—02——) QgNQ — 1.

WESND. ZNED, (M,iy,i ) € Hgy[3] THHUL, closing iZk> TESNDH 3 KEH
th Cy EEEEE Far: Cop — K (N, 1) DSBS BUERE oy mCpr — Ny DX (Cor, far) 1
BB 4 RILEREE Wy CEERE fi,, : mWiy — No OROEREIZ>TRB I ENDNE.
DEE, HIETHEEE o(Cur, far) 13 signature defect & L TORREHS,

preya (Migis) = / o(Car, For)(6) d6

Toq

= /T (sign(War) — SigNgo sy, (Whr)) do

— sign(Wr) - | | 00ag,, (Wir) 8
ElrB. ZIT, Sig0go fyy,, (W) V& 00 fo,, - miWay — U(1) ZBLT, £ mWy-MEEEHZC
(ZNZE Cpopyy,, £EL) KEBRCNRENED P — Hoy(Wir; Coopyy,, ) LIEFE S NERERH
D signature THB T LICERET 2. LORKD, (1) ERTICE, sign(Wy) & signgs, (W)
WET A MEEERBIEIWI &N S,

My = (M, iqp,i), My = (Ma,jy,5-) €Kerrg & 5. Kerrg C Hy1[3] THDIEITHEEL,
ETHANZELDIT (CMﬂfMi) = a(WMi’fWMi) &f&%%*%ﬁikzéﬁﬂ@ﬁﬁ (WManMi) L5,
BERSIE Wi, 12 Ny EOFMERL T, mWay, & HiWpy, T Np ELTBL. TOEE, Wy
E Wy, 2ZENSOERO—FS Ty1 x I C Cu, THEEL, SHE

W =Wy UsgixI Wi,



LERE fi = fun, U fw, EEDE, O(W, fw) = (M- M, fatya,) E782 T3,

M,
Wi,
2971 x I
g1 U(=2g,1) Tg1U(=Dg)
Wi,
Mo
3

W, Wagy, Wi, 120W0WT Wall KKDHFEHRICHET DIMMEEEE [22) 2EAT S &, Meyer-
cocycle [15] ICBI T BEBUERITREERRIC R D, My, My € Hya[2] 73 5WEEEEN 0 TH D Z LAt
M0, sign 1T B INEMENGED.

SIg0go fi,, (W) OIHEHEIZ DWW TIE Wall DEBEO BRI [15] 2ANS ZEICLDREN
5. L_@&E {EIETEN 0 Td“’jé?l&b@‘f‘ﬁ%@&bf Magnus 75 ro WMEBPTH D E WD
ErEMEDNS. EBRITH, Coopy,, NELAEWEBEIBD € Ri(Nz) T Ky X2 MIVE
BEes s SICEELT, Wall DER KENBEEREFET S LEITEHND 3 DO MV
HaAHTHDE, Magnus {T?‘J#E%T;bbi%hbﬁ\—’&l,’cw% EHhD, EEEN 0T
3525 NI TERED. Ko THEAEWEZDEIAMENTHSL ZENSENERITHIL

2 & o TRD BIMEENIE NS,

(2) BRTTEDITRDE I BBIEEALD. Cpy DBATT gy x I ITDWT, 7 € Hi(Zg1 x 1)
ERETHEN—T 1% T, x ] ORFICED, BUH K C §° ORZERMZRAWTL T > THR
BEES. IO LTEBONBEHEME My i3 Hyyloo] KBTBHREQDD—Y I —L5. 28
ZOFIE [4], [5], [10] ICBW THER string link @ concordance B0 & & &R & O TR £
ERTOIAVNONAEZDSDRFRELAD =Y U —ICHTHEHDEDDEZ>TNS., ZOFIZD
WT py,1 ZEIET DL,

prpa (M) = / oo(C) db
gest

LB ENDMD. I T op(K) EHEUE K @ 0 e S5t IZB1T5 Levine-Tristram signature
EEENAHDOTHD. HUE K 2nA0WBEEZ5E, LOEN R OFOERERZED
EEIC ZEM B KBWTRENTWS. Ik (2) D, (3) F (2) DD, O

EE 5.2 HAREHE [21] 10X o T Kerrg 1 Hy1[oo] KDEDICAENZ EWRENT NS, £
BE, 21]12BNWT, KerraNMg; MIEFHETH D ZENEENRFI 25252 EICEDRENT
N3, 28, HEAUBEE Gassner BHRICDWTIE, META3EZEIZASN TN,

6 HbHYIC

BEDETS, Hyy IKDWT, 0 () FEOI—R, ARERTHDHZEORRIEEE
BEAlbho Tz, EEBTREREZDDHED, Hy OHIH TERERTINDHOEL
OMEREINTND. B, BHEZRICE ST H,y (2] WEBRERTENI EHFRENTND.

9

105



106

Tz, Co1 & Hop DEBFBELRZENI ENDNO>TVRS. ZOZ &R, FIAR, B3 &HTT
DIEEIREITDWTIRARTZ) B C.(M,i£(Sg1); Kn,) @ Reidemeistor torsion ZfN5 Z & T
BRTHIENTES [19].

Hoy KETREEND THRE) KHEDBOERT IENTENVTEAENERD. BiFsn
B0, Hyy PERERECTEEEEN L EIZTHS. ’
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TEADEEEHBDOFEEICOWVT

Uk & LR RERBEEEL)

1.

Cwm%%ﬁ%Mﬁ®Cmﬂ%%%N«@C”ﬁE@%E§&ﬁ@%%
ﬁ%ﬁ?%%%%i%.wz@,¢%be—,74v%5~,55ﬁ@,ﬁ
ﬁﬁkwotﬁ@%%ﬁ;<%6ﬂfw%.Eﬁwﬁ@ﬁﬁﬁ?é$%§%
ﬁ%(%oﬁ%ﬁ%%ﬁ%?%%?,%ﬁ@ﬁ@%@ﬁﬁ%?%%ﬁ:@ﬁ
ZOHETDHS.

:@%ﬁ?@,@%HHﬂ%&3&%%%%%Mﬁ%$ﬁﬁ@0w&§
e ZET A Y P E—AEREROT 2EH EEBIZT S, FFIC Vassiliev
complex &> cochain complex > 22C, Vassiliev PEBDO—BTH S
1%@¥%W$%%k@@hé%@ﬁ%%ﬂ%%%ﬁ%?%.

1980 FEAES Y12 Vassiliev 1278 UV B (S* 225 R? ~DEDIABREBR) DT A
VR E—FEEE LTHcEEEORERZEA L (4D, Z NIRRT,
mengi%L<uﬁ@ﬂ$%§a@&nfwé_ww%ﬁ%¥mAmwi
[] £ Goryunov [10] i Vassiliev complex % i\ TREERD 1:XD (BN A
Q%%EKL,§ﬁ%ﬂ@«@ﬁ%t@@ﬁ&gﬁkﬁ?ﬁﬁghh%%ﬁ
#%Rﬁﬁ@%ﬁﬁ%@1%@@%@$%%%%h@hmﬁbk.~ﬁ,ﬁ%
%mBmmn&umq@%@ﬁ@¢&@%@ﬁ$%§%x#4y@%ﬁ%%w
<HER L 7. Vassiliev complex % Fi\> 35T Aicardi [1], Goryunov [11],
TmamVULELMWdOmmmDiHﬂ%ﬂiof@ﬁi@wwﬂmmﬁﬁ
%ﬁ#%R?N@ﬁigﬁﬂ1&®ﬁ%ﬁ$§§%%%?%ﬁ%mﬂ§%ﬁﬂ
ﬁ.Z74V%%ﬁ%%w%ﬁ%@EmdmDﬁﬂLKmm@UﬂJhwmﬁﬂ
Arakawa-Ozawa [Z], Januszkiewicz—Swigtkowski [13], Habiro-Kanenobu-Shima
[DLMwmpgﬂgﬂ%m;ofﬁbﬁﬁ,@@ﬁﬁ%@@i%@ﬁﬁ@$
EERBET PRI ElEsN, F7z, Vasiliev complex ZEEEFED
1 KD Vassiliev PEEZHRET DicEbNEITTREL, 77454
VFw@%ﬁﬁ@ﬁ%%§%®:£w$xfAﬁﬁﬁwﬁﬁmﬁwm&ﬁO.
21 ¢ 1% Kazarian [16, 17], Saeki [29], Sacki-T. Yamamoto [30] Z SR D E.

MT,%ﬁ@%@%@%%&mﬁbéfcm&kﬁé.

AASHRESR LR
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2. HEEML 19D VASSILIEV A EE

M % n RTESREE, N%2pRTEEHFELTSE. COBERf:M - N
X LT, S(f) = {qg€ M|rankdfy <p} % f DEREES TN, 0K
F(S() % f DEEFEEE LTS, BREyY € f(S() LT i (y) 2R
s 5 45—, EANEy € N\ £(S(F) KR LT fL(y) ZEBI7 7 45— &
IS X5 IERRT7 74 =T, BREERET2VERRTEF% IR
FEEREICT B,

21, BEEBK C°(M,N)% M b5 N ~D C® FEGEED o 45 EH L
4% R Whitney C®° fifiZ AND, f: M — N BPKEEBTHD L
ik, f OB U SEELT, UNOEROEEge URNLT S L g
oo AERE, $hbbUTORRE I T 58% 2 20T AEER
d:M—>MEyp:N—NBIEETHHZE).

M2 M

7| h

N —— N
©

e Bl f OEFE y € F(S(f) LT, BB f: (M, f(y)NS() —
(N,y) ® C® BAELERER 2 ZEGEHE & RO, y &R SIE &S,

BT, RIH (n,p) H Mather [20] DB T nice dimension, s ZEEEE
thhs & 72 % 22F5 SO (M, N) 28 C°(M, N) P open dense 1275 2T\ 5 £95,
VODEEEBH FLg: M- NBTAY FPEY 7L, f L g DEEFBD
189 X —FIRTHERLEZE ).

29, 1 RD Vassiliev FEE, FLEEBR» 5% 5%EMETD = C°(M,N)\
So(M,N) LB, ST OWHZEMELT, T2 M P56 N ~DHRRTL
1 NEEEREE» L 2EMETA, TZTf:M— N DIERTE 1 PNEE
ERTHD L, =71 oEFRMEy e f(S() BFELT,

o y UADEEFEIZE TRERME,

o BHRE f: (M, fHy)NS(f) = (N,y) D1 RICRIT DL EEBREF

(BRRTL 1 BB

THLEERE S, y AR EFE LS.

Co(M, N) T T, ORFABREST 5 LT 5. JOW, ZE7AVF
E—REE [ : §°(M,N) — ZHLEEHED 1 XD Z {# Vassiliev FRETH
2L, IOWIET:C°(M,N) - ZPFELT,

e I|T'; = constant,
o I|(T'\T1) =0,



o 0c[-1,1] TDHRT, i EOA SRR C° DB T [-1,1] —
Co (M, N) =R LT I(r(0) = I(r(1)) = I(r(=1))
DY SLOWEE vl

3. [T 7 A S — ERRTE 1 REEEGRD AERR

LT, FEEBS DRI n HBMESSREDORTTp X D EILKZW 55,
n KIS REGE M 95 p RITEREN ~D 22D C WEB f,g: M - N
mﬂLfyf&%%%&ﬁg@ﬁ%@&L,WQJ@%%QW¢@@+%¢§
FEGEE LT 5.
(Df&gdﬁﬁgﬁkf%.%ﬁ7?4ﬂ—f4@ﬂ&gdwwﬁ%ﬁ
BETH2 L ERAMER o : (Us,yr) — Ug Yg) BEELT, oUrn
FS(F)) = Uy N g(S(g)) 22% y € Up I LT fH(y) & g7 (e(y))
PIEERRS R EE L CHSBEMEIC R T ERE2E ).
©) f L g BERTE L RREEMT, yy b yg L[ L g DEE—DRX
TL1EREE TS, ETg: L — C®(M,N) z&%7:(0) = f,
74(0) = g TDH I T CO DB LT B, BRRT7 7 AN
Pl yp) & g (yy) BBRETH B &1 o(t,y) = (B(t), pe(y)) PTVE
LCw3EEER e [-1,1xUs — [-1,1]xUy PEELT, ¥(0) =0,
00(ys) = yg» 0e (U NT(E)(S(75(£)))) = UgNg((£)) (S (7o (1)) 2°
D &tel-1,1), yeUsicHLT ()" Hy) & 4((t)) () B3
SRR PEE L CHSRAMBIC R TWw3EEE ).
S o, 2ODERT 7 A 8= Ay Ay C MITEWTERER @ 4 — A
OO L 1E, EED ge A BWT gD M ADERFV TERS NI CF
WMEEE DV — A DEEL, VNA =0VNA DR HIOEEE). &
5z O BEE® - A — Ay BEHEEGDDHEERD C° mTh LR, A
LA, 3O BERETH B EE D (21, 29D,
f &g:M%N%%&TﬁlZ:?%g@kL, yr Lyg e N2&EAf L gD
et I ERMEL T 5. L g WBRETHS L [ (yy) & g7 (y) B2
DEHRTHRAMEICZ>TWEIREE .

4, 1 ROEBIAEE

LT C°(M,N) A, &XIul DRBEEGEED SR IERMT, DETD
ERESCEFANEZLNTHELDET 5,

C*Win; Z) % Ty DFFRMERRIC & STHERENS (BIRER) BHE Z E
LE3. COHOE T [—1,1] = C°(M,N) 75,

1T, DAFANRE S BVEATY, LETAY P E—TEEFEEERD 1 RO Z; &
Vassiliev FEBTH2E% L LA L TERT 2EDHRS.
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o (L1 -1 <t <ty <-- <t <1 ZWTHEREEVHFE (Z
EATHRW),
o BEDte[-1,1]\ {tr,...,te} KBWT 7(t) IKEER,
o Bt IKBWLT 7(t) BRKIL 1 DALEER, 2 7113F 4 IC8VT
I CEWNG=1,...,k
THLE, rEYRY v IVRELRE 0% ) O—DODBREER 1Y <
v oREETS. O(r)eZTr & O DRENZRE, AL 720 2H
BT 2 TOMEE IKBWCTEDHEICHEN T 528 +1 2, AOHAICEET 2
1 2MESE, chor2RLADEZETEBRINLLDOLT S, AR
LTEEOHRM ce C'(Wyn; Z) KRLTD o(r) e ZHERTE 3.

EH 4.1 BEEBD 1RO ZAE Vassiliev FEE T : S©°(M,N) — ZPEEE
D1 XD ZELEBFALETH 2 LT, BED2ODEEELR f,g: M — N
RLT ce CY Wiy Z) BEEL TI(f) = o(r) + I(g) BIRY LOETH
22 22 Tr:[-1,1] = C®(M,N) i 7(1) = f,7(-1) =g 2T =%
Uy 7B ET 5.

MR AERLIIROBEKRTH S, M DXL N ORITLLYEICKE
WOT, BER7 7 A N— RS TR kS, BR7 AN DBREL W
5 EHEEHGIE 7 7 4 N—REREOR Y OBEBRIFTHET 5D TR, 77
4 N—Lfk GEBRES R EE LO 2 RTHEL T 20T TRBIN, &
FEE2 5. —H, &RIG1OALEEHOFEE &) FERERE ZDEH
FIE 4R 1 BREDEEOBFER 2 RTHEL T» 50T TR &
SEEEAD. COEHS REEFT FAEB LA

5. EEH

DUF M 23 2 EE 7 3 RITES M, N 2SFRERORIC 1RO Z EF
BRAEEAWRET 5.

HESI(S 19,9 f: M > R2EEEEHET S, fOEROERT 7
AN=EE 1 D8 DDBTNPD—DIHEETDH 5.

1B WT, BREEAIKETH TS,

27, OEBABRE 5B VIBETY, BEEBRD 1 RD Ly EHERFIAEEPERTE 5.

3%t 1 AEEEGIHORMBEEGEEZERL T 29EL, AREZS EEAAEE R
THEMBERERT 2ET, MO 1K) ZE, Z, 8 Vassiliev FEBZERT 5EDHRS
([29]). %72 M ORTEH N ORTGERAL b L REIDASWGE, 774 PN BRI
270, ERFOAEREEY A TREERD 1 XD (FA AEE2ERTIEVHES
[1, 3, 10, 1, 25,006, 3 32
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\ oo f o\>o8</ “\ 88 /°
O ®) @] o)e) OO 80
X\.o © 0\08 O>O;<\8
£PN 0N £o0 N
° ° 3 0 of Qo
HO’O HO] Hl,l

|, ZEEGHROER T 7 A N —OFRAER

&EE52 ([0, 36]). f: M — R?ERITTL RzEBER, ye R? ZRATLL
LS5, C O, BR7 7 A/ [ (y) OB RESR (), 1),
T, I, T, TI%e, TI0b9, IS, 10000, TTL,, L, 10T, 10, 10, g,
o, T, T 1L, T, T, TG, T3, 1116, 1117, 1118 & 56 T8

<h3 (=127=123k=1234).

2 1345 5.2 DREEEO—BE B L TP, ZoEizEWT, &
EEELEAETH VT B, BEFES, LRI 1 BEHEFED C° AL
Eio X 2B (8,9, 28 2#BHOFE, 0 f PEEEEDL L EIERT1IN
s EHOE, BFEEENDE edge ICIBHET 2 o IR D IER 7 7 4
N DB EACTARICAENAS (B1.2 ZH).

CoHEBR F: M — R IZBLT flg) = flg) P2 q,3 € M 7B
FH(f (@) DU EERS Ao TOBE, 258 g, RAETSHS LED
3. W; & MO ORERERIC S R L, fOYafAVIRETS
f: M — R2DBEEBGROR, Wyld2 KESEEAETHIENASNT D
(18, 19, 297).
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2. ARTL 1 REEEBROESR 7 7 4 /S — DHREE @)

FE53([0]). BEER M - R>PICHLTRDEODLETAY FE—
K Eoiézﬁb}fg@@ 1 RD ZEEBEFRALEETD 5.
(1) L(f) = (2) L(f) = #11%(£)/2, (3) I3(f) = f11%°( ),
) Lu(f) = ﬁIIOl(f), (5) Is(f) = IIM(f),  (6) Is(f) = tI*(f),
) I

(4
(7) I (f) = 41°(f),  (8) Is(f) = x(Wy)



::?ﬂﬁﬁﬂ;ﬂﬂ?ﬂ@ﬁﬁ77%ﬂ—®ﬁ,ﬂWﬁ@W@@j45~
BzRT.

ﬁ%aupﬂyimlmwzﬁ¥%ﬁ$%§h,~,hu&%@@%ﬁwﬂﬁs

ﬁﬁ%%@%MﬁﬁLflﬁ@ﬁ?%%.%Eﬁ%ﬁ@ﬁ““JyAIqu
L(A) - Is(f1)

PEELT, TR M1k 5,

Li(fs) - Is(fs)
#l55 M=S° D,

100 000O0O01
11000001
111000601

n(f) - Is(f) 11110001

.................. :11011001

Li(fe) --- Is(fe) 11010101
12000011
1000000 2

B TEEEE f,.. ., fa: S5 = R BB T AEMHES. B3z
5 DEFEES LER 7 7 A N—2RL TV 5.

ﬁ%5£¢my£%§@®1&@Z@%%%$%%hwwh@é<§%3
Bo C° BEEREFEETDH 2. :

6. VASSILIEV COMPLEX 22T

%@53?%%5@@1&@2@¥%ﬁ$%§&t01m%74ybE—
Kﬁ%%sogztﬁ,:meuﬁ@ﬁmLfﬁowkf

Ib%ﬁ%ﬁwﬂ%&3%%%%&%#6%@«@%&%2%%@5@%@
#%t%%ﬁk?%.fﬂiqB?ﬁ%Kﬁ2$§ﬁ5%k@,tﬁlO%ﬁ
ﬁz%ﬁ@yefwu»ﬁﬁ&Lf,yuﬂ@ﬁﬁ@Méfﬁﬁﬁﬁ@#o,
5@%fﬂM¢*@ﬂﬁU»—wﬁamwzkﬁﬁﬁﬁ%ﬁgﬁﬁfééﬁ
%%5.ﬁge&mﬂtf%%zﬁaﬁ%mbf%ﬁﬁawiﬁ@%%ﬁﬁ
%T%%.C%WMR%E%ﬂb@%ﬁﬁﬁtiofi&éﬂ%ﬁﬁ%ﬁﬁm
ZMﬁk?%.@Wmmﬁm@%ﬁﬁB%f&%m%ﬁﬁ2$§ﬁ§@®%
%Eﬁﬁmﬂt,2ﬁﬁﬁﬁ#6%6%6%%@%@@%%%&%%@&?
&%@%D@E%,ﬁﬁ?74N~@ﬁﬁ%ﬁ%%@%¥%ﬁﬁfﬁ%$f,
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¢ °© ¥
O O
(0:0]
S1(S(N) 12(8(f2)) S(S(f3))
® [Yole) 00 i °000 1 000

0O
©e0 = 00 000 0000

00
Ja(S(fa)) S5(8(f5) J6(S(f6))

e}

4 .
F1(S(f) J3(S(f3))

3. HEER f1,..., fs: S = R2OEFREEE LESRT7 7 45—

coboundary operator & : C1(Wysr2; Z) — C?(Wyr2, Z) DVERSI NS, TD
cochain complex

(6.1) 0 —— C*(Wyr2;Z) L, C?*(Wyg2;Z) —— 0

% B3EMEIC BT % Vasiliev cochain complex & MRS, BARZEM C°°(M,R?) #*
Wi DT Ker(5) DEBDTL c KL, o(r) € ZWE¥ 2RV vy 7%ET -
[=1,1] — C®(M,R2) DECH - & 5 THA, KAZL DEEFRDT A Y
FE—EoRIZL B, HIL, c e Ker(d) 3EEEHD | ROERHFALEE
FHT 2. (6.1)IcB VT, rank(Ker(d)) =7 ThHY, FES3ID 72074
VEE—FREEDL,. .., Iz Ker(d) D 7T ODHEE»SFEI N bDTH S,

5 Vassiliev cochain complex 122 Tid [15, 13 #2B0O%



%7 [, 13 Ker(6) DEB AT c = 0 bFE SN bDTH B, BEDE,PS
ROBDTD 5.

2 6.1 ([36]). EBROEEELD 1RDZ EEBFRERE L, ..., [s DR
MTRIN5.

EEBEN

[1]1 E Aicardi, Discriminants and local invariants of planar fronts, The Arnold-Gelfand mathe-
matical seminars, pp. 1-76, Birkh#user Boston, Boston, MA, 1997.

[2] H. Arakawa and T. Ozawa, A generalization of Arnold’s strangeness invariant, J. Knot The-
ory Ramifications 8 (1999), 551-567.

[31 V. L Arnold, Topological invariants of plane curves and caustics, University Lecture Series,
5, Amer. Math. Soc., Providence, RI, 1994.

[4] J.S. Birman and Xiao-Song Lin, Knot polynomials and Vassiliev’s invariants, Invent. Math.
111 (1993), 225-270.

[5]1 T. Ekholm, Regular homotopy and Vassiliev invariants of generic immersions Sk —
R2*~! k > 4, ]. Knot Theory Ramifications 7 (1998), 1041-1064.

, Self-intersection surfaces, regular homotopy, and finite order invariants, St. Peters-

burg Math. J. 11 (2000), 909-929.

, Differential 3-knots in 5-space with and without self-intersections, Topology 40
(2001), 157-196.

[8] C. G. Gibson and C. A. Hobbs, Singularity and bifurcation for general two-dimensional
planar motions, New Zealand J. Math. 25 (1996), 141-163.

[9] V. V. Goryunov, Singularities of projections of complete intersections, J. Soviet Math. 27
(1984), 2785-2811.

{61

7

[10] , Local invarianis of mappings of surfaces into three-space, The Arnold-Gelfand
mathematical seminars, pp. 223-255, Birkhiuser Boston, Boston, MA, 1997.
[11] , Vassiliev type invariants in Arnold’s J*-theory of plane curves without direct self-

tangencies, Topology 37 (1998), 603-620.

[12] K. Habiro, T. Kanenobu and A. Shima, Finite type invarianis of ribbon 2-knots, in ‘Low-
dimensional topology (Funchal, 1998)’, Contemp. Math. 233, Amer. Math. Soc., 1999, 187—
196.

{13] T. Januszkiewicz and J. Swiatkowski, Finite type invariants of generic immersions of M™
into R2™ are trivial, Differential and symplectic topology of knots and curves, pp. 61-76,
Amer. Math. Soc. Transl. Ser. 2, 190, Amer. Math. Soc., Providence, RI, 1999.

[14] S. Kamada, Vanishing of a certain kind of Vassiliev invariants of 2-knots, Proc. Amer. Math.
Soc. 127 (1999), 3421-3426.

[15] M. Kazarian, Characteristic classes of singularity theory, The Arnold-Gelfand mathemati-
cal seminars, pp. 325-340, Birkhduser Boston, Boston, MA, 1997.

16} , Relative Morse theory of one-dimensional foliations, and cyclic homology, Funct.
Anal. Appl. 31 (1997), 16-24.
[17] , The Chern-Euler number of circle bundle via singularity theory, Math. Scand. 82

(1998), 207-236.



116

[18] L. Kushner, H. Levine and P. Porto, Mapping three-manifolds into the plane 1, Bol. Soc.
Mat. Mexicana 29 (1984), 11-33.

, Classifying immersions into R* over stable maps of 3-manifolds into R2, Lecture
Notes in Math., 1157, Springer-Verlag, Berlin, 1985. »

[20] J. N. Mather, Stability of C* mappings. V1. The nice dimensions, Proc. Liverpool Singular-
ities - Symposium, I (1969/70), pp. 207-253, Lecture Notes in Math., 192, Springer-Verlag,
Berlin, 1971.

[21] J. W. Milnor, Topology from the differentiable viewpoint, Princeton. Landmarks in Mathe-

[19]

matics, Princeton University Press, Princeton, NJ, 1997.

[22] T. Nowik, Finite order g-invariants of immersions of surfaces into 3-space, Math. Z. 236
(2001), 215-221.

[23] , Order one invariants of immersions, math., GT/0103157.

[24]

, Higher order invariants of immersions of surfaces into 3-space, math.,
GT/0207087.

[25] T. Ohmoto, Vassiliev type invariants of order one of generic mappings from a surface to the
plane, Topology of real singularities and related topics (Kyoto, 1997), Strikaisekikenkytisho
Kokytiroku, No. 1006 (1997), 55-68.

[26] T. Ohmoto and F. Aicardi, First order local invariants of apparent contours, preprint, 2002,

to appear in Topology .

[27] T. Ozawa, Finite order topological invariants of plane curves, J. Knot Theory Ramifications
8 (1999), 33-47.

[28] J.H. Rieger and M. A. S. Ruas, Classification of A-simple germs from k™ to k*, Compositio
Math. 79 (1991), 99-108.

[29] O. Saeki, Topology of singular fibers of differentiable maps, Lecture Notes in Math., 1854,
(Springer-Verlag, 2004).

[30] O. Saeki and T. Yamamoto, Singular fibers of stable maps and signatures of 4-manifolds,
preprint, 2004.

[31] V. Tchernov, Amold-type invariants of curves on surfaces, J. Knot Theory Ramifications 8
(1999), 71-97.

[32] , Arnold-type invariants of wave fronts on surfaces, Topology 41 (2002), 1-45.

[33] V. A. Vassiliev, Lagrange and Legendre characteristic classes, Advanced Studies in Contem-
porary Mathematics, 3, Gordon and Breach Science Publishers, New York, 1988.

, Cohomology of knot spaces, Theory of singularities and its applications, pp. 23-69,
Adv. Soviet Math., 1, Amer. Math. Soc., Providence, RI, 1990.

[35] M. Yamamoto, ‘First order semi-local invariants of stable maps of 3-manifolds into the
plane’, Ph.D Thesis, Kyushu Univ., March 2004.

, First order semi-local invariants of stable maps of 3-manifolds into the plane,

preprint, 2004, to appear in Proceedings of the London Mathematical Society.

[34]

[36]




RE QRAZ (FREK - IWEKE OXREET)
RK - B EERE

s (EIREE - (UEK  OHEFRFZE [SUY] T, HHED cuspidal edge & KidN 5
BE S FEEE] LVWSIESPEAL, ZTOELEESDEDOOAY AthE
IEDOWTHRENE. T TR, Beoz@s3ma1—r Uy FZER R IKREL
FEESICHEOBERENT 3D, BREFIIATHEIEEZEVWRAICL-T, —
B 3 X —< VEREROHEEICH L TEMILTS.

1. KE&E?

Ul w-FE R> OB L L, C-Ef f: U — R Z2EZ 5. f HIZDHAR
LEBEFRERMELVVES TEVEEBES LS. VE fEHLT, C=-Ef
v(u) : U — §* BEEL, f OERIRTE v DEAERAT MLeEoTHD,
H () U — R x P BEDARCES L, f(u,) ZRESBVE 7A2 b
(front, wave front) £\V5. BEATEER T7R® = R® x §? KZ BRGEMEENE
FTAN, EETHAT L L: U — TR B3IV Yy Y FIVIEDIAHDNEFEL,
FRZFOHETHBHCLIZIAETSHSD. FHICDOWTE, TOWHTHEZZEAST
EWNTE, ThEFHLWRELES.

FIGURE 1. cuspidal edge & swallowtail

Bl 11, f(u,v) = (02,08, v) TEBENBERIE/2AATE R LOERTSHS.
Z i cuspidal edge (G ATIREAE) &FEEh, HENEZEEOFZE5X5.

Bl 1.2, f(u,v) = (But +uv,40° + 2uv,v) TERENDZEHRE, EELED, BR
& swallowtail (YINADE) LFUINZRERZEDS.
Bl 1.3, flu,v) = (u?,v,uw) TEBENDEBIE, cross cap (RXIE) LHHINS

BAAPEDD. CHEYRY w7k CC-BHEORERLLTEATHS. L
L, HEER7 M, EDLAMCE VEBENREZ S DFEEICIZEZL.
1
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Bl 1.4. f(u,v) = (u,v?, w?®) TEREINSDEMRIL, cuspidal cross cap LFHINB5HF
BRZEDS. COREBADEETIE, BAERAT MUG v 2B BT L
BTEBD, (f,v) &, BHIRAR KRS, EEICIFESEN.

cuspidal edge & swallow tail i, WEDY 32Uy JEREATHS T LHHS
nNTns.

FIGURE 2. cross cap & cuspidal cross cap

2. f¥EdE

M? BRERFENTZ2RTEHELL, f: M? — R® RAWEAERS. C
DEEEROESIC, BEEHE f OBELERY UG v BENBDT, REIGL
THEERZS (f,v) ELTERTS. VWE (u,v) ZIEQOEEZEL T2 L&,

‘ dA := det(fu, fo, v)du A dv
% FEMNEEEESR LEX Eiz
dA :=VEG — F2du A dv

TEINZYHERE BEER LR dA L dA BFEXBRVTELY. M2 H
LERAESRRVEERR dA & A DRFEDESY M, LEFEOLS M_ I
ERlENE, 0WE

Au, v) := det( f‘“ forv) (: dA/(du A dv))

EBLE, My TR A>0THYD, M. TEXA<0TH3. ZD )\ EHSHEEE
FEBESL VLS.

EE 2.1. f OFFEE pe M? B, 3Bt (non-degenerate) THB &IE, d\ #0
ME p THRDIIDEEZWNS.

IBRILTH B LI FMFIE A-RETAEGBERTH 5. IBBLRREEDESD
ERERIE M? EOFRIMRE 5. The HEHE v, ZOERY VA
MERRERFRENS. Eiodf(v) =0 LRBBTRVENY MUy e T,U DEHS
ArEzBEAmENS. BlAmE, EEBEAFEEATIEI—BILEE D TCEER

2



w ) kT T, i%FﬁYﬁZ&b\T%E»fJ‘&L{EﬁI‘]@%T](t) BT EDHTES.
T D L.

(Fact) ([KRSUY], cuspidal edge & swallowtail DHIPHIESRLE) (1) % U ADKE
BT, S0 F OIBRERRRRICHBL TR LTS L

(1) 4(t) % cuspidal edge & RFTHMD TN TH 3 zdDBETTHEMFZ, BETH
CERAASENN TSI THS.

(2) n(t)( 0) &y EOBLSADELNERLT B L, 1(t) BYNADELR
PR FIMETH 2 D DRERDEFE, TORICBWTEREAR SRR
HA—EL, det(n(t), (D) %0 BFEDIIDT LTHB. KELTSA LI ¢
KET MO ZET.

LIF, WinawiED, BEER LICIIBRMIABERBFEELREVET 3. £,
RREEHE (1) 1& M2 EOBIREEZ, O FICRBBE A1) ERRIS. WEE
HIEE () 72, 52 ohikdBBbaTny FORRMRE T3, HFEHEEREER
EHISEMEERATHEEEZS. COTEE N, =0THET LMD, A\, #0
LixBTEMBRES.

n(t) %2, BEHR (1) KBI7 MUBETREARZEZAS8DLT 5. () O
HEE + OFEESNDBH, (v,n) DVEDEEICEBZXIICHEETS. TOLE
) = sgn@ @) LT (i det(f )

Y. BLTSA LR ICET A MY %EET. cuspidal edge ETZDEIZEFRT
Hb, $HEME (singular curvature) & L&, FEHEIL, M2 OEE, v DL
D7, ~(t) DEFTAMICEKEFELZV.

FE 2.2. BEHEOEELD

wult) = sea(ax(m) LD — (o )

T T n(t) EEHROD conormal N7 MUVOMERICHEE T 2METHS. COTL
DB 1.() & y(t) DEDT, e 40 DLZCAREREEERNLTEL

b = sgn(dA(m) Em ks (e)

LEFT, BEHMZRS, FEERVTAMBEROBETHE LADDS

&5 2.3, BEMBICBWT, cuspidal edge DADEMIZILTWS L&, FREBIE
e pa, JEB b (BT swallowtail) BT BFEMEL —c0 THS.

CCTREETEHIEET A, THOLS ILRBHESEZS, BERIIRD
B, Exbhlasdi bz, HEMIRT T ENTES.
3
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FIGURE 3. B L IED cuspidal edges

3. Gauss-Bonnet DERIZDUT
HIETCER LIRRERE, UTOX S ICHEOAMELEGRTS. XD 2DDE
B ILD.
EH 3.1. (Kossowski [K]) M?> #2217 b5 LE, BRLERERLNMGT
TS
(ZHHER) + 2(2REEMER) = 21y (M?)
MR DILD.
BL, [K] TRERHERIFEDNTEST 1-form k.ds DFD & L TREEHE
ZEZELTVS.

EH# 3.2. ( Langevin-Levitt-Rosenberg [LLR], Kossowski [K]|) M? 23287 k&
9B EE, cuspidal edge & swallowtail LH & Fixld i

(e Eadh=E) + o (#(E@ swallowtail) — #(ED swallowtail}) = 4mdeg(v)

MEEDILD. HL, IED swallowteil &%, EQHEEOBEIONAER 2r 52 EDE
L, WAN 0 &3 EDRED swallowtail & K 5.

B 3.3, FEOEEILL DB, [ZOSOBRIEECE (O B0) BEAD
cuspidal edge Lz <, df DEEN 1 s K5 BRES | OARHAT ZESIC
FCHETES., COEEICIE

(HEE) + 2(2REEE) = 2y (M?) + 271x(Z))
(P E2HE) + 3 (#(zrsa)pwa DY) — #(BOFI 0)%%?%[1)) — drdeg(v)

p:peak

DI, 272U x(Z)) & f DBBRAEE S, DA S5—8HTH3.

4. HEMELHIRBELOBERKIZDONT

Y, RERAMETAYAMENERTH ST L, IEEITRVFIREEZRESIC
5Z2%. LTFHHEDIID.

4



w41, (SUY)D f:U - R ZEEELTS. 51, v(t): (ab) —» U ZIFB
(S E AP ED ARG LTS L y(t) OIEETHY AHENERTHE7HD
REFRSEMIE, EEARRNEERR L TEENCRICEELTHS.

CDEMIE, B LT generic 7% cuspidal edge *® swallowtail DIEEZFND & &
WCEERBEZRICT.

Proof. t = to 1% cuspidal edge DIFEDHTARAREEZ 5. TOHE, FA/NEEIE
Bembdly: (lo—e to+e) = U IXTT cuspidal edge ZED B. T, 7 &
v L, BEAEN - AETH S w-BEEL BT LN TES. E,F,G%ZC
DEERICET B E—EARE, [, M, N RS EARLTS. £ (,) TR OW
BEET, w#ETf,=021%% T5L LT

M = —(fu, ) = (fuws V) = _(fml/u) =0, N=—(fo,n)=0
Th%. BEMELT LN - M? 3B THZDD LN — M? = vip(u,v) LEF 2.
Lieh>CTK = (LN — M?)/(EG—F*) T
EG - F*=v"p(u,v)  (p(,0) #0)
THEMD, HIAWMRE K BERZSE ¥(u,v), = 0 TERIFNXZESZW. Lk
HoT, K BERTH S D DBEFTHRFE
(%) (LN - M*),=0
THEH, vlllciio T N=M=0THs7zw, & (x) 3 LN,=0 LRAETH
%, Lz TEEEZRTICE, N, £0ZREEXN. £7 £,=01CEELT
_]Vv = (fml/v)v = (fv’uyy’v)
THsd. —7H, BE f,=0KEETRL fHA7OV I THBTENDY, #0TH
5. £TAT
0# A= #'(fua f’uay)v = ﬂ(fu:fvvay)

LB, TARED {fu fooy v} B—RENTHZZ LBDNB. BTy, = af, +
bfow+ v LEFED =0 BELD. EBIC (1, fu) =—M =07EDT 1, #0 &
D (vy, for) # 0 225, O

ETLICHY AMBHNEERESDEL Y THEED L L, FEHBRIEICEEDA
T, DED, RHRLDIID.

FE 4.2. (SUYD f:U—RZHEEEL, () : (a,b) = U cuspidal edge &5
HEBEEBL TS, () OEET, HURERENEEERSIE, FEARIOUT

TH%.
5

121



122

COEBOTRIFERLY, @EZHEEZETS. COFHICID, HUAH
O IEDFKRE T
(EHE) + 2(2RRHZ) > 2rx (M)
B DITDT &AM B. RN FICERZY —< VSRAEDIEETH % Alexandrov
ZER TR E DRSNSV ILDT LICEET 5.

FE 4.3, ZDOOEBOBXRTLLTETHS. HERES I ), R EBUSR
RIT 2 DD LREAEZTER S BHBME f: M™! - R ICH LT, S E CHimEmh
BHEREZD T £ M OFEZEARREEAS. oI M ORTEHRLIE
875 Ty OEMREFATHS.

T, SERREADOED D THYAHENERTEVES, BRRMNEOTY
AHENED L D252 FNETZODZHNTHES.

HEARAEICE RV E S 7% cuspidal edge 2 x %V v 771 cuspidal edge
LRz ricdd. ZCTIE, D57 cuspidal edge IKDWT, ZDHETO
HIZAHBDLZEVIEDVWTERETS. TTLUTORERICERT 5.
N . BRESOBEIETIEL,
YxaxUwT (generic) <= < 7 DETT o MR E >
=L, HEOBEEAE, FrEAROBAST & MR E ORI E > TS,
5 BRI, COBRSEOFHLYT, EEED LB L h—HORICEzD
5. Uz s, MEOHREIZTHRVOT, TOEMTFEAOHFIE, HiEOES
MAERAT, BATEEO—FONCHS.) VWE, HEORREOEHEDE SN RE
PIEBRANT PV v & DOBRICHBEANT
seng(v) = 1 v BICRRERDN DS L F,
SV =1 1 z3Tr0ER

el EERERD—FOHZ H EL,
(v) = 1 v AEDS HOMTHAE,
EEEVZ 21 25 TRLEE
T5HE, ROEEHEDILD.
SEE 4.4, VxRV w T cuspudal edge (HBVIET R Y VR swallowtad) B

Ez5NT0WBEREX Dt E, BEMEBERATHY AHEL, too LEFF
WCHET 5.

sgny (v) sgng(v)

& H ORITOA Y AHROFTFSIC—ET 5.

=R L, BrEARKIBICALRVE S Aswallowtall BV 2 XU v T EXERT

LIicT 5.
6
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Bl 4.5. LTOX3%BIZEZS.
F(u,v) = (3u* — 1200 £ (6u® — 120)?, 8u® — 24uw, 6u° — 12v)

c OFTIE BED swallowtail THY, THEEH tail @l (BOAED THB. £
tail BIOBEOFE LEELTWA. (THRIE, ALIED tul ORTHS. )

FIGURE 4. B LEDEDEHS

5. AEEREHEIZDONT

E % M?> FOBEE2DmEMTIbNEAT MUVREL, ZTICFE g6 &, TN

LWL A D AboTc kL,
p:TM?> - E
EBAY MVEOERBEEGNESENTWEET S, TLT XY 2 M? EOf
BORNT MNVBETEHLE '
Dx¢(Y) = Dyyp(X) = o([X,Y])
DEENBEELIE, (B, g9,D,0) % MENTHEELEZSCLICTS. TORR
TgoDYILEd TM ~"DF[ERLEHEBDEBILTIRAZRERLLS. —75, B
CRAZEEELTVWADT, M2 5 \E* ~\OWME p CTRZICEELZES
sz 0ns0hns. ELLESZONERERDED D ORRER (U,u,v) 2
Eoltk &
A = o(1p(8/0u), $(8/8v))

TEES U L0 Co-BHOARMEZTVWELIE, ZORZIERLARERE X
R zDEE, §1 T#B/z cuspidal edge & swallowtail DHIESRMA intrinsic T
Hofrz LIcEEH L, HISMIC intrinsic cuspidal edge & intrinsic swallow tail 2V
ETET, UTO2DO0H TR - RVRDEBENKILT 5.

(ZHEER) + 2(2REHE) = 2ry(M) + 2rx(X)
(P51t & 2fhER) + #(IED Swallowtail) — #(E D Swallowtail) = 4rx(E)
7
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DEDILD. TTT x(B) RAEDFENENT MVERELTD E D Euler char-
acteristic #ERTEDETH. £z x(2) 3 REAES T O 1 7—HEET.
EEOKEE, WEE L TODER (limitting tangent bundle) HERNT M ViC
EXTATEOEZD L LTEEREH, /L oFEINBEELERIE, LOoEK
OWMSNEFEEDOFIC AR >TNWAD. TDEE, §1 fl4 D cuspidal cross cap &, £
BRICIZPEE T3R0S (cuspidale edge & 3IC) intrinsic cuspidal edge 1C7& > T
50T, COEMMETHEAGEHILEAZC EEBRLTEERV. T5K, LOE
L, RIATTHEWHEICEERAFRTHS.
(BHYIZ) ZOVYRITLTREIERZVET R L BHLET. BET 2
MET—< L LT, EHMRZEMAOEMBHEOFERICDOVTOMELH D £
7, 3XHk [Is], [Iz], IM], [KRSUY] &SRB L T ZE0.
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SRERENORETCEIZ, FFARUVE, 774 MECE, RHFETEOWTH
WD L5 EEE, Thurston 12 & 5/ —7 »EREOR I —ELERDEE DI
ChB. CTOSEICLY, EEICEL OBUERTHEBTHS (Tiabh, MERNAER
TSR TATR) D eitbhs. TR M YRREIC LV REOE ORERBTE
+5 (EIREREER) WigiEiiEel 220 T, RigiE iﬂEﬁiFUE DREETHD
Zlicizs. NERECEREROL SIS, Fav T FEREREENBSREZII AT E
moR, F0 L5 REEEICIE, Epstein-Penner [10]12 & W EBEHSEI LV D, FREID
AL E A~ D—BRRSEEREREN TS, (BlXE Weeks CE DI Ea—F Y
7 b SnapPea [21] B TZOREZAVTVS.)

SRENHEEEOEARIIAE ) I —FRICK Y 3RTREER B OSREHRE
PSL(2,C) DEESEAEE (754 V8 LBREND. 774 VEEIC 127 4 — FEAZE
REESNAE, HATE 1 OFEFEOERAENHSEEICT LT, RS
SEDTHTHDZ LBDD

(15) RbE =527 v 7 AEOT 7 — FEASEEOES & D EREDHRI
70 4R Jorgensen 12 X BRFEORL [13] 128D . TOF AT TRAVLNTWATAT 4T
17 O OEEA RRREICEE, BENCEEEEATETVALIIELD. (RNEH
B AL (19,4, 5,17, 18] 72 &, < HAHN, TRIFEEEL LN TR
%ﬁ%@@%ﬁ,ﬁﬁéﬁ,MT%@E&ewiﬁﬁ%MKibuam#AEﬂTmé

HICEEREZ AT,

Z DEFETIE, Jorgensen I L ) EEE ST side parameter DR ERE R EE~D
i, EIRESAREYAVTESESh D= FRERL side parameter & DHLEIZ L,
K&k b—F RIS VEOT +— FEASEEOELEDEBEICEEYT S, INET
bt tnm LRBENT S, chbid, BELORDE M-I ARPIEEVERERO
EEHSEIOME~BLRASND.

1 R"HEL—FTRIZETIER

ﬁ%%%~§XT®§Eﬁﬁ%ﬁﬂ@%ﬁ@E1@&@%K%Wﬂfw52$@ﬁﬁ
LeAOMMICEENEEND, ARE D LEEEVEDE, Halz 2 DB EITHREEIC
BEY S EAETELND. ZDEE, Ml BIEEE Y Eh ENTEORIZEEIAENT
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,,,,,,,,,,,,,,,,,

M 1: Rp& b—F X EORHEEDH

X 2: B2 0 REFEETAEBOTHNET 7 VA B

WBLESRT DRISA VCHETHZ bbb, Z0LHIE, EOROEZEDEDR
575 DD AL LINEBILD LV D EEES §4 Tside parameter Z ERT DCHICER
TH5D.

1.1 77 LAER

sz 1 WHTEE H OBESARSEID % D = {1(0,1,00) |y€ PSL(2,Z)} IZ XV E
%425 (M2). 22T, (0,1,00) XM =RU{co} ®3/R0,1, cc ZEAR LT HEE=
AL TH. CONENLERSNE 2RFTEERDET 7 LA BERLEEZ LIZT D,

UFIRRB L3512, 77 VA EED IRLE h—F AT OGEEEL, 1RTERE
DOET DR « TTT7LHBREND.

280 FEEEO— ST THERROICAT Py 7 ThiaWEAAMREZEE
BTHBENS.

SEZE 1.2, NbhE F—F AT OHBEEC ZUTOLIICEETS.
o C1, T LOAEHEMBEEDT A Y FE—BO2GERERERGLTD.

0 2ONTEAICH L, TRLORETELELTHEIE—RTEDDILOPENDLE,
ZO2TERITNLERSDEED LERT D.

o L+ 1HENPEAICHL, FOHbOEED 2EANITHEIND L EIT, ThbiTk
BEPED LEETS.



(a) (b) (c)
H 3: SAWICHRT S (o) HlbRE, (b) BEZABSHE, (o231~

(a) (b) (c)
[ 4 DICHET 5 (a) BEE, (b) BENAESE, (o) BLLEANA Y

cm&%%@mérwwmﬁéﬁl&&5&5&%@%1—&UyP%i%EA?é:k
WL YRR EETD.

ﬁ%L&@)K%%b—7XT@KE%%%%%ﬁ@74VrfuﬁWm@T@%Eﬂ
@W%RWJWWGEﬁ%U7F&LT%O%@%@@Téﬁ,%@ﬁ%mﬁﬁﬁk
7. TOWBILY, COEAESIED OEAESQ = Qu{c} LRA—HIND.

(2) (1) DRISI LD ¢ & D OMIEFHREFFEIND.

@)Cﬁ%iﬁ%ﬁﬁb,%ﬂ6®ﬁ§ﬁkrﬁﬁjﬁ,ﬂ%ﬁéﬁ%%%iélkT,T
DEESAHSERIET S, e, TOBEZARSEIO T ELTT AN
A SRR 5. (E3.)

(1) COBTMITH L, TOBRNARABNHIST 5. TOBBNABAENCLT OB
Ui R/ VRIS T 5. (4.
E%lA.ﬁ%%b—ixT@myv-d%7P%UT®;5KE§f5.

.Pm,T@NVV%%@T%V%B—ﬁ@é%%@ﬁ%ﬁkbfﬁo.kﬁL,T
DR TISEL I, AEREHEBSEOEREST, TEEhbOHRIZE->TY
D LELNBEERRS N Y (@) LRDBDTHD. E-T, TR
P SRR L ADABEMBAMRI 62D,

3

127



128

o D7D

(a) (b)
5: (a) 7SV, (b) FIEER

o P D2 ODEANBICL Y FEIZND DX, b2 5(b) LN HEEIC S
DBVHILELTD.

PIZlE, ETOHOEEN1ITHE LI ICERELZEETS.

HEE 1.5. LY IS TPRT 7 LA EED 1 RTER DY L ERICA—REND.

S 1.6, e —ROMED/SYY - ST TERERTHEEITE, PIEERE LTLRA
HEFELONAYORBELLRAVALNERDS.

‘e TOEEETIL VY - 7T T IHEEEREORHESL T LIANRNDT, PED L
FIERLBDEEBSTWTHETHD.

1.2 44 ESa5—%/H

EE 17 RbhE F—TATHRHEETS (Ef-o%) WHBEDLENPLRDIEET 2T
DHEAbIaF—EEERS TRDE,

T={p:T = X| 3 EREEEHEREE X ~ORMEER}/ ~

ETB. L, o & fopMEERE Y I THD & HREENRMRER fRIFETS
LE, o~ kT A L, ZREBTAILOIGLT, TOEREZ o X OHTE
TILIZTB.

FAEI=25—EEATICNE, RO2ODEMEPERIND.

%% 1.8, (1) TOEED2AX, YICHL, ThoOMICIHESERMERIEET 5.
FOL O RBEABBOEREHEDOTREY K LT5E%, dp(X,Y) = logK &
BETA. dr 2T DEAESaS5—EREES.

@)TW%%K%L,%@E%2%w%®%ﬁm%wﬁuﬁﬁéTwﬁﬁ%ﬁaE%K
F—Han5. ER2KRMSOZEREOE—F—Y VRBEEZAWVWT, TR/ —
FEFEREZESNS. FTOHENLBEINDG T O —< VA EICET OB dwe
ETOYzA41 E—52—Y VER RS
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e, ARG S IcH L, FE1.8(1) LEBICLTdr EE TS L, (T(S5),dr)
BT 4 VA SR LR T L REBR TG, RbE =T AR LTI, KOE
ERMBN TS,

& 1.9. (T, dr) BRETFEE LERAETHD. £, T L oREREBEEDRS
EPMLETHLEE, F—R by - av 7 METUPMLIE, B ICERERR 2 M
MBI Licky a7 MELEER EE—HEND.

Brock Ik B W oA 2 » B2 — Y VIEREICEET A RO BRI, —ROFREN M EC
HLTRENTND.

% 1.10 (Brock [8]). (T,dwp) /3 Y 757 P LREERETHS.

2 N"HEF—FRIVSAVE

w01 AhE T ACHRERSEIHEEL 5L, TORE ) I—REE po
m(T) — PSL(2,R) C PSL(2,C) ¥ %.

o EHp: m(T) — PSL(2, C) % po @ﬁ%%*ﬁifﬁbék i, V=< ERELEOES
RSB w:C - CIHLT, p=wopouw™, TRbhE, EEDgem(T) T
L plg) =wopo(g) ow™ DELILT D kb\bié:f%‘é.

o po DELEEEHOXBELENLRIERE QF LFE, RbE M- FAOET Y
B RLE L ER. OF 13 m(T) ® PSL(2,C) BRAZM R OHHZEM L AR5,

o OF DRIZBITHMEE QF LEL Z LT .

" i

&5 2.2 BEDpc OF IKHL, B/Imp IRHE F—F A LHEMH (-1,1) PE
T x (=1,1) CRBTHB. 754 8 Inp DTRESERERE, T x (-1,1) ® T=F]
em =T x(=1,-1+6), et =T x (1-6,1) IZRET 5220 ImpFE ﬁﬁf\';éé\ﬂi o)
glins. & RROVWThrOEEZR-.

(1) Q REERICAET, Q/ImpETIZABTHS.
(i) QF EMEERECERRNTFIEST, U/Inpil3 RAHEHEIABTHD.
(ifi) QF HZEEATHS.

(i) T4 (i) OEEERRFO= v FRERZMERZ, (i) DHEEF o =Y FiEAFH
|/ R ).

T 23, p OF KHL, B/ ImpDE=y Fef iKY FREEN(p) 2T PP —AF
oy METUPML 2T AL LTUTIREIVEETD. € WSS B ERL IR
HORSEEE Q LT,
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(1) QAEABICERREE, TOSEBEREED. TNE X(0) EW? LT 5.

(i) Qf AMEEREORAROMES THELE, T O/ — FO& Y —7 EOWHER
EED. ThEN(p) € OH LT 5.

(i) Qf REEADLE, e PHHTHT B Im p DBRMBOFINFEL, TOMERE
LTPML DEAREESD. TNE X(p) € OH LT 5.

% 2.4 (Minsky [15]). =V FRZRICLVEEHFH A = (A7,27) : OF — P x
2 — diag (OH2) IZ£EH T, TOFERITERTHS.

SE 2.5 RRTFHEAHMH TH DL IR 2OORICL D EREN, B2 OB BRI
AECHBE LD I FAVEER, Rb&EM—FRA7 T4 VBLERS. EHE241%, FiT,
KIhEx =R SAVEQCAEICH LTHERENE (K& b— 7 RITHT 5 ending
Jamination conjecture D& EHVAER) . T, (BN ) RbE b—F 27 74 VEEEF
DEESGL OF R—BTHIEHDDD.

3 TJ#4— s
Plig, B C BT AR AVD.

£ 3.1 o FEELS Wy = (‘Z Z) € PSL(2,C) &L, UTZERTD.

'« BEEEBAODL —dfe, ¥E 1| & boME, yOEEAF LV, I(y) LEL.
E72, I(y) DIMIE E(y) L BL.

o I(7) ZARE LT A LELEMCEENDFHEL v OFERFRE LV, Ih(y) &F
<. &, Ih(y) D EXZEBIZBT BIMIZ Eh(y) £ EL.

W 3.2, F5AVETICHL, o DEEEE D, LECILILTD. 2ok, PI),
Ph(D) #UTFIZ XV EETS :
PC)= () E(), PMD)= (] Bh(Y

vElr-T'e 7T

ThibE, ToT74+—FiEEe RS,

SEE 3.3. To # (1) D&, 74— RS P(T), PAI) T O CRE ~DERNE
ARSI L 1T BV, L LARD, Tw ®C, H ~DEROEARBEE ZNTH R,
Rhy, &35 %, P(I)N R, Ph(I) N Rhe FEAFIKL2D.

Bl 3.4. co ZEE LARVNHMMEELH v € PSL(2,C) BERT B HERKERE (1) 1377
SVBELE BN, (BB KT B) DT 4 — FEE Ph((y) R 6 IZ#E»NTWD &
51725, 2To [E) EKEO—ET, ZOFITIXOPA((Y)) X8 >DEMNHE>T
W5, KE Y A VEOT +— FEROEARE D EMEEDRHE-S1T1Z Jorgensen [12] 12
IvEsxbni (928 .



7 K& h—F AT v 7 ABEOT +— FEXEE

ﬂ35.R&%%—?z@ﬁﬁﬁﬁ%ﬁﬂ@%ﬁmﬁﬁémm/i~%ﬁ@@%?kf6
L, TiR7 v o 28 (PSL(2,R) OBERE ) LB, Ty ABRBERIZ TAVE
L, 20O74— FER PRI (BIZE) H7 i TnaE9IieRd. 0L
%,ﬁ??ﬁ@%%tﬂ%ﬁmﬁotﬁﬁ@ﬂﬁﬁﬁkA&éhﬁFﬁ@%mﬁ%f%ﬁ,
Ph(T)  ZOFEFELORPVIE, 7y AHT O 74— FeE) L BRICHREND.

4 Jorgensen BB

- DE TR LA EROKESE, Jorgensen 12 X BRFEDHIL [13] THRARHIATH
BHLDTHD. TOWM IR (M) AEANTOWARVE, BREIEER, fH
BrE, UFTEOSKEOEFFRE[NICLY, 2 - THRARALNTWAERDIERZE AT,

u%,peng%LqPﬂmm,Hﬂm@%%h%ﬂP@,PM@k%%bf%<:
LT D,

Bl 4.1, M8 ICHM TN B O, —RERRHE h—T AT o 7 ABED T & — REE
ThB. FOELEDEREEIIESE 4.3 TESE S5 side parameter FRWTEREND.
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X 8 — @i bE h—FRET v 7 AFEO T +— NEEK

FOEEPRB L, ETOERCELICHEIN TN DO EEAEDEIICE CRZ =08
nTW5. (EiL, BV AbEt0HABELTHS.) #oT, LTOERLL T EDANS
AL VBEED. OPh(p) ZTirb LIt E>Tn< &, EFIREESTZANSNAS EFRTA
Fo~y REBOFNC L D> CEFREBRICENLD Z E8b»2 (6, 1 2R) .

FI 4.2 EED pe QF KL, Plp) C ClabxH L2 oDERRS PE(p) 67125,
(7-72 L, BERSOEE 1L, BEFENTOLTIZEINEDS.) Fee {—,+} LK
L, &5 m(T) DFTDFI{A} BEEL, 0P (p) IZUTOWEZFoMle (j € Z) O
ELHLELTRENS.

(i) FEED j,k € ZITH L s(A5,,,) = s(4A5) T, EHIZ, s(4),s(A]),s(43) BRD D=
Aot ZRD.

(i) EEDj e ZITH LS 1T I(p(45)) IKEEND.
(iil) e D I(p(AS)) KRBT DREDHNZ 0 &TDL,
05 + 65 + 05 = /2
NS A/RVASR

%% 4.3 (side parameter). fEBED p € QF IZH L, KEFEHE O 2 R v*(p) ZUTF
DEICEETSD. Hee{—,+}ITHL, " 2EBLI2TEEDL=ZARLTD. v¥(p) 1L,
ZAR o DELEZICE U THEE (65,605, 05) 2RHORELTEDD.

S 4.4 THEAIICLVEEAEE Yy = (v ,v): OF - I x B? IXRABAERTHD.
WO EBRIIHEEEIC L S side parameter D OF ~DILIRTH 5. ([1] ITHERE. BEHIIE
fEs.)

FE 45 5y OF —» I x B2 BUTOUHEEZES>ERY = (v™,v7) : OF —
P x H? — diag (OH?) ~LILEREND. :
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(1) FEED pe DF KL, Ph(p) OMHEDEBET v(p) IV EESND.
(2) viZRAEICE L TERRERTHD.

(3) B e=2 L, v(p) € OHF L X(p) € O XRAETHS. =bHIT, InbOSEME
BEEmEnd L&, v(p) = (p) THD.

5 BRI O

= FRZEE )\ b side parameter v ORIZIE, EE51ICBRXONDEREHD. 2D
FH L Brock I X BERS3 R MAEDED LT, 74— FEBROHEASEDEEEIC X
B OEEOIME (B5.4) MELND. (3] Wik, BHEMITERT.)

T 5.1. UTFOWEZHOELG >0, 6 > 0 BFETS.

(1) v5(p) € 0 = (s0, 51,50, T/2— 0 < 61 72 BIF, BAMEN(p) 1B L TRIOHBEA]
B & 2 HoARGEMBBEL, B s 250,

(2) v5(p) € o = (50,51, 82), min{0|j =0,1,2} > & RBIE, dr(v(p), X(p )) < dp T
H5.

% 5.2. WOMWEZED06, > 0RTHETS. HEDpc OF, e € £ITHL, dwp(v(p), A (p)) <
50 7}73‘7%7":5“6

K OEEIE, Brock BlI&B. (22T, —BROERENEE! IR AEBE NS E
=5 RZBELTHERTNAS.)

S 5.3. pc QF IZHL, dwp(A(p), AT (p)) & Vol(Core(p)) IZHEFIEETH H. T72D
-I‘D, &)5 C1 Z 1, Co Z Oﬁ}@EL, E,’%@p S Q}- L\—:;L("j‘l./,

¢ dw (A (0), A (p)) — ez < Vol(Core(p)) < crdwr(A™(p), X (p)) + 2
BERSITB. 2T, Core(p) ok Y, WHESEER/Inp OMEEZRT
% 5.4. p€ QF IKRL, dwp(v™(p),v*(p)) & Vol(Core(p)) HHLBAETHS.

6 WDO2MDIEHA

6.1 AHEF—FARDEERSE]

‘|7 )YV IEMEER T - TREAbNELEE, AALORSE P—TFAKRM, =
T % [0,1)/(z,0) ~ (p(z), 1) WEBGEEERBEELHETD. ERLEORLLT, £
D X 372 M, DIEHERSEIS Floyd-Hatcher [11] 10~ b e BENEEFESR L — 29D

9
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Z e HbhB. (Z i Lackenby [14] 12 X Y, (CBEMEHLFETT TR ST
3.) m(T) ik m(M,) DERBHEL 2>TRY, p, & M, OREHEEICET 550/
I—BBOn(T) ~DOHIBRETD L, p, € 0QF THDHZ LBMONTVD. VI HE
WEAEETH L L TERIERTE N, vi(p,) BRZOERD 2 SOBEERIC—ET D
TLRREND. 29 LT, Php,) PHBADEBENRESND. M, DEENSE
ixFD TRxt L LTHELAS.

6.2 BEEUMEDRIE

EEALRAND L, TRIESRINTHS LR 2 00T TAERENS PSL(2,C)
DESBE OB R RIET 5 - DO+ RRERBONS. HbETILS vt ORER
EUEEEL LTAVWA D LT, AL, ERICRNRESEOHNEERBLNG. Th
AL LT, FEBEEICLS OPTI ([20) , WFHEEIC X ks niEER ([22) 72
¥, avba—FEAVERbE h—F ABROREMED N THS (6] bBR) .

6.3 ZiERUEMAZEROFENTE

LERHEHRENRRDHE P—F A LBHATEETH B Z LD, Jorgensen DFIEIT 4 R
RHEERERT v 7 ABOWERIZBIGATE D, Sbig, 87 v/ AZHMOIRICTFET
HEEBEITRVWERT, #SHBEOBELZE LI RO b EOFENCATELZ L
Whhd., 25 LT, $SEEOERBKROBREE LT, WM HEOE (KHE) Mz
MoOR S L BEMICERTE S ([4, 5, 6] 1K) . ZORER, 1R - Weeks [16] IZ
L 0BRSS RO B SRR OEENSEIOEHEDR, ENEENSEITHDZ LR
SERED.

7 On pairs of punctured torus groups

M9 TND 20D/ UEIZ, WTFhbIHARKCE THD. b, Wi
HEOHOEEL 1 Tha. EE, RICEIMNTHWALIRASE N—FREFA 7=V ]
ME L LTE-S. £, KX K b, M(a) icHrhi, RbE b —FX Lo#iiRall
RoleF—VERICIVELND Z &0 D25.

2 ODREVBDENE LT, Ky E7 7 A A—ECETHY, K I3T 5 TRV Liz
FoHha., Ziuk, Thurston i & B A—4 U EREICT 2 Wi —B(LEEOERIZR W
TRERBVWEEIEEZT. 6.1 THRRZE I, AdbE b—F AROWMBEEILT +—
FEER A AWV THAADERICLEBICEMBINT. £2TC, KbDX I RFET 7 A3~
T 2 E T SEAOREEE LA DEBECREA» DEMBTE 5D TRV H
FLTNS.

aERBHE F—F AL LENEZHRE K EDO2/abRHEHBEL LTS,
SOEREVEN T 7 AN—FRETHHI 0D, KICEETD My id, L OBERZN
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(a) (b)
9 9: (a) 8 DEEECE Ky =4y, (b) Kz =6, (FUEDESZ Rolfsen DRDH D)

HEFP—FRCIVEVEANZLDLFEETHS.

wE 71 RHE F—FAT LERER (-1,1) OERET x (-1,1) KEEhDHE T x {0} L
DOAGHEMBEEEY y T3, T0OLE, Tx(-1,1)—7% My L EE, Tx(-1,1) 556
ot r F— VR L VB LD SREE Mo(r) LB Z2I2T 5. £, Mo(r)
REETD (07 x (-1,1) AT L T3) BAENFRZNEEOERE §F(r) &
T5.

REEE 7.2. GF(r) £ Z OERICEEN S WEMEEL 74— FREZ AV TERT L.
FEE 7.2 EETAEDIC, UTOT7a—F&LbZ L1272,

(1) 2->® Tdouble cusp group] ZHED GHLEHFIZLY, Mo D ${AT B PR 72T
EEERTD.

(m(mf%%ﬂkﬂ@%&%tﬂ%f—yiﬁ%mf:km;D,Qﬂﬂxainéﬂ
HBELERT .

(3) Jorgensen DT Fm—FIZLY, GF(r) ICEENAWHEETELAEDERIEDR
AP LEBICHRETS.

R E h—5 RENT +— FEBROFEIC LY, (1)E7 4 — FERORSEDEEE
FTCADTTTCRERLTWS, £, BLALLTONHT — I TRLNDED
7%~Pﬁﬁm(m@7szﬁﬁK«E%734yﬁ@7ﬁ—Fﬁ@(@@:%F%
DabED| ZLTRELNEZENbRE (2|28 . BETIE, W S>»ORFEFIEZE
LT, (2), B) oW TREEZTILELONWLRERERNT S.
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0. Introduction.

There has recently been a huge amount of activity relating to the topology of surfaces.
Tt has close connections with the study of the mapping class groups, the curve complexes,
Teichmiiller theory and the geometry of hyperbolic 3-manifolds. One of the principle moti-
vations has been the proof by Brock, Canary and Minsky of Thurston’s ending lamination
conjecture. Here we describe some of the 3-manifold background. We explain how ideas of
3-manifold theory can be used to deduce essentially combinatorial results about the curve
complex

This is an account of material related to my talk at the 52th Japan Topology Sympo-
sium in August 2005. A more detailed exposition of some of this material can be found in
the expository article [Bo7] based on my talk at the European Congress of Mathematicians
in Stockholm in July 2004. These will be published proceedings of that meeting.

1. Background of 3-manifold theory.

The theory of 3-manifolds has been going for about a hundred years. By the late 1970s
an enormous amount of progress had been made, see for example [Hel]. For compact
manifolds, particularly relevant to the discussion here are the decomposition theorems
of Kneser and Milnor, which give us a canonical way of cutting it up along spheres —
the “conmnected sum” decomposition. Then, for aspherical manifolds, the characteristic
submanifold construction of Waldhausen, Johanson, Jaco and Shalen gives a canonical
way of cutting along tori to give seifert fibred and atoroidal pieces. These are important
structure theorems, which subsequently found analogues in other branches of mathematics,
notably in the theory of group splittings. However, many fundamental questions remained
unanswered. Notably, there is the famous Poincaré conjecture, dating from around 1903,
which asks if every closed simply connected 3-manifold is homeomorphic to the 3-sphere.

There had also been significant progress in understanding non-compact 3-manifolds.
One usually imposes some sort of finiteness assumption, typically that the fundamental
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group of M is finitely generated. Under this hypothesis, Scott [Sc1,Sc2] showed:

Theorem : (Scott core theorem.) If my(M) is finitely generated, then there is a
submanifold, My C M, whose inclusion into M induces an isomorphism of fundamental
groups.

In particular, it follows that the fundamental group of M is finitely presented. The sub-
manifold, My is referred to as the “Scott core” of M. Note that the ends of M are in
bijective correspondence with the boundary components of the Scott.core. In particular,
there are only finitely many of them. They might however be topologically infinite.

Running parallel to the theory of 3-manifolds was the theory of of 3-dimensional
Kleinian groups. A kleinian group is a group I' acting isometrically, properly discontinously
on hyperbolic 3-space, H3. One can decompose the riemann sphere 52 = CU{o0} = 9H®
as the limit set, A, and discontinuity domain, ). There are closed and open respectively
invariant subsets of 8H3. The quotient, /T, is a disjoint union of riemann surfaces. Again
it is usual to assume that T is finitely generated. In this case, Selberg’s lemma tells us
that, after passing to a finite index subgroup, we can assume that I is torsion-free, and
so the quotient, M = H3/T, is a complete hyperbolic 3-manifold. There is a sophisticated
deformation theory relating to such groups due to Ahlfors, Bers, Marden, Maksit, Sullivan
etc. One important result is:

Theorem : (Ahlfohrs’s finiteness theorem) If T is finitely generated, then Q/T" is a finite
disjoint union of riemann surfaces of finite type.

This, of course, has connections with Scott’s topological theorem, even though the
proof is completely different.

Despite all this progress, many questions remained unanswered, for example, again
under the assumption of finite generation:
Questions:
(1) (The Ahlfors measure conjecture) If A # S 2, then the lebesgue measure of A is zero.

(2) If A is connected, is it locally connected?

In the early 1970s, Marden and others put together the theory of 3-manifolds and
Kleinian groups. In particular, Marden put forward the following:

Tameness conjecture: If I' is finitely generated, then H?/T" is topologically tame, i.e.
homeomorphic to the interior of a compact 3-manifold.

Others, such as Riley, noted that many 3-manifolds, for example many knot com-
plements, admitted hyperbolic structures, so it was natural to ask how universal this
phenomenon was.



In the late 1970s Thurston revolutionised the subject with his work on the geometry
and topology of 3-manifolds. He made the following:

Geometrisation Conjecture : Every compact 3-manifolds can be canonically cut into
pieces each of which admits a geometric structure.

The decomposition, along spheres and tori, is a combination of the connected sum and
characteristic submanifold decompositions described earlier. There are eight geometries.
Those particularly relevant here are the spherical an hyperbolic cases. In particular, the
geometrisation conjecture implies the Poincaré conjecture. Thurston proved the geomer-
trisation conjecture for the large class of “Haken” 3-manifolds, see [Th1,Th2,K,0].

As part of this project, Thurston did much work on non-compact hyperbolic 3-
manifolds. He developed a theory of ends, and defined an notion of “geometrical tame-
ness”. This was subsequently shown to be equivalent to topological tameness by Bonahon,
Canary, [Bon,Can] and Brin and Thickstun. Thurston also showed that (geometrical)
tameness implies the Ahlfors measure conjecture.

With regards to the theory of ends, Thurston made another conjecture, namely:

Ending lamination conjecture: A tame hyperbolic 3-manifold is determined up to
isometry by its topology and “end invariants”.

To explain the term “end invariant” we assume for simplicity that M has no cusps. In
this case, M has two sorts of ends. One is geometrically finite, and is naturally compactified
by a Riemann surface, of the type appearing in Ahlfors’s finiteness theorem. There may
also be “simply degenerate” ends. Such an end makes no impression on the discontinuity
domain, and so 'is not noticed by Ahlfors’s finiteness theorem. Associated to such an
end is an “ending lamination”. By Scott’s theorem, we have a finite number of such end
invariants — each a riemann surface or a lamination. The ending lamination conjecture
asserts that these determine the 3-manifold.

This work began a huge flurry of activity, especially through its links with the relatively
young subject of geometric group theory.

However, the most dramatic developments have come in the last three years, with an-
nouncements of proofs of the three main conjectures mentioned above. The geometrisation
conjecture was announced by Perelman [P1,P2] (2003). The tameness conjecture, indepen-
dently by Agol [Ag] and Calegari and Gabai [CalG] (2004), and the Ending Lamination
conjecture by Minsky, Brock and Canary [Mi4,BroCM] (2002,2004). There has since been
a frantic effort trying to come to terms with all this work, and to explore its consequences.
Most of the discussion here relates to the ending lamination conjecture.

2. The ending lamination conjecture.

We outline the ideas behind the proof of the ending lamination conjecture by Minsky
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and his coworkers, notably Masur, Brock and Canary. For simplicity of discussion here,
we assume there are no cusps.

The tameness conjecture is complicated by the fact that the Scott core may contain
compressing discs, so that the fundamental group will split as a free product. In this
case the fundamental group of an end might not inject into the fundamental group of the
3-manifold. This was a major complication in proving the tameness conjecture, — the
indecomposable case having been dealt with in the earlier work of Bonahon [Bon].

This also complicates the ending lamination conjecture, though one can see the prin-
ciple ideas on restriction to the indecomposable case. In this case, by passing to the
appropriate cover, one can assume that the 3-manifold is homotopy equivalent to ¥ x R.
If each end is geometrically finite, we are in the so-called quasifuchsian case, which is well
understood by earlier work — quasifuchsian space is a product of two Teichmiiller spaces
(see below) coming from the two end invariants. The limit set is a quasicircle.

If one end is geometrically finite, and the other is simply degenerate we have a classical
“Bers boundary” group. In this case the limit set is connected, and as mentioned before is
conjectured to be locally connected. If that is the case then it must be dendrite. The ending
lamination can be understood in these terms. A lamination is a foliation of closed subset
of ¥ typically locally a cantor set times an interval. The leaves can be taken geodesic.
If we lift this picture to the universal cover — the hyperbolic plane — we get a foliation
of a subset by bi-infinite geodesics. Collapsing down each leaf complementary region to a
point gives us a dendrite. If the limit set is locally connected, this will be the same as the
dendrite so constructed.

We now focus out attention on the doubly degenerate case. In this case the limit set
the 2-sphere. To describe the ideas behind the proof of the conjecture we will need a few
additional definitions.

We start our discussion with quite general metric spaces. Let (X, d) be a metric space.
A (global) geodesic in X is a path m : I — X such that d(n(t),7(uv)) = |t — u| for all
t,u € I, where I is a real interval. Usually we will not worry about parametrisations and
identify 7 with its image in X. We say X is a geodesic space if every pair of points are
connected by a geodesic. Examples are complete riemannian manifolds, or graphs where
each edge is deemed to have unit length. The following is a fundamental notion:

Definition : A function f : (X,d) — (X',d’) (not necessarily continuous) between

geodesic spaces is a guasi-isometry if there are constants, c; > 0, cz,¢3,c4,¢5 > 0, such
that for all z,y € X,

Cld(xay) —c2 < d'(f(a:),f(y)) < ng(ﬂ:,@/) + C4‘
and for all y € X', there exists z € X, such that d'(y, f(z)) < cs.
We say that X, X’ are quasi-isometric and write X ~ X', if there is some quasi-

isometry between them. One verifies that this defines an equivalence on geodesic spaces.
For later discussion we also need the following notion introduced by Gromov:
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Definition : A geodesic space, X, is k-hyperbolic if for any triangle consisting of three
geodesics, 01, 02,03, in X, cyclically connecting three points, then o lies in a k-neighbourhood.
of o1 U o5. We say that X is (Gromouw) hyperbolic if it is k-hyperbolic for some k > 0.

Note, in particular, that any two geodesics with the same endpoints remain bounded
distance apart.

Expositions of this notion of hyperbolicity can be found in [GhH], [CoDP], [Sho] and
[Bol].

It turns out that hyperbolicity is quasi-isometry invariant.

The idea of Teichmuller space also features prominently: The Teichmiller space, T =
T (%), of ¥ is the space of marked hyperbolic structures on the interior, int(XZ), of £ (see
[Ab,ImT]). More precisely, an element of 7 consists of a complete finite-area hyperbolic
surface, S, which is “marked” by a homotopy class of homeomorphisms, int(X) — 5.
The “thick part” of Teichmiiller space is the subset corresponding to those surfaces whose
injectivity radius is bounded below by some positive constant.

We now return to our discussion of the ending lamination conjecture for a doubly
degenerate manifold, & x R.

The general strategy is to construct a “model space” P, typically a (singular) rieman-
nian metric on ¥ x R, which depends only on a pair of laminations. If M is a doubly
degenerate hyperbolic 3-manifold with these laminations as ending laminations, one con-
structs lipschitz map from P into M. One then needs to show that the lifts to the universal
covers is a quasi-isometry. (For example, it would be enough to show that such a map is
bilipschitz, but this is much stronger than needed.)

If M’ were another 3-manifold with the same end invariants, we would get, via P,
an equivariant quasi-isometry between the universal covers of M and M'. Writing M =
H?/T and M’ = H3/T/, where ' = m(¥) & I', we get a quasi-isometry from H? to
itself equivariant with respect to the actions of T" and T". This extends to an equivariant
quasiconformal map of SH® = C U {oo} to itself, and by the result of Sullivan, this must
be conformal. Thus I' and I are conjugate by isometries of H° and so M and M’ are
isometric as required.

This programme can be carried out more easily in the case of bounded geometry
[Mi1,Mi2]. This is when M has positive injectivity radius. Here, Minsky constructed a
model space from the singular sol geometry associated to a Teichmiiller geodesic — a
construction based on work of Cannon and Thurston [CannT]. It is some amount of work
to show that its universal cover is equivariantly quasi-isometric to that of M.

An alternative approach to this statement can be viewed as a result about paths in
the thick part of Teichmuller space. Given a biinfinite path in the thick part of 7, one
can put a metric on ¥ x R. The metric on the universal cover of this space is natural up
to quasi-isometry. The singular sol construction above is an example of this construction.
The following result was proven independently in [Mo] and [Bol].

Theorem 2.1 : Such a path remains a bounded distance from a Teichmuller geodesic if
and only if this metric space (¥ x R)) is hyperbolic in the sense of Gromov.

-
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Now from a bounded geometry 3-manifold M = ¥ x R, we can loosely construct a
path in the thick part of 7. This uses Thurston’s notion of “pleated surface” to determine
how the structure on ¥ changes. We use this to put a metric on ¥ X R as described above.
In the universal cover, this will be equivariantly quasi-isometric to H?3 and so in particular
Gromov hyperbolic. Thus by the above result the path remains a bounded distance from
a teichmuller geodesic, from which one can deduce that it must in turn be equivarianly
quasi-isometric to the singular sol model space. This gives an alternative viewpoint on
Minsky’s construction.

In the general case, however, the above procedure breaks down. In this case it is
important to understand which geodesics in M are short. The principle tool used for
doing this is the curve complex introduced by Harvey [Harv]. This complex has been used
by many people to study the mapping class group of a surface (see for example [Hare,Iv]).
Masur and Minsky developed a sophisticated machinery of “hierarchies” based around this
complex [MasM1,MasM2]. Minsky uses to construct a combinatorial model space [Min4],
and the programme was completed, at least for the indecomposable case in [BroCM]. A
sequel is promised to deal with the decomposable case.

3. The curve complex.

We describe some recent results relating to the curve complex. Apart from the work
on the ending lamination conjecture, this has been much used to study the mapping class
group. We begin with some definitions.

Let 3 be a compact orientable surface of genus ¢ with p boundary components, and let
k(Z) = 3g+p—4. We shall assume that £(Z) > 0. In other words, we are ruling out a small
number of “exceptional” surfaces that can be independently understood. The mapping
class group, Map = Map(X), is the group of orientation preserving self-homeomorphisms
of ¥ defined up to homotopy. This group is finitely generated, but not hyperbolic: it has
lots of Z & Z subgroups generated by pairs of disjoint Dehn twists (i.e. a pair of non-trivial
mapping classes supported on disjoint annuli). The large scale geometry of (any Cayley
graph of) Map has been studied by a number of authors, see for example [Ham].

In [Harv], Harvey associated a simplicial complex, C = C(X) to Z. Its vertex set, V(C),
is the set of homotopy classes of simple closed curves in C that cannot be homotoped to
a point or to a boundary component of X. A subset, A C V(C) is deemed to be a
simplex if its elements can be realised disjointly in ¥. This complex is connected and has
dimension x(X). We see that Map acts simplicially on C(X), pulling back curves under the
homeomorphism, and that the quotient space is compact. The space C (32) is commonly
referred to as the curve complex (or Harvey complez). We shall refer to its 1-skeleton,
G(X), as the curve graph.

The curve complex has nice topological and combinatorial properties that can be used

 to study Map(Z). For example, in [Hare], Harer investigates the cohomology of Map and

in [Iv], Ivanov studies its automorphisms.
A remarkable fact about the curve complex was proven by Masur and Minsky:



Theorem 3.1 : [MasM1] The curve complex, C, is Gromov hyperbolic.

Note that it is enough here to consider the curve graph, § (), since its inclusion into
C is a quasi-isometry. »

A somewhat shorter proof can be found in [Bow3], which shows, in fact that the
hyperbolicity constant is O(log x(X)).

A major complication in applying the usual machinery of hyperbolic groups to the
curve graph arises from the fact that G is far from being locally finite. One way of dealing
with this is suggested by Bestvina and Fujiwara [BeF], where they show that the action of
Map on G is what they call “weakly properly discontinuous”. As a result, they deduce:

Theorem 3.2 : [BeF] The second bounded cohomology of Map is infinitely generated.

Tndeed, they deduce that the same holds for “most” subgroups of Map.
Here is another result concerning the action of Map on §.

Theorem 3.3 : [Bow6]
(1) The action of Map on G Is acylindrical.
(2) There is some N = N(X) € N such that for all g € Map, Nllg|| € N.

The notion of “acylindricity” is stronger than that of weak proper discontinuity, and
generalised the notion defined by Sela in the context of groups acting simplicial trees. It
says essentially that there is a bound on the number of elements that can displace a long
geodesics a short distance. (To be precise, for all r > 0, there exist R, K > 0 such that
if 7,y € V(G) with d(z,y) > R, then |{g € Map | d(z,9z) <, dly,gy) <7} < K.) It
is a natural property of an action on a hyperbolic space. In particular, it implies weak
proper discontinuity in the sense of [BeF]. The stable length, ||g||, of g € Map is defined
as lim, .o =d(z, g"z) for any = € G. We are thus claiming that this is uniformly rational.
The analogues of (1) and (2) above are known for hyperbolic groups. The proof of Theorem
3.3 uses the theory of hyperbolic 3-manifolds.

To explain the ideas behind this, we need a another combinatorial notion, that of
a “tight geodesic” as introduced by Masur and Minsky in [MaM2]. This is the basis of
their theory of hierarchies, and which are used to construct the model space in Mid]. (To
interpret the following discussion correctly one should substitute “multicurve” for “curve”,
allowing a curve to have more than one component. However, we can safely ignore this
somewhat tedious complication here.) ,

Let ()", be a geodesic in G. We say that (v;); is tight at v if each curve that
crosses 7y; also crosses either v;—1 or Yi+1. We say (7v;); is tight if is tight at for all
i=1,...,n— 1. Note that v; must be disjoint from the connected set vi_1 Uvy;r1 € 2.
In general, there may be infinitely many ways of choosing ;. Tightness obliges us to take
one of the curves bounding the subsurface of ¥ filled by ;-1 U Vi+1-

Let T(c, B) be the set of all tight geodesics from o to § in G.
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Theorem 3.4 : [MasM2]
(1) T(e, B) is nonempty.
(2) T(c, B) is finite.

(It is part (1) which seems to require us to reinterpret tightness in terms of multicurves.)

Given 7 € N, let S.(a,8) = {y € UT(,8) | d(a,7) = r}. In other words it is a
“slice” through the union of all tight geodesics a given distance from one endpoint. We
can refine Theorem 3.4(2) as:

Theorem 3.5 : [Bow5] There is some K = K(genus(X)) € N such that given any
a,f€V(G) andreN, |Sr(a,0)| < K.

Note that the hyperbolicity of G tells us immediately that slices have bounded diame-
ter. Theorem 3.5 states that they have bounded cardinality. In fact, there are refinements
of this result that allow us to vary o and 3, each within a set of bounded diameter, while
retaining a cardinality bound on slices that remain far enough away from the endpoints.

One consequence of Theorem 3.5 (and its refinements) is that, for certain purposes, it
effectively reduces us to considering locally finite graphs. In this way, a diagonal sequence
argument, together with an argument of Delzant [D] in the context of hyperbolic groups,
gives us:

Proposition 3.6 : If g € Map and ||g|| > 0, then there is a bi-infinite geodesic,  C G,
such that gNm =, where N = N(X) depends only on the topological type of X.

Thus, ¢V translates 7 some distance p € IN, and so N||g|| = || gV|| = p € N, proving
Theorem 3.3(2). We remark that ||g]| > 0 if and only if g is a pseudoanosov mapping class
in the Nielsen-Thurston classification.

One can similarly use Theorem 3.5 to prove Theorem 3.3(1).

The proof of Theorem 3.5 uses the following relatively classical fact about hyperbolic
3-manifolds:

Lemma 3.7 : Given any o, 3 € V(G), we can find a complete hyperbolic 3-manifold,
M = ¥ x R, in which & and 3 both have uniformly bounded length (indeed can be chosen
arbitrarily short).

Here we see the necessity of passing to 3 dimensions — there is no hope of achieving
such a result for hyperbolic surfaces.
We need, in addition, the following:

Theorem 3.8 : Ifa=n,...,7 = B is a tight geodesic with the lengths of & and
B uniformly bounded, then the lengths of the 7; are all bounded by another constant
depending only on X.

This “a-priori bound” is proven in [Mid], and one can see its relevance to the ELC
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given that tight geodesics are used to construct the model space. Minsky’s argument is
part of a larger project, and uses much sophisticated machinery. A more direct proof of
this statement is given in [Bow5].

We remark that at some point, the argument uses a geometric limit argument. As a
result, we get some non-constructive input into the proceedings, and it is unclear whether
the constant K featuring in Theorem 3.5 is a computable function of g = genus(X). This
therefore also applies to the constants in Theorem 3.3. Some algorithmic bounds associated
tight geodesics are described in [Sha], showing for example that distances in G(X) are
computable. However it seems more difficult to simultaneously achieve uniformity and
computability of the various constants referred to earlier.

To conclude the proof of Theorem 3.5, one needs to delve further into the geometry of
M. For this we use the band systems constructed in [Bow4]. A “band system” gives some
kind of topological account of the failure of bounded geometry in M. One needs to argue
that realisations of curves featuring in tight geodesics cannot enter any such band. The
bounded geometry of M outside the bands then gives rise to combinatorial restrictions on
the possibilities for such curves.

4. Conclusion.

The work relating to the ending lamination conjecture has given a huge boost to the
theory of surfaces, notably the mapping class group and teichmuller theory. There are
many aspects that we have not mentioned. For example there has been much work on
the Weil-Petersson metric [Ar,Bro,W2] etc. This is non-complete geodesesically convex
negatively curved metric on Teichmiiller space [W1]. Wolpert [W2] shows that it is a
CAT(0)-space (see [BriHH] for a discussion of these.) It is quasi-isometric to the “pants
complex” — a relative of the curve complex of a surface. This appears to be naturally
related to the geometry of 3-manifolds.

This work has of course, also thrown much new light on 3-manifolds themselves,
though much remains to be understood. One important question that remains open despite
all this effort is the question of local connectivity of limit sets mentioned in Section 1.

Other work, in some ways related, has shown, for example that the mapping class
groups are bi-automatic [Ham|, and as noted by Storm, it follows that they satisfy the
Novikov conjecture.

Some other links between the curve complex and 3-manifolds have been investigated
by Hempel, see for example [He2].
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